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ABSTRACT

The quantum generalization of the Gelfand-Levitan method
is presented for the nonlinear Schrddinger model. The basic
dispersion relation for operator Jost functions is derived,
and the Heisenberg field operator is expressed in terms of
scattering data operators. Construction of Green's functions
in the zero-density vacuum is discussed. The four-point func-
tion is explicitly calculated from the expression for the field
operator and compared with the result of a direct Feynman graph
summation. In addition it is proven for any number of particles
that the Hamiltonian eigenstates constructed from the quantized
scattering data are identical with-those previously obtained by

means of Bethe's ansat=z.
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I. INTRODUCTION

The development of the inverse scattering transform as an
operator method in quantum field theory has provided a clearer
understanding of the structure of exactly soluble models. The
method has been used to formulate operator solutions of the
quantum nonlinear Schréjdingerl-3 and sine-Gordon equations.4 The
Bethe ansatz solutions of certain two-dimensional fermion
theoriesSmay also be classified as indirect applications of
the quantum inverse method. Comparing these methods with the
classical inverse technique of Gardner, Greene, Kruskal, and
Miura,6it is apparent that what has been developed in the
quantum theory thus far represents only a part of the classical
methodology. In the classical inverse method, one solves the
initial value problem by first mapping the initial conditions
into a set of scattering data (the direct problem) and at a
subsequent time, reconstructing the field configuration from
the scattering data (the inverse problem). Until now, the
analysis of the guantum formulation has provided the general-
ization only of the direct problem. This suffices for the con-
struction of the eigenstates and eigenvalues of the Hamiltonian.
In order to discuss the Heisenberg field operator and the cal-
culation of Green's functions,wézﬁﬁst consider the gquantum
analog of the inverse problem, which is solved classically by
the Gelfand-Levitan integral equation. This quantum general-
ization is the content of the present paper. In Section II

we derive an operator form of the Gelfand-Levitan
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then, in

for the quantum nonlinear Schrodinger equation and

Section III, discuss some of its consequences.

Section IV contains a short discussion.

In the remainder of this Section we collect some results
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notation

function

of Ref. 2 . The nonlinear Schrddinger model (delta-

gas) is defined by the normal ordered Hamiltonian

B = [ axtoge®ae + ¢ 0%6%0e (1)

where the field ¢ obeys equal-time commutation relations

[¢<x,t>,¢*<y,t>] = 5(x-y). (2)

For simplicity, we will consider only the case of repulsive

coupling

spectrum.

Shabat linear eigenvalue problem

The solutions Y of Eg. (3) are normal ordered operator functionals

(¢>0) for which there are no bound states in the

The model is solved by considering the Zakharov-
7

(1 %; + % g) vy o= - /e Y50 (3a)
(1 g—x L)y, =e et v . (3b)

*
of the Heisenberg fields ¢ and ¢ . Particular solutions are

chosen by specifying the asymptotic behavior in one direction
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at spatial infinity. Of special interest are the Jost solutions

y(x,&) and x(x,&) defined by

1, 8) - (D)2 as x4 -, (4a)
x(x,8) ~ (g>e—i£x/2 as X + 4o (4b)

Both ¥ and x are analytic in the lower half ¢-plane, where
analyticity of an operator is taken to be equivalent to ana-
lyticity of all its matrix elements between physical states.

We will also have occasion to use the conjugate functions

w* *
~ 2 N X2
Y = * and X = % | (5)
vy X1
which for real £ are also solutions of Eg. (3) and are analytic

in the upper half plane. The scattering data a(f) and b(f) are

defined by the asymptotic behavior

a(E)eigx/2 o
Y(x,£&) b(£)emifx/2 as x +oo (6)

The fundamental commutators among the operators a and b may be
obtained from the following properties (7) through (10) of the

Jost functions ¢y and Y.
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From the defining relations (3) and (4) one finds that
the non-vanishing commutators of ¥ and y with the fundamental

fields ¢ at the same point X are given by

[ *] _ /3

V109 ] =2 ¥

- i/

v o9 ==

A Bl

[ *1 ivc

[ X179 ] ST T

X2’¢] = - lga‘xl . (7)
In addition ¢y and y commute:

[v; 00 g xen] =0 (8)

The results (7) and (8) remain valid with y replaced by ¥
and/or x replaced by ¥%. Using (7) one may show that the
Wronskian of ¢y or § with x or ¥ is constant in X, and hence

the scattering data may be expressed as
a = wl X2 - wz Xl

b=, X3 = ¥; X5, (9)

