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ABSTRACT

The present status of Quantum Chromodynamics formalism for inclusive
deep-inelastic scattering is reviewed. Leading order and higher order asymptotic -
freedom corrections are discussed in detail. Both the formal language of operator
product expansion and renormalization group, and the intuitive parton model
picture are used. Systematic comparison of asymptotic freedom predictions with
deep-inelastic data is presented. Extensions of asymptotic freedom ideas to other
processes such as massive u-pair production, semi-inclusive deep-inelastic scat-
tering, e’e” annihilation and photon-photon scattering are briefly discussed. The

importance of higher order corrections is emphasized.
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[. INTRODUCTION
A. Preliminary Remarks

Quantum Chromodynamics (QCD) is the most promising candidate for a
theory of strong interactions. It has the property of asymptotic freedom which
seems to be consistent with the deep inelastic data, and it provides a possibility of
confining quarks and gluons. The quark and gluon confinement in QCD has not yet
been proven. On the other hand, the theoretical structure of asymptotic freedom
in deep inelastic scattering, in the leading order and in the next to the leading
order in the effective strong interaction quark-gluon coupling constant, seems to be
well understood by now. Also a great effort has been made in comparing
asymptotic freedom predictions with the experimental data. We think it is an
appropriate time to review the present situation.

The progress in understanding the structure of asymptotic freedom in deep-
inelastic scattering proceeded in several steps during the last six years. Just after
the discovery of asymptotic freedom (Gross and Wilczek, 1973a, b Politzer, 1973),F l
all calculations relevant for the leading behavior of the moments of the deep-
inelastic structure function were performed (Georgi and Politzer, 1974; Gross and
Wilczek, 1974; Bailin, Love and Nanopoulos, 1974). Three years later these results
were put in a form useful for phenomenological applications (de Rujula, Georgi and
Politzer, 1974; Altarelli, Parisi and Petronzio, 1976; Glick and Reya, 1977a,b;
Buras 1977; Buras and Gaemers, 1978; Hinchliffe and Llewellyn-Smith, 1977a;
Altarelli and Parisi, 1977; Tung, 1975, 1978; Fox, 1977)F2Until recently almost all
asymptotic freedom phenomenology has been based on the leading order formulae.
During the last two years, the structure of the higher order asymptotic freedom
corrections to deep-inelastic scattering has been finally understood and completed

(Zee, Wilczek and Treiman, 1974; Caswell, 1974; Jones, 1974%; Floratos, Ross and
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Sachrajda, 1977, 1979; Bardeen, Buras, Duke and Muta, 1978; Altarelli, Ellis,
Martinelli, 1978) and some phenomenological applications of these higher order
results have been made.

Parallel 1o the development in deep-inelastic scattering there has been a lot
of progress in the extension of asymptotic freedom ideas to other than deep-
inelastic processes and it is appropriate to present in this review some of the
results of these studies.

B. Outline

The main purpose of this review is to present

(i) the leading order of asymptotic freedom and its phenomenological
implications together with comparison with deep-inelastic data,

(ii) the structure of higher order asymptotic freedom corrections and their
effect on leading order results.

We shall also briefly discuss

(iii) leading order and higher order asymptotic freedom corrections to other
than deep-inelastic processes.

This review is organized in a rather unconventional way, which we shall try
to justify below. Section II will be what one could call a handbook of parton model
and asymptotic freedom formulae relevant for deep-inelastic scattering. We begin
this Section by recalling basic ideas behind the simple Parton Model with Bjorken
scaling and we quote some of its well-known formulae which will be useful in the
subsequent sections. We then present systematically all asymptotic freedom
expressions (leading and next to the leading order) necessary for the study of the
scaling violations in deep-inelastic scattering. This section ends with a general
structure of present day asymptotic freedom phenomenclogy in the form of a
procedure. This hopefully will enable anybody to make her (his) own QCD fit to

deep-inelastic data. One might think that it is a bad idea to begin a review with a
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vast array of formulae. In the standard reviews, one usually relegates them to an
appendix or to the last section of the text. We think, however, that such an
exposition of the formulae and of the general structure of asymptotic freedom at
the beginning will give the reader a good feeling about the whole subject and
hopefully will enable her (him) to begin her (his) own research in this field without
reading too much.

The derivations, discussions, explanations and intuitive interpretations of the
formuiae of Section II are contained in the main part of the review, namely in
Sections III to VIII. Section III deals with QCD as the field theory of colored quarks
and gluons. The basic tools necessary to study QCD implications for deep-inelastic
scattering are systematically presented here. After recalling the Feynman rules
for QCD, we discuss briefly the concepts of regularization and renormalization. In
particular we illustrate with examples dimensional regularization ('t Hooft and
Veltman, 1972) and the minimal subtraction scheme ('t Hooft, 1973). Subsequently
we discuss renormalization group equations in general. Next we present the
operator product expansion and its relation to the moments of deep-inelastic
structure functions. Finally we derive renormalization group equations for the
Wilson coefficient functions and show with examples how to calculate anomalous

.dimensions. This Section may be omitted by experts and pedestrian readers,
without loss of continuity.

