Fermi National Accelerator Laboratory

e

FERMILAB-Pub-79/71-THY
September 1979

Large N c in Nonperturbative QCD

W.A. BARDEEN
Fermi National Accelerator Laboratory, Batavia, lllinois 60510

and

V.I. ZAKHAROQV
Institute of Theoretical and Experimental Physics, Moscow, USSR

ABSTRACT
We comment on large NC within the context of nonperturbative QCD. In

particular, we consider the QCD-based bag model, the instanton gas approximation,

and the n' mass.
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I. INTRODUCTION

Considering the number of colors to be large in QCDl

may be a reasonable
approximation to the ordinary QCD (N c= 3). The theory simplifies in this limit and
can be interesting on its own right. Recently, the interest in the large NC was
greatly stimulated by the Witten's papers2 which put forward some new ideas
concerning the role of instantons, n' mass, etc.

In this note we will present some observations concerning large N c within the
framework of (phenomenological) nonperturbative QCD. By the latter we

3

understand attempts” to relate observable quantities such as resonance masses and

widths to vacuum expectation value of various operators, e.g.,

2 g?> <0 |qql 0>
@G Gl s <0 lqq |0
where Gi\) is the gluon field strength tensor, and q is a light quark field. These
expectation values vanish by definition in the perturbation theory but seem to be
important in the real world.#

Naive counting for the vacuum expectation value gives

<0|a G2

a > »
s u\)Gu\)lo Ne

and we confirm this guess by means of the QCD sum rules. As the next step, we
will apply this relation to several problems. In particular, we consider

a) QCD-based bag model and

b) validity of the instanton approximation.
We will comment also on

c) vanishing n' mass in the N ¢ * = limit and

N

d) role of the "e™ " terms.
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Il. MATRIX ELEMENTS <0|a G2 \)Guvl 0>
The gluon matrix element, as already was mentioned, plays the central role.

In perturbation theory,
2m

a .a _ a ~a
ozs(p) vy N—————C , Gquuv v Ne-1 “sGquuv N
3 11In Ap

so that the naive N dependence is known. However, one may worry whether such
considerations are justified since <0LSG3 vGﬁ vy » as defined here, vanishes in
perturbation theory. It might be worth deriving the same result in an independent
way.

The matrix elements in question enter through the so-called QCD sum rules.3

As an example, write down sum rules for the e’e” annihilation into hadrons with

total isotopic spinI = 1:

NC 2 ! -S + -
- M [ exp ( —> so(ee” + hadrons, I = 1)ds =
M2

=1+ =R T *3 5

2
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Once the parameter l\/(2 approaches m2 the l.h.s. varies strongly because of the

p
presence of the peak in the physical cross section. The variation of the r.h.s. is
due to the power corrections and clearly enough, m‘Z) s v<o G2>/N.* The detailed

analysis (for Nc = 3, of course) confirms the guess. If the mass spectrum remains

stable for Nc -+ @ then

N
a s o € 4
- Gu \)Gu N 3 0.01 GeV (2)

*For the sake of brevity we simplify a bit the actual case.



-4 FERMILAB-Pub-79/71-THY

- where the numerical value for NC =3 is known from the phenomenological

anal ysis.3

III. THE QCD BAG MODEL

The existence of the vacuum gluon condensate, i.e., nonvanishing <o SG% ,
can be considered the origin of the bag model (for a review of the model see Ref.
5). The point is that quark color field inside hadrons most probably suppresses
instantons and other nonperturbative fluctuations. Indeed, the probability to find a
fluctuation is proportional to exp(-S cl /gz) and the effective coupling constant in an
external color field cannot be too large, barring in this way large scale fluctuations
present in the vacuum.

3,6 and elaborated in

The idea was suggested independently by several authors
more detail in Ref. 6a. We will be interested in the NC behavior and for this
limited purpose the approach of Ref. 3 turns out to be most convenient.

If the quark field inside hadron suppresses the nonperturbative fluctuations
more or less entirely then the difference between the energy density in the physical
vacuum outside the hadron and "perturbative" vacuum inside is proportional to
<0 IaSGau \)Gau\)l0> (it follows immediately from the expression for the trace of
the energy-momentum tensor in QCD, eu 0 J‘o{,SGZ and from the obvious relation
<0 |6u " 0>=14 svac)'# On the other hand, just the same difference in the energy
density is given by the bag constant B. In this way one comes to the estimate:

b % _a .a
B = -3 <0|7Gw<;w|0> (3)
(b is the coefficient in the Gell-Mann-Low function). It is worth emphasizing that

the estimate is based on the assumption that inside hadrons the nonperturbative

fluctuations are highly suppressed.
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Now we are in a position to judge whether this assumption is consistent with
the large N c limit. The conclusion is that it is certainly not. Indeed, from Eq. (3)

we would conclude

O N

and that would imply that both the masses and the wave functions are unstable
against increase in N_ (m v NCI/Z, | ¥(0) |2 -, NB/Z)-

Therefore, if one believes in a smooth large N c limit it is more appropriate to
assume that the quark color fields only slightly modify the vacuum fluctuations
inside the hadrons.

