# Fermi National Accelerator Laboratory

FERMILAB-Pub-79/61-LXP
2042.000

(Submitted to Nucl., Instrum. Methods)

WHY A SECOND-ORDER MAGNETIC OPTICAL ACHROMAT WORKS
David C. Carey

February 1980

3

€ Opersted by Universities Research Assoctation Inc. undar contract with the United States Department of Energy



Why a Second-Order Magnetic Optical Achromat Works

bavid C. Carey
Fermi National Accelerator Laboratory
Batavia, Illinois 60510

ABSTRACT
A design procedure for a charged particle optical system where
all second order matrix elements can be made to vanish simultaneously
has been described by Brown.1 A proof is given that the system works

as advertised.



I. Introduction

Design criteria for a second-order magnetic optical achromat
have been described in a previous publication by Brown.l Such a
system will provide a2 transverse phase space configuration at the
final point which is a faithful reproduction of the beam at the
entrance to the system. The transformation matrix for the system
will be the identity matrix and all second order transverse terms
will be identically zero.

The beam line described consists of a number of identical cells.
Each cell contains focusing and defocusing guadrupole components
and one or more dipoles to provide dispersion. Two sextupoles are
inserted into each cell. One sextupole will couple more strongly
to second order terms in the horizontal phase space, while the
other will couple more strongly to vertical terms. Corresponding
sextupoles in all cells have identical magnetic fields. Thus
two independent sextupole strengths are sufficient to make all
second order terms vanish.

The demonstration of the vanishing of all geometric second
order terms is quite straightforward. It is a direct consequence
of the symmetry inherent in the c¢ellular structure of the beam
line. The proeof is provided in Brown's original paper. To show
that all chromatic second order terms also vanish is more subtle.
Here we provide that demonstration. The conseguences on the trans-
formation matrix of the cellular structure are first determined.
We then derive the relationships among the various second order
terms and show that with only two independent sextupole strengths

they may all be made to vanish simultanecusly. The second order
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matrix elements are then related to their driving terms and we
explore in greater depth the relation among the various terms;
Finally, a simple example is used to illustrate the mathematical

formalism.

II. Cell Structure and the Transformation Matrix

We assume that the beam line is comprised of a number of ident-
ical cells such that the net transormation matrix to first order is the
identity. We further assume that the number of cells is egqual
to or greater than four, and that at no intermediate point in the beam
line is a first order transformation equal to the identity matrix
realised.

The eigenvalués of the total transformation matrix of the
beam line will then be just powers of those of a single cell.

Since the eigenvalues of the total transformation matrix are unity,.
those of a single cell will lie on the unit circle in the complex
Plane. In either transverse plane, the transformation matrix for

a single cell may be written as?

R = cosy + a siny 8 siny

- ¥ siny cosy - o siny

Here the parameters a, 8, Y, and u are used only to parametrize
the transfer matrix, and no relation to any transmitted beam matrix
is implied. Because of the assumptions made above, it follows

that we must have sinp # 0. It is also necessary that

By - a2 = 1

A beam line of n cells may now be equally well regarded as
either a single cell followed by a beam line of n-1 cells or as a
beam line of n-1 cells followed by a single cell. Since all cells

are identical, the first cell has the same transformation matrix as



the last n-1 cells. We identifv a transformation matrix element

by placing after it in parenthesis the number of cells it represents.
We may thern write the following relationships for the total first

and second-crder transformation matrices, indicated by the letters

R and T respectively:

R(n) = R{1)R{n~1) = R{(n-1)R(n) (3)
T(n} = R{n~-1)T(1) + T{n-1}R{1}R(1} (4)
Tin} = R(1)T{n~1) + T(1}R(n-1)R(n-1} (5)

Since the letter T indicates a second order matrix, we must define
what we mean by matrix multiplication involving T. To do so, we

give an exanzle by rewriting equation (s) as:

< A
Tijk(n) =;;\1H11(1) lek(n-l) +i— Tiz:m(”jo(“'l)Rmk(n'l) (6)
m

If we solve both (4) and (5) for T(n-1}, equate the two results,

and reformulate the new egquation using (3), we derive

T(n) = R(LTMR MR (1)
Thus the symmetry of the beam line reguires certain algebraic
relations among the second-order matrix elements.