Thus a(f) is analytic in the lower half plane. From (9) we

may also deduce the asymptotic behavior

#
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* igx/2
- b (E)e o
x(x,8) ~ a(g)e_igx/z as x . (10)

Using these results it is possible to derive all the commutation
relations among the Hamiltonian H and the scattering data a (&)
and b(f). Expressing the results of Ref. 2 in terms of the

reflection coefficient

R (£) = 3= b(8) a t(o), (11)
we have
[2,a(6)] =0, (12)
1,8 (6)] = €2 R"(¢) , (13)
[a(e),a(en)] = [a(e),a ()] =0, (14)
*
a(@R (€1 = (1 - 25 )r eha@), (15)
* *
a (OR (1) = (1+ 25 R na'@ (16)
* * * *
R (5)R (£') = S(£',5)R (EVF (5) , (17)

where S(£,£') is given by

s(g,50) = E2bnde (18)

For £>£' this is the two body S-matrix. The commutation
relations (12) - (17) have also been derived, in extremely
elegant fashion, by Sklyanin and Faddeev,lwho obtain the

additional result



R(E)R™(£') = S(5,£")R*(E')R(E) + 27 &6(E-E')

That (19) is correct has also been shown in Ref. 8. From

(12)-(16) it is seen that if we define a state
|kl...kn> =R (ky)...R (k) [0>,
where |0> is the vacuum state with ¢(x)]0>=0, then [ky-ook >

is a simultaneous eigenstate of H, a(&) and a*(g):-

_ 2
Hlkj ...k > —(ikﬁ)[kl...kn> ,

a(g) [ky...k > = n(l - E%%_—_is)]kl...kn> ,
1 1

* _ ic

a (&) lkl...kn> = 1}(1 + E+ie)|kl"'kn>

*
The particular significance of the operator R (&) is that if
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(19)

(20)

(21)

(22)

(23)

kl<k2<...<kn then [kl...kn> 1s a normalized in-state, while if

kl>k2...>kn it is a normalized out-state. In Section III it

proven that these states are identical with those previously

9,10

obtained by means of Bethe's ansatz, a result till now

checked only up to n=3.

is
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II. QUANTUM GELFAND-LEVITAN EQUATION
In this Section we derive the quantum version of the
Gelfand-Levitan integral equation which relates the field
¢ (x) to the reflection coefficient R(£). To begin let us
review the derivation of Zakharov and Shabat7for the classical
case. These authors consider the equation y=aX+by (for ¢

real) and use the definition (11) to write it in the form

va~t = % -i/8 R* . (24)

This suggests a piecewise analytic function ¢ defined by

5 e iEx/2 ImE>0
?(x,8) = ) ' . (25)
wa-l e—lix/Z ImE<O

From (24) the discontinuity of ¢ across the real axis is

*
i/c R x, while as |£|», & has the behavior

1 1
¢ - () + 0(5)- (26)
Thus we may write a dispersion relation for ¢ which when

evaluated just above the real axis reads

Sl

/2 (1) s ff [T g e

Y (x,£') e +E'¥/2

-g~ie

(27)

This equation enables the Jost function x(x,£) to be determined
in terms of the reflection coefficient R(§); the field ¢ may

then be obtained by means of the asymptotic behavior
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Xy, 0) et 2 L B0 o e (28)

which follows directly from the defining equations (3) and (4).
The main result of this'paper is to demonstrate that (27)

is maintained in the quantum theory and that the correct order-

8 This is not a trivial extension of the classical

ing is as shown.
result since, as we shall see explicitly below, the motivating

equation (24) is no longer valid in the guantum theory. Let us

instead, for real £, define an operator function g by

R(x,8) - i/S R (£)x(x,E) . (29)

g(x,&)

Since the functions ¥ and x on the right satisfy the Zakharov-

Shabat equation (3) it follows that g satisfies the coupled

equations
(i 34,1 E)g = - Vc g,¢ (30a)
0X 2 1 AN
(i CH a)gz = /56" gy -ie[R @6 ]y (30b)

The second term in (30b) arises from the quantum orderings.

Using Egs. (7), (8), (9) and (11) the commutator [R*(E),¢*(xﬂ

—_—

may be evaluated, yielding

[R*(g)rd)*] = (;(2 - iv/c R*Xz)wza_l, (31)

so that equations (30) become
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= "‘/E gz¢ ’
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From its definition (29) the function g has the
behavior
. a
g ~ el‘gx/2 (O) as xor-owo ,

where, for real £, the operator 3 is defined by
N * * *
a(g) = a (&) -— c R (§)a (§)R(E) .