If one compares directly the prediction for N c= 3 with the value of the B
extracted from the bag models fits, then it seems certain that the B given by the
phenomenological model is lower than the "QCD bag value" determined by Eq. (3).
The difference amounts to a factor of ten to twenty. However, the phenomeno-
logical value of B varies from one fit to another and is sensitive to hadron radius.
Moreover, the bag model in its present form does not account in full for the
spontaneous breaking of the chiral symmetry while the phenomenological value of
¢ G2> does. Thus, there is some inherent uncertainty which is difficult to resolve.

Consideration of large N ¢ favors the picture of a hadron as a shallow structure on

the vacuum energy sea.
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IV. VALIDITY OF INSTANTON DILUTE GAS APPROXIMATION
The simplest nonperturbative excitation is described by the well-known
instanton solution. It has the smallest classical action and therefore is expected to
dominate—over other nonperturbative effects—at the short distances.

For large N the instanton density was found first in Ref. 7:
4 2, 2, wNe
d(p) v (const. g™ (p) exp (-8n°/g%(p)) . (4)

Therefore, it vanishes exponentially if p is small enough. Moreover, naively one
would expect that corrections to this earliest manifestation of the nonperturbative
effects would vanish as e'N. It is this latter expectation that certainly fails.
Consider instanton of a small size p. It interacts with large-scale vacuum
fluctuations which are responsible for the non-vanishing <qq>, <o SG2>. This
interaction puts limitations on the use of the bare instanton density. The effect
was calculated first in Ref. 8 for the realistic case of N c” 3. Generalizing the
result obtained to the case of arbitrary NC we find
“4 4

%s .2
7L <0]=G"|0> (5)
2N - Dafe) T

- 3

(three massless quarks). This relation holds so long as the correction due to
<ocG2>;éO is small compared to the original instanton density classical action,

2n/ O From this condition we determine a bound on p:

2N% - Dap) h
p < pc:ri‘c v 3 as a .a (€)
7<0]=G> G% [0>
T MV UV

which is clearly N independent. Thus, interaction with external vacuum fields

becomes important when the instanton density is exponentially small.
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Equation (5) cannot be relied upon once the correction exceeds the main
term. It might be worth mentioning, however, that stimulation of small size
fluctuations by the vacuum FEuclidean fluctuating fields is of very general nature
and can well persist beyond the P crit specified by Eq. (6). Therefore, one cannot
rule out that even in the limit NC + o the effective density of nonperturbative

fluctuations as a function of their size p remains independent of N <

V. MASS OF n!

As is emphasized by Witten the n' mass vanishes in the NC-> © limit.
Nonperturbative QCD shares this conclusion (see, however, the next section).
Indeed in the large N c limit only one-loop terms survive and in this approximation
there is no difference between the 1 and n' channels. Thus, there is nothing new in
this respect.  Nonperturbative QCD provides more precise estimate of the
smallness of the n' mass, however.

First, a few words on the n' residue. In large NC limit it coincides (up to a

Clebsch-Gordon coefficient) with f“:

<OIG'YuY5u+HYu'Y5d +§Yu'y55 [r> = ifn'KU

3a5 a ~a 2
£ = /NEL (N> @) <0 |2 G G In'> = £ m o . (7)
Now we can judge experimentally on the validity of this relation. Indeed, the
radiative decay J/¢ -+ n'y measures the coupling of n' to the ascé current. An
analysis of the sum rules provides9 the damping factor v0.5 for the residue
comparing to the large N_ limit (7). This conclusion is of limited numerical

accuracy, however, and it is better to turn to the experimental data. Theoretical



estimates for the ratio T(J/¢ > n'y)/T(3/y+ ny ) would give approximately 3 while
experimentally it is around 5. Thus f - » /573 O.S(fﬁ@). Therefore, we conclude
that the large N c result is valid for the residue at least within the factor of 2.

The conclusion on the vanishing of the n' mass appears disturbing at first
sight since it is difficult to imagine that 1 GeV as a hadronic mass is small by any
standard. Still, there is a natural "standard" for the n' mass and experimentally it
is small in its natural scale.

By "natural"scale we understand here the value of M2 for which asymptotic
freedom breaks down (an example of the sum rules is given in Eq. (1)). To clarify
the point, consider sum rules in the vector (p) an axial-vector (m, Al) channels.
Then in the vector channel,, the power corrections to the asymptotic freedom
become important at M2 o mg (mzp is just a number here related to <OLSG2>, <qq>
in a well-defined way). Mass of the p, mp, is not small in this scale and sum rules
are quite sensitive to the p mass. Thus, the mass is of the order one in the natural
scale. On the other hand, mass of the pion—the lightest in the axial-vector
channel-is small in this scale (for axial vector-channel the power corrections are of
the same order as for the p channel). One cannot determine the mi by means of
the sum rules since the scale is larger (mi >> mﬁ). (Of course, in this particular
case the presence of nearly massless pion can be determined from general grounds
alone.)