In Section IV we present the formal approach to deep-inelastic scattering
based on the operator product expansion and renormalization group. We deal here
explicitly with the mixing of gluon and singlet fermion operators. The main result
of this section is an expression for the moments of an arbitrary structure function
in terms of the Wilson coefficient functions with an explicit Q2 dependence

calculated in the leading order.
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In Section V we turn to a more intuitive approach to asymptotic freedom
which, on the one hand, is a simple extension of parton model ideas and, on the
other hand, is equivalent to the formal approach developed in Section IV. The main
results of this section are the equations for the QZ dependence of effective parton
distributions. We discuss various properties of these equations and give their
approximate analytic solutions.

In Section VI we list various implications of asymptotic freedom for deep-
inelastic processes. Subsequently, we confront these predictions with the recent
high energy ep, up, VN and uN data.

In Section VII we discuss asymptotic freedom beyond the leading order. This

section is rather formal. We discuss first the non-singlet case because it is simpler
than the singlet one. The renormalization dependence and independence of various
quantities is dealt with in some detail. Also a discussion of the meaning of the
parameter A, the sole scale parameter of the theory (except for masses), is given.
Corrections to various parton model sum rules and relations are presented. After a
phenomenological application of non-singlet formulae we turn in Section VIII to the
singlet case which we present in detail. We discuss some phenomenological
implications of the singlet formulae for deep-inelastic data. We also present
parton model formulae for these higher order corrections. We end Section VIII by
discussing longitudinal structure functions.

In Section IX we discuss briefly the extension of asymptotic freedom ideas to
other processes such as massive p-pair production, semi-inclusive deep-inelastic
scattering, e*e” annihilation and photon-photon scattering.

Finally in Section X we make a few concluding remarks. The paper ends with
two Appendices where the basic formulae of the dimensional regularization and the
relations between parton distributions and the matrix elements of local operators

are given.
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In the last six years there have been many very good reviews on asymptotic
freedom (e.g. Politzer, 1974; Gross, 1976; Ellis, 1976; Gaillard, 1977; Altareili,
1978a3;Nachtmann, 1977; Llewellyn-Smith, 1978a, Ross, 1979)? 3 The new topic
discussed here, which has not been presented in the reviews above (except for some
discussion in the review by Ross), are the higher order corrections (Sections VII,
VII). We have also attempted to present the whole material in a form easy for
phenomenological applications. While completing this review we received a very
nice review article by (Peterman, 1979) who also discusses, among other topics,
higher order asymptotic freedom corrections in some detail. Although unavoidably
there is some overlap between Peterman's and our review, the structure and

presentation of both reviews is quite different.
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II. PARTON MODEL AND ASYMPTOTIC FREEDOM FORMULAE
A. Preliminaries
l. Deep-inelastic structure functions
It is well recognized by now that deep-inelastic processes, as depicted in Fig.
1, are excellent means to study the inner structure of hadrons. The basic quantities
used to discuss these processes are the structure functions WZ’ W3 and WL which

F4

for spin-averaged processes ' are defined by the following equation

4 iqe
WLW = [d'ze! Z<p|[J“(z), J\)(O)]lp>

spin averaged

Wi, Q9 v, Q)
- eu\) 2x * du\) 2x

(2.1)

where Ju stands either for the electromagnetic current (ep, up scattering) or a
weak current (v, v scattering). For electromagnetic processes W5 = 0. The tensors

e and d are defined as follows
v uv

M
q .q
_ _uy
eu\, = guv > (2.2)
q
and
PP, 2 P,9q,+P,q
4y = - _szq+____“ Y S v H -8, . (2.3)
v
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Kinematical variables are defined in Fig. 1. For the purpose of subsequent
sections, we prefer to deal with the longitudinal structure function \)WL rather

than with W 1° VWL and W1 are related to each other as follows

The dependence of the structure functions on the variables v and Q2 is dictated by
the underlying theory of strong interactions. The main object of this review is to
study WL’ W, and W in the framework of Asymptotically Free Gauge Theories
(Politzer, 1973, 1974; Gross and Wilczek, 1973a, b)I.:SFirst, however, let us recall
how the structure functions in question behave in a simple parton model.
2. Bjorken scaling and its intuitive interpretation
As we indicated in Eq. (2.1), the structure functions depend generally on both