Classically we could use the unitarity relation

to conclude that 3(Z) equals a—l(g), as indeed

1

asymptotic

la|2-]p] %=1

it would be

if g were wa_l. To gain some feeling for the quantum case

let us use the results (16)-(19) to evaluate a(g

particle state

(&) k>

E-k+ie

= (1 + E:%SIE) [ k>

Tm—

) on a one-

(1 + 2 _ op ¢ 6(g—k))]k>

We see that only to first order in c is this the same as

. -1
-1 . . ic
a ~(£)|k>, since the latter is (l - E:E:IE> | k>

generally we may show

More

(32a)

(32b)

(33)

(34)

(35)
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ic
1 (l + m) |kl...kn> . (36)

i
jjen o]

&(E) [ky.. .k >

Since the states [kl...kn> are complete, we may regard (36)
as an alternative definition of a(&) and conclude that it

is analytic in the lower half E-plane with the property
~ 1
3(8) =1 + o(g) as |g|+e . (37)

We now make the crucial observation that both the differ-—
ential equation (32) for g and its asymptotic behavior in (33)
may be continued into the lower half £-plane without singular-
ities. Thus the operator function g(x,£{) may itself be continued
into the lower half &-plane, and is analytic there. We are now in a

position to mimic the classical derivation,defining a function ¢ by

X e—iEx/Z Im £>0
(D(Xrg) = .
g e X2 1 rlo (38)

By construction ¢ is piecewise analytic with discontinuity
* - .
across the real axis given by ivC R (£)x(x,&)e iex/2 - 1.

addition, as |£|+»,% has the property

- () + 0 (3) . (39)

which holds in the lower half plane by virtue of (37). Thus
we may write a dispersion relation for ¢ which yields the

desired result

s o * o, vy —iE'x/2
ReT1EX/Z (5) + &£ Jf agr B %¥f§;§€)e : (40)

-0
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Iterating this equation and its hermitian conjugate, and
using the asymptotic behavior (28), which holds also in the

quantum theory, we obtain

dg if.x
$(x)= | 3= R(Ee T
dE; dE, dEy R (£,)R(E])R(E e
+*<C) 3T T 27 (€,-E,-1€) (E5-E,+1e)
+ ... . (41)

All the above results refer to some fixed time, say t=0.
However from (13) we see that the time dependence of R(£)
is simple so that (40) and (41) may be generalized to arbi-
trary times by the replacement
o2
R(E) ~ R(E,t) = e 1% © R(p) . (42)

Equations (40) and (41) are the fundamental results of
this paper. However since the above proof is somewhat formal
it may be useful to provide a simple test of these results.
Note that equation (40) holds for all values of the spatial
variable x. In particular it is valid in the asymptotic
regime x--» where it produces only one non-trivial result:

de' R (E")a(£')R(E")

a(g) =1 + ic 7 FT_f+ic .

(43)

Since a(f) is diagonal on the n-particle states (20) we can
verify this equation directly. By acting on the state ]kl...kn>
it is easily seen using (17),(19) and (22) that (43) is equiva-

lent to the identity
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n ( ic n 1 n ic
IT 1 - —_———) =1 - 1ic p) s IT (l - — ) . (44)
=1 &-ky e ky=kg
i#3
(Here, all denominators are understood to have a negative

imaginary part.) For n=2 the validity of (44) is seen by

noting that

1 (; o _de ), 1 1 - _ic ) __ 1 .1 ic
E-k, k1-k, E-k, k,-ky g-ky  t-k,  (E-kp(E-k,)
(45)
and thus the right hand side of (44) reduces to (l- ic /(g—kl))
x(1l- ic /(E—kz)). Using algebraic manipulations similar to the

above, the identity (44) may be proven for arbitrary n by

induction, thus verifying (43).

III. APPLICATIONS
In this section we present two applications of Egs. (41) and
(42) for the Heisenberg field ¢(x,t). First we observe that
together with the commutator (19) these equations may be used to

compute any 2n-point Green's function

<OIT{O(x{t]) ve g (xlt2) 0 (xpt))ond (x £ )} 0>,

where T denotes the usual time ordering operation. Since for

each term in the expansion (41), the annihilation operators R(£)
appear to the right of the creatish operators R*(g), it is

evident that for the 2n-point function above we need consider

at most the first n terms in the expansion. Thus the evaluation
of any Green's function is reduced to a finite calculation. The

*
two-point function <0|T{¢(x,t)¢ (0,0)}|0> is easily seen to be

just the free propagator, so that the first non-trivial application
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of (41) is for the 4-point function. Denoting by G4(wikiwiki)

the Fourier transform

2
-[-n {dxidtidxidti exp i(witi—witi—kixi+kixi)}
i=1
*
< <olrfo(xjep o (xyey) 0" (xy ey o (xyey) 0> (46)

we find, after some computation, that the connected part

Gi is given by

2 —
4 4178 (wi+w]-wy-w,) 8 (k{+ki-k =K ) [ _, . .
c 2 5 5 l+ic/oc |’
igl(wi-ki+1s)(wi-ki +ig)
with
5 1/2
o = [2(wl+w2) - (kl+k2) ] . (48)