III. Simultaneous Vanishing of Second Order Terms

We now insert two sextupoles in each cell and adjust their
strengths so that two of the second order matrix elements are
made to vanish, one in the horizontal plane and one in the vertical.
We maintain the symmetry of the cells by giving identical exci-

tations to corresponding sextupoles in different cells,



In maintaining the symmetry of the cells, all the seccond
order geometric aberrations are kept identically equal to zero,
as shown by Brown.l Therefore, we need consider only the conse-
guences on the remaining chromatic terms. If we write out
equation (7) for the chromatic terms, expressing the elements of
the inverse R matrix in terms of those cf the R matrix itself,

we arrive at:

Ty1e = Ryp (MR (10T 16 = Ry (1IRy) ()T 56 (8
+ Ry (1)Ry, (1)Tyyg = Ryp(11Ry; (11 Th5e
Ti2¢ = “Ryp (IR (1T 56 + Ry (LR (LT 5¢ ( 9)
“Ryp (LR (1 Ty + Rp (1R, (1T
T,1e = Ryy (1IRy, (10T 6 = Ry ()R, (1T 50 (10)
+ Ryp(1)Ryp (1) Ty e = Ryy(1)Ry; (1)T55,
Typg =Ryp (DR, (1T 6 + Ryp (1R (1T 50 (1)

+

“Ryp (IR (1)Tpyg + Rys (1IRy, {1)T55¢

Because of Liouville's theorem, we have

Ryy (1)Ry, (1) = Ry (DR, (1) =1 B § ¥
so that equations (8) and (11) may be seen to be identical.
Applying Liocuville'’s theorem to the second order terms for the
entire beam line, we can also derive
+ T = 0 (13)

1le 226
We choose the sextupole strength so that the term T126 is made

T

to vanish, then from eguations {8} - (13) we can derive



2 R12(1}R21(13T116 + Rlzil)Rzz(l)TZIG =0 (14)

|
[=]

(r..2(1) - -
2 Byy (MRyp (T +iR2 (1) %}TZIG (15)

We now have two simultaneous homogeneous linear equations
for the terms Tlls and Tzls' The determinant of the pair of
eguations is given by

2 . 2
D=2 R, Ry )[R () = 1] - R IRy IR M e

t
= = 2 Ry,{1)R,,; (1)

In terms of the variables introduced in eguation (1), we have
D = 28y sinzu

= 2(e?+1) sin?y (17
By the assumptions stated in Section II, this expression cannot
equal zero. Therefore, if the term T126 is made to vanish, then
the matrix elements T116° T216' and T226 will necessarily vanish
simultanecusly.

This same procedure may be used to show that if T346 is set
to zero, then T336' T436' and T446 will also vanish. The only
terms which remain unexamined are 'I‘166 and Thag° If we write out
equation (6) for these terms, deleting all terms which are known
to vanish we derive

Tigs = R11¢d) Tig6 * Rya(1) Ty (18)
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T = R21(1) T + Rzz(l) To¢6 a9)

266 166

The determinant of this pair of linear homogeneous
eguations is given by
D=2- Rll(l) - Rzz(li

= 2 {1 - cosu} (20)

which is also non-vanishing according to our assumptions.
We have now proved the remaining two second-order matrix
elements to vanish. Therefore, all second-order matrix elements

may be made to vanish by the adjustment of two parameters.

IV. Relation to Driwving Terms

An alternate interpretation of equations (4) and (5) can
be illuminating. Consider an augmented beam line of n+l cells
obtained by adding a single cell to the original beam line of n
cells. The matrix T(n) in eguation (4) represents the transfor-
mation first through a single cell then one through n-1 cells.
The matrix T(n) in equation (5) represents the transformation from
the end of the first cell to the end of the last cell of the
augmented beam line. It is regarded as a transformation first
through the n-1 cells numbered 2 through n, then through the
single remaining cell. 1In this comparison the terms R(n-1l) and
T({n~1l) represent a transformation through the same set of n-1 cells
in equations (4} and (5). The two second order matrices representing
n cells will have identical values for all elements because the two
beam lines they describe are alike in all respects.

We may now define cosinelike, sinelike, and dispersion



rays with the beginning of cell 2 as the point of origin.

