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ABSTRACT
The operator Gel'fand-Levitan method for the quantized nonlinear Schro-
dinger equation is shown to reduce to a Jordan-Wigner transformation in the limit
of infinite repulsion. This result is used to obtain a representation for the finite

density correlation function at zero temperature.
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The extension of the inverse scattering method to the domain of quantum

field 'cheoryl =

has provided new insight into the structure of exactly integrable
quantum systems. The most fully developed example of the quantum inverse
method is the nonlinear Schrodinger model (§-function gas), where the quantum
versions of both the direct and inverse scattering transforms have been con-
structed. The direct transform employs an auxiliary linear eigenvalue problem to
define quantized scattering data operators a(k) and b(k) as nonlinear functionals of
the field operators ¢(x) and ¢*(x). The inverse transform is accomplished by an
operator generalization of the Gel'fand-Levitan method, which gives the field
operator ¢{x) as a functional of R (k) -f‘b(k)a“l(k), the quantized reflection
coefficient of the associated eigenvalue problem. In this paper we derive and
discuss a remarkable simplification of the inverse transform for the nonlinear
Schrodinger model in the strong coupling limit ¢+ « (impenetrable bosons). In this
limit the Gel'fand-Levitan expression for $(x) exponentiates, becoming a Jordan-

Wigner transformation which gives the boson field ¢(x) as a functional of a free

ferrnion field I;(x):

o - ~
#x) = exp(iﬂf R+(y)R(y)dy)R(x) : ()
X
Here I;(x) is the Fourier transform of the operator reflection coefficient R(k). It is
perhaps not surprising that the Jordan-Wigner transformation plays a role in the
case ¢ = » in view of the equivalence of this case to an XY Heisenberg spin chain
where this transformation is a standard technique. What we wish to emphasize
here is that the Jordan-Wigner transformation (1} is obtained as a special case of
the more general quantum inverse method. This result has some interesting

implications. Relations of the form (1) between auxiliary fermion and boson fields
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play an important role in the treatment of Green's functions by deformation
theory.6 So far these methods have only been applied to "free fermion" theories
like the ¢ =« nonlinear Schrodinger model, the XY spin chain, and the two-
dimensional Ising model. The observation that (1) is a special case of a general
operator transformation constructed by the Gel'fand-Levitan method may provide
new insight into the problem of constructing Green's functions for general
integrable systems. This result also suggests that there is a connection between
integrability and self-duality. Although our present considerations are restricted to
the ¢ = « nonlinear Schrodinger model, we expect a similar relation between the
quantum inverse method and the Jordan-Wigner transformation to arise in other
models, in particular the two-dimensional Ising model. For this model the Jordan-
Wigner transformation describes the relationship between order, disorder, and
fermion variables and is closely related to the Kramers-Wannier duality between
the Jow and high temperature phases of the system. A more general connection
between quantum inverse transformations and duality transformations would be a
welcome development, since the latter are known to be useful in a broad range of
physically interesting model 57 including four-dimensional gauge theories.8’9

The nonlinear Schrodinger model is described by the Hamiltonian
*
H= JI ax¢*ax¢ red ¢ ool dx : (2)

where ¢ is a nonrelativistic boson field,

[o(x)y 6" (x)] = 6(x - x) ) (3)
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The quantum inverse method! ™3

provides an operator transformation from the
original field ¢(x) to an operator R(k) which creates eigenstates of the Hamiltonian.
The R operator is given in terms of the asymptotic values of the Jost solutions to

the Zakharov-Shabat linear eigenvalue problem,

(izf_x’“%‘i)“ﬁ = -/ C¥¢ (4a)
(1 ‘a% -%g) ¥, = /oY . (4b)

More precisely if (x, £} is the solution of (4) with the properties

Ly ¥, (x, &) a(p)eltX/2
LJEX/Z 1 . ( | )
0 X+ -0 Ulz(x, £) X+ 4@ b(E)e—lgx/Z
then R* is the quantum analog of the classical reflection coefficient,
RY(E) = Ab(®)al(e) : ©)

The operator algebra satisfied by the R-operators is determined by the structure of

the eigenvalue problem:

[H,RE) 1 = £2R"E) , 7)

*

R (£)R¥(EY)

S, E)RMENRT(E) , (8)

RERTED = SE,E MR EIR(E) + 218( -£ 1) , (9)
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where

~E'_ ¢
SEEY = gEs (10)
is the two-body S-matrix. From the commutation relation (7), we see that the

state
* *
[ Kps vy k> = ROk )R (kD0 > (11)

is an eigenstate of the Hamiltonian {2),

n
2
H]kl,..., k> = Z k; |kl,..., k. > ) (12)
izl
In Ref. [4], and also in [10], it was shown that the states {11) are identical with
those previously obtained by Bethe's ansatz.