The result (47) may be compared with a direct Feynman graph
calculation. Apart from external factors [the first bracket
in (47)] the tree graph is just -4ic, while the one-loop term

is given by

. 2
(~aic)? | dudk 5 L 5 ;o (49)
(2m) (w—k +is)(wl+m2-w-(kl+k2—k) +ig)

which reduces to -4ic(-ic/c). Since this contribution depends
only on the total energy and momentum, and not on any relative
momentum, we see that the full connected 4-point function, which
is just a sum of bubbles, is a geometric series which sums to

give the result (47). As an aside, it is interesting to note
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how the 4-point function (47) leads on the mass shell,
2 2

wi=ki,wi=ki , to the two-body S-matrix (18). Writing the
scattering operator as S=1+T, and noting that on shell the
quantity o in (48) is just klZE[kl—k2|, we conclude that
the matrix element of T between asymptotic states is

' -4ic
<kiky|Tlk ky> = (2“)%(ki+ké'k1'k2)5(w1+w2'“i"w2)[1+ic/k12]

5 . —Zic/k12
= (Zﬂ)ﬁ(kl+ké—kl—k2)[5(kl—ki)+6(kl—kéﬂ I:IE7EI;

- _ _2ic .
= Y +ic <klké|klk2> . (50)
12
Thus
k12—ic
L ] — 1 ]
<klkZIS|klk2> = EI;iiz <klk2lklk2> ’ (51)

in agreement with (18).
As our second application of the Heisenberg field expres-
sion (41), we will prove for any number of particles that the

states (20) are identical with those obtained previously by

Bethe's ansatz.g’lo We first introduce the Fourier transform
R(x) = | & ™  r(o) , (52)
and define states |xl...xn> by
* *
|%;...x > = R (x9)--.R (x)]0> . (53)
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Then if X>X for i=1,2...n we find using (41) that
* _ *
¢ (x)|xl...xn> = R (x)]xl...xn> , (54)

i.e. only the first term in (41) survives; the contribution
of the remaining terms may be shown to vanish by simple contour
integration. Applying (54) repeatedly we conclude that if

xl>x2>...>xn then

* * &3 * * *
o (x9)¢ (x,)...¢ (x)]0> =R (xR (x5) oo oR (%) ]0> . (55)

That this result follows from identifying the Bethe ansatz states
with those in (20) has already been noted in Ref. 8 . Here we
will show the converse—that (55) actually implies this identi-
fication. To see this let us consider the coordinate sSpace wave

function
£(ky,x,;) = <0|¢(Xl)¢(x2)...¢(xn)Ikl...kn> . (56)

Since this is symmetric in xl...xn it is sufficient to consider

it in the region xl<x2<...<xn. In this region we have from (55)

f(k,;x,) = <0lR(xl)R(x2)...R(xn)|kl...kn>

ip.x.
=JH1{jPi PHOR(p) - LRIPOR (k) LRV (k) 05 . (57)
i\ m :

Using the commutator (19) to evaluate the matrix element we

recover the usual Bethe ansatz expression for the wave function.
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IV. DISCUSSION

We have shown that in the nonlinear Schrddinger eguation,
the operator transformation which expresses a(f) and b(g) in
terms of the field operators ¢ (x) and ¢*(x) may be inverted by
a generalization of the Gelfand-Levitan method. The derivation
of the basic integral equation in Section II employed an analyt-
icity argument similar to the classical treatment of Zakharov
and Shabat, although the problem of operator ordering led to
some essential differences in the gquantum analysis. Using the
Gelfand-Levitan equation (41), the field operators are expressed
in terms of the reflection operator R(Z) which has a simple time
dependence. This is a central result of the presént analysis.
To gain experience with this formalism we carried out a number
of calculations, some of which are reported in Section III. By
considering vacuum expectation values and few-body matrix elements
of fields, exact calculations may be carried out by keeping only
the first few terms of the series expansion (41). The detailed
combinatorics of these calculations is very reminiscent of the
graphical formalism which was developed for this model by study-
ing Feynman graphs.loAll of these results should be appended

with the remark that in this model, the vacuum state is structure-

less from the point of view of Béfﬁe's ansatz, i.e. it is the
reference state upon which the Bethe eigenstates are built. A
more meaningful application of the methods we have developed
here is provided by considering correlation functions in a finite

density gas. This problem is more closely analogous to the
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calculation of Green's functions in a relativistic theory,
where the physical vacuum is a complicated many-body state.
By such considerations, one might also hope to establish a
connection with the work of Vaidya and Tracyll and Jimbo,
Miwa, MOori and Sato,12 who have obtained exact results for
the correlation functions in the case of infinitely repulsive
coupling (c=«). These questions are presently being investi-
gated and will be discussed in a subsequent paper.

We would like to thank L.D. Faddeev for helpful discussions.
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