* L] | ]
Henceforth they will be donoted by ¢ , s , and d . In terms
of the corresponding rays as defined from the beginning of the

beam line we have

| .
c = R22(1) c - Rn(l)-s (21)
*
s = -Rlz(l)c + Rll(l) s {(22)
a“ =a + ac + 8s (23)
where
@ = Ry ,{1) Ryel) - Ry, (1) Rye(l) (24)
B = Ry; (1) Ryg(l) = Ry (1) Ry (1) (25)

We may also express the second order matrix elements in
terms of their driving terms. For purposes of illustration we use
the expressions for the high energy limit as given by Brown.3
we include only those contributions ffom quadrupoles and sextu-
poles. In our confiqguration, the expressions for the horizontal

chromatic terms are given by

c.Ss
X %
T116 = 2§:Sjcxsxdx - E:—?g— (26)
3 q
2
2 s
le‘ = 22 Sjsx dx - Z f:i: (27}
3 g q
Toyrp = -223 c.%a Z c"z (28)
216 - 73"z Tx ¥ fq
] q
< Cx®x
T226 = —zt!..-sjcxsxdx + Z 3 (29)
3 q ¢
T - E:s s.a? - E:sxdx (30)
166 ITxx T
3 g 9
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T266 255%% Y g XX (31}
3 9 £,

Here the Sj indicate the normalized sextupole strengths

\
B 1
s = _.2..0) (#..) L (32)
a | Bp -

where Bo is the pole-tip field, a is the aperature, L

the length, and Bp is the rigidity at the beam, given by its
momentum divided by its charge. The‘ﬁaare the focal lengths
of the quadrupoles where -

= (Bo\ _ 1L L

1 —
f a | Bp ' (33)
The sums may be made either over the first n cells using
the characteristic ravsc, s, and 4 or over cells 2 through
n + 1 using the rays ci, s*, and d*. Since the behavior of the
characteristic rays is completely determined by first-oxrder con-
siderations, they will have identical values in cells 1 and n + 1.
Therefore, in the expressions for the T matrix elements in terms
of the starred functions, we may replace the contributions from cell
n + 1 by equivalent contributions from cell 1. The aberrations
are then given by identical sums through the same beam line of
expressions using either starred or unstarred gharacteristic rays.
Since the starred rays are linear combinations of the unstarred
rays, the T matrix terms must then be linear combinations of each
other. From this point of view we could again derive equations
(8) - (11}, (14) and (15), and once again prove the properties

of simultaneous vanishing of all the terms.
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However, greater insight is obtained by considering an
illustrative example. We select one in which the linear
relationships among the T terms are particularly simple.

As our illustration, we take the first example from Brown's
paper. His beam line consists of four identical cells each
of which is svmmetric front to back,

The diagonal terms in the transfer matrix for one cell
are then equal to zero. Therefore, after one cell, the sinelike
and cosinelike rays simply exchange roles, except for some

scale factors. We now have

c = Rlz(l) s : (34)
k

s = -Rlz(l)c {35)
*

d =4 + ac + Bs {36)

If we write, for example, the expression for T126 in terms of

E * X

c, s, and @ , we may then by substitution derive a new
expression in terms of ¢, s, and d. Part of this new expression

can be recognized as a constant times T216' Specifically, we have

3

(37)

s

2 2 2 2
Tiag = = Ry (1T, + aRy, {1125jc s+ BR;,"(1) }Ssc
3 i o

The two last terms arise from the transformation of the
dispersion ray. The expressions for the geometric terms Tlll

and T are given by

211

Ti11

= ‘:S.c 25
e 3 x Tx

(38)

b
T, = - Zs.c3 : (39)
211 i"x
)|



- 1] -

These are but two of the geometric terms, all of which wvanish

identically due to the symmetrv of the beam, Tharafore, we have

- _ 2
Tis6 = R12 (1) T, (40)

s¢ that if one of these terms vanishes, the other must also.

We may also show that

Ti116 = Ta26 (41

But, by inspection we have

Tllﬁ = = Ta2g (42)

Therefore, these must also both vanish identically. Similarly,

we can demonstrate that the terms T166 and T266 must transform into
each other and therefore vanish. Also, if one of the vertical
second order terms T336' T346' T436' and T446 vanishes, the

other three must vanish also.

V. Summary

In any system Qith the required symmetry, the characteristic
rays, i.e., the sinelike, cosinelike, and dispersion rays, are
equivalent to linear combinations of themselves. Therefore,
the second-order terms are also equivalent to linear combinations
of themselves. If one horizontal term vanishes, they they must all
necessarily vanish. Similarly, if one term in the vertical plane
vanishes, all vertical terms will necessarily vanish. Therefore,
two independent sextupole strengths are sufficient to make all

second order terms vanish.
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