It is amusing to observe that the mf}, is, indeed, numerically small compared

to its natural scale. The sum rules for the current ozG?NG]aJ v {(where the n!

dominates) are given by9
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T = ifdxexp(igx)<0|T {311 a u(x), 3,2,(0) H o>

4
%)Jm’[’(s) ~ 107 m* [ 1+ (1—3—1\%!) +O(l\;l%):| ®)

S e (-
M

=2l

(we give the numbers for N.=3). It is seen that the power correction to

asymptotic freedom becomes 20% at Mz v 3.5 GeV2

same happens at M2 = mpz. We see that the natural scale for the n' mass is much

while for the p channel the

larger than for the p mass.

In other words, n' is dual to the bare graph smeared over Mz v 6 G:eV2 and
m%, is small as compared to this duality interval. As a result, the QCD sum rules
are insensitive to the exact value of mzn, which is small in this respect.

The difference between the quark (p like) (and gluon (n'-like) currents) in

their duality intervals was noticed first in Ref. 9. We see that large N c Provide an

explanation to this observation.
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VL. meN

" CONTRIBUTIONS

In conclusion we would like to make a few remarks on the role of instantons
and other nonperturbative contributions in the large N c limit. First, one must
differentiate between "large" and "small" size nonperturbative fluctuations. If one
considers the polarization operator at some Q2 then by large scale we understand
fluctuations whose scale size is independent of Q and is of order of the confinement
radius while "small" size is of order (at least formally) 1/Q.

It is beyond any doubt that the large scale nonperturbative fluctuations do
exist in the large N ¢ limit. They provide nonvanishing <a SG2> which is crucial at
any NC if the mass spectrum is not to change drastically with Nc’ Conclusions
concerning the role of the 1/Q instantons is less definite. Still there is good reason
to believe that they are important in the resonance region (Q » 1 GeV) at least for
pseudoscalar and scalar channels’ and we will argue that there is no reason for
their contribution to go away in this region with N+ e

The typical contribution of small-size instantons to the polarization operator

induced by some local current is given by (see, e.g., Ref. 3)

Q) v J (K_ Q01 %dpdp )

where K _ l(Q p) is the McDonald function and d(p) is the density of instanton of size
p, dp) v pﬁb+9. Note that K_ 1(Q o «exp(-Qp) and provides a cut-off on the
integration over the instanton size p.

Formally, expression (9) is proportional to a high inverse power of QZ:

*M.A. Shifman, A.l. Vainshtein, V.I. Zakharov, unpublished.
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2 A b+10
Tt @) #1001, 16+ @) (10)

(three massless quarks). Since one is inclined to believe that this contribution is
negligible once Q > A and Nc is large enough (b v N C). Since 1 GeV is certainly
larger than A, there is little doubt, at first sight, that there is no small-size
instanton contribution to the n' mass, etc.

This conclusion fails, however, explicitly because N is large. The point is that

actually the integral of the type is dominated by instantons of the size:

O dominant b +10/Q » NC/Q ) (1)
We see that for N c large and Q fixed p dominant becomes absurdly large. Clearly
enough, there are no instantons of large size in the vacuum and the integral over
"small-size instantons" is actually determined by infra-red cut-off. For the
simplest cut-off it is just proportional to exp(-2 Peut-of fQ)' There is no reason to
believe in this particular form of the cut-off, of course, but what is important is
that the form of this function of Q does not actually depend on N c and the
conclusion that the integral is proportional to (A/Q)" is superfluous starting from
QO’ QO + o with NC + o, To lr)\]e more precise, there is always such Q2 for which
asymptotic form Lost ¥ (A/Q) € holds,but for large N this region is pushed to
such large Qz that they certainly have nothing to do with the resonance region and
where the small instanton contribution is, by far, inferior to the ordinary quark loop
contribution.

Thus, there is no general objections to 1/Q instantons to become important in
the 1 GeV region and to remain so in the limit NC + o, Moreover, the instanton-

like contribution does not necessarily obey the general conclusion on the N c
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dependence since extra factors 0 are eaten up by the instanton field, AiSSt o l/gs.
For example, amplitude T(qz) defined in Eq. (8) could have pieces which formally
are of order N, e-NC but actually (at Q v several GeV) are of order N. There is no
indication, however, that such terms are important for N c= 3 and the possibility
can hopefully be disregarded.

To summarize, numerical analysis indicated earlier that contribution which is
formally determined by fluctuations of small size v'1/Q actually depends heavily on

infra-red cut-off at Q «v'1 GeV.9 Large N c provides a natural explanation to this

observation.

CONCLUSION
Large NC limit allows us to organize and explain in a simple way many
numerical observations made in the process of the analysis of the QCD sum rules.
In one particular case, that is of the QCD bag model, it allows to make a judgment
which is otherwise obscure. There arises a possibility that the density of the

instanton-like fluctuations does not vanish for fixed p and NC+ o,
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