The Gel'fand-Levitan method provides the inverse transformation from the R-
operators back to the Heisenberg field. This transformation is accomplished by
means of an operator integral equation for the Jost solution X(x,£) with the
o) e-iEX/2

I as X+ +a  Using the fact that

xl(x, E) v —/CHx)/E as £+ o it was shown in [4] that the Heisenberg field ¢ (x)

asymptotic behavior x(x, £) + (

may be expressed as a series expansion in terms of R

: dp dk dk, R (p,)R(k,)R(k.)e
_ [ dk ikx 171772 ! 1 2
b = fan“‘)e 'Cf on? (b, -k, -16Xp, -k, - 10

ik 1 +k2-pl)x

+ v

co

> N , (13)
N0
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where the general term has the form

i(Tk-Zp)x
(14)

i i ROy )
¢(N)(x) _ (-C)Nfﬁ dzi; Nﬁ-l dk“- R (I;:IN)...R (p IR DoeeReky, (e
= = nE__l(Pm “Km - i€)(pm “Knel " i€)

Here we will investigate the series (13) in the limit of infinite repulsion ¢ +,
In this limit we see from egns. {8)-(10) that the operators R{k) become canonical
fermion operators. At first sight it might seem that the presence of explicit
positive powers of ¢ in the series (13) would render it useless for studying the limit
c+ «, but in fact we will see that the implicit c-dependence contained in the

operators R(k) leads to a finite result. For the zero order term this is evident,

since ¢(0)(x) is just ﬁ.(x), where
R&) = [ TRl . (15)

Now cornsider the next term cb(l). Symmetrizing over l<1 and k2, using the commu-

tation relations (8)-(%) and partial fractioning, we obtain

¢(l)(x)

dp,dk,dk, R*(pl)R(kl)R(kz) L+ Sty k) | il +komp))x
) Tam? Bk 190 -k, -e) 7 e

*
dp,dk dk, R (p,)R(k )RKk.) ik +ky-p )x
e 3 (&, -K, +icp, -k, -1&) © ' (16)
(2m) A S T

Now we see that the limit ¢ + « is finite with

oWy —— 2 - ARG 5 (17)

C >+ mw

f dp,dk,dk, R (pR(k JR(ky) ilk +kyp,)x
1 s
(2m> Py -k -ie)
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where

dp,dk, R (pR(K,)
Ax) 2ij P19y 1 1

em? Pp-k -ie

il

[+ 2] ..,,,* o~
-2 [ R (y)R{y)dy . (18)
X
The operators R in (17) and (18) are understood to be in the limit ¢+ «, lL.e. they
are canonical anti-commuting operators in both k- and x-space. Thus, the first two
terms of the series give (1 + A(X))R(x). The central result of this note is that the

series when summed to all orders exponentiates, so that
¢ (x) = Np {[exp 46) R} ) (19)

where the symbol N, means normal ordering with respect to the fermion operators

R
R. We now sketch a proof of this exponentiation by considering the general term

$ N) of the series in (14). Symmetrizing over the N variables P and over the N + 1
variables kj , we obtain an expansion of the form

i(Zk-L pix

N dp. N+l dk. N
¢(N)(x) zfn-—i || ﬁlfN(pi, kj;c) R*(pN)...R (pl)R(kl)...R(kN+l)e . (20)

i=1 2™ o1

It is easy to see that fN must vanish if any two p's or k's coincide and that fN may

therefore be expressed in the form

1<i<jsN+l Y 1<j<igN
N Y : gnPp kO (2D)
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where EN is a dimensionless function which is given by a ratio of homogeneous
multinomials in its arguments. (In our units ¢ has the same dimension as p; and kj)‘
By considering the action of ¢{x) on the Bethe's ansatz states (10) it is not hard to
convince oneself that each of the fN(pi, kj; ¢) is finite and nonzero in the limit
¢+ . Thus in this limit gy, must become a numerical constant. Equation (20) may
then be simplified to
N 1
1,y ks w = By An;ils(ym i-_I-Il (m) . (22)

where BN is a constant, simply related to 8Ny and the right-hand side is to be
antisymmetrized over Pys «es PN and over kl’ sy kN+1' Given (22), the constant
BN may be determined by considering the case P; = ki +§,1=1,2,..,N, and picking
out the leading l/(SN contributions on each side. Even for c finite, the task of
calculating fn(p, k; ¢) is greatly simplified by this device, since only (N + 1)! of the
possible NI(N + I)! permutations contribute to order 1/5N. By this procedure we

obtain

N N N 1+ Sk, k )
-1) c i? "N+1
£,.Ap, k3 C)  Am— T( R | { (23)
NET g NN DU N 4 KR
We see that the limit ¢ * « is indeed finite with
AN
1 (2i)
N\ ™ 6+0N'(N+1)' 6N

Comparing this with the leading behavior of the right-hand side of (22) determines
By to be (2i)N/N!. Substituting (22) into (20), replacing the ie's, and recalling that

the R's anticommute, we find
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* *
¢(N)(X) N ﬁ dp; Nﬁl dk; R (p\)...R (PI)R(kl)...R(kNH} Ekzp)
NI i=1 27 J:l 2 (Pl "kl —iS)...(PN—kN—ie)

H

Ng { 180 NREGO/NI} (25)

thus establishing the exponential form (19) for the full series. Since R(x) is a
canonical field, we may convert the normal ordered exponential to an unordered
exponential to obtain the Jordan-Wigner transformation eq. (1).

As an application of this result, eq. (1} or eq. (25), we will now relate the two
point correlation function for the finite density impenetrable Bose gas to the
solution of a certain integral equation. This result was first obtained by Schultz!!
who exploited the correspondence between this model and the XY Heisenberg spin
chain. A determinantal representation of all the 2n-point correlation functions was
later provided by Lenard. 12 The quantity of interest is the two-point function at

fixed time,
plx-y) = <Q|¢ (0ely) | > (26)

where |Q> denotes the physical ground state at zero temperature and finite
density. Recently this problem has been studied in more detail by Vaidya and

13 who obtained both large and short distance expansions of the function

Tracy,
p(x), and by Jimbo, Miwa, Mori and Sato® who showed how p(x) may be simply
expressed in terms of the solution to a certain non-linear ordinary differential

equation. At c =, the ground state is a uniform distribution of filled states up to

some limiting momentum kF, with the property
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il

R(k) | o> 0 1Eor|l<|>l<F ,

R | o>

0 for |k| < kg
To evaluate the two-point correlation function p{x - y), we use (1) to write

6 e (y)

~ y~ ~ ~
R*(x)exp i am [ R*(Z)R(z)dz ‘ R(y)
X

1

Np [R*(x)exp) -2 fyR*(z)R(z)dz i R(y)}
X
Using the properties of the vacuum, eq. {27), we see that

sin [ kp(x - ¥)]
mx - y)

<R*R(y) > o

BK(x, y)

Expanding the exponential in (28) and using (29), we find

K(x, y) K(x, z)

plx - y) % K(x, y) - [dz

Kz, y) Kz, z)

K(x,y) Kix,z) Kix,z"

+

%r [ dzdz K{z,¥y) K(z,2) K(z, z + eer

Kz y) K(z,z2) K(z',z)

n

%D(x, vi A =1)

(27)

(28)

(29)

(30)
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where |A | denotes the determinant of the matrix A. Here D(x, y; A} is the first

Fredholm minor associated with the linear integral equation

X
Kix,y) = flx,y)- [ Kix, 2)f(z, y)dz . (31)
y
The result (30) is particularly well-suited for computing successive terms in a short
distance expansion of the correlation function and is found to reproduce in this

region the results of Vaidya and Tracy and Jimbo, Miwa, Mori and Sato.
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