v and QZ. However, if v and Q2 are sufficiently large so that all mass scales can

be neglected, the dimensionless structure functions \)Wz, \)WB, W 1 and \JWL will
depend only on
2
=L
x = 35 (2.5)
i.e., we shall have Bjorken scaling (Bjorken, 1969 )
i i
\’WZ,B,L - F2,3,L(x) , (2.6)

wh > Fil(x) : (2.7)
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Here i stands for a process considered i = WN, ;N, ep, up, etc. The simple parton
model was introduced by (Feynman, 1969) as an intuitive picture of Bjorken scaling
wherein

i) target mass effects

ii) quark mass effects

iii) interactions between quarks (partons)

iv) <p 12> of partons and other possible scales
are neglected. This beautiful model is so well known to experimentalists and
theorists that there is no need to describe it here in detail. A few comments and a

collection of the most important parton model formulae are, however, necessary.

In the parton model one imagines that a photon, W-boson or Z° scatters off a
free, pointlike constituent-parton (qi) as shown in Fig. 2a. The corresponding
virtual Compton amplitude is presented in Fig. 2b. In this picture, x is the fraction
of the proton momentum carried by the parton q;. On a more quantitative level
(Bjorken and Paschos, 1969, 1970; Kuti and Weisskopf, 1971; Feynman, 1972) one
introduces parton distributions {quark, antiquark) q;(x) and Efi(x) which measure the
probability for finding a parton of type i in a proton with the momentum fraction x.

Then for instance
ng(x) = z ei2 x [g;(x) + Ei(x)] (2.8)
i

where e, stands for the charge of the i parton.

Similarly all deep-inelastic structure‘functions and various relevant cross-
sections can be expressed in terms of parton distributions weighted by the
appropriate electromagnetic or "weak" charges. In the following we shall recall the
rules for construction of these parton model formulae and subsequently list the

most important expressions.
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B. Basic Formulae of the Parton Model
1. Parton distributions
In a four quark model (u, d, s, c) (Glashow, lliopoulos and Maiani, 1970) we

decompose the proton into valence part

V(x) = u,(x) +d,(x) ) (2.9)
the non-charmed sea
S(x) = u (x) + dg (x) + u(x) + d(x) + s(x) + s(x) , (2.10)
the charmed sea
C(x) = c(x) +c(x) ’ (2.11)

and we introduce a gluon distribution G(x). The u(x) and d(x) distributions are then

given as follows

u(x)

uv(x) + us(x) , (2.12)

and

d(x)

dv(x) + ds(x) . (2.13)
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In what follows it will be convenient to denote generally any quark and anti-

quark distribution corresponding to the ith flavor, by q;(x) and ai(x), respectively,

and introduce the following combinations

qx) = ] g

1

a(X) = z ax(X)
1

(x) = qx) + q(x) = V(x) + S(x) + C(x)

Aij(") = qi(x)-qj(x)
and

Bjix) = Ei(x)—aj(x)
Notice that

V(x) = q(x) - q(x)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

The distributions Aij(X)’ Elj(x) and V(x) are non-singlets under flavor symmetry

SU(4), whereas L(x) and G(x) are singlets. The distinction between non-singlet and

singlet distributions will be very important when we come to discuss asymptotic

freedom effects.
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2. Electromagnetic structure functions

Taking the standard charge assignment (u,d,s,c) =(-§-, -%—, -%, %) into

account one obtains

FSP(x) = T5§ x Z(x) + é x £°P(x) (2.20)
and
FgN(X) = T5§ x Z(x) + é X AeN(x) (2.21)

where N denotes an isoscalar target and the non-singlet distributions ASP(x) and

28N(x) are given as follows

AN = [T - 3x) 1+ [ cx) - s(x)] , (2.22)

2P = A®N(w) 4 [ulx) - d(x)] + [ u(x) - d(x) ] . (2.23)

3. v and vy cross-sections
In order to write similar expressions for the v,v processes one needs a model
for weak interactions. All the formulae below are for the Weinberg-Salam-GIM
model (Weinberg, 1967; Salam, 1968; Glashow, Iliopoulos and Maiani, 1970) in which

the quarks are grouped in left-handed doublets and right-handed singlets

, Ug; dR’ Crs SR . (2.24)

e
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Here dec =d cos O + S sin 6c and s - =5COS( (- dsinvC with 9~ being the
Cabibbo angle. Generalizations of the formulae below to more flavors of quarks

are straightforward.

We quote first formulae for the differential cross-sections d:gy on isoscalar

targets. Here y = v/E. In the parton model the cross-section ?d)c:%y 1s written as
follows
do__ do ) or G:(x) )
a;a—); = z m - 2x[qi(x or g;ix ] (2.25
1 i

where (3%7) is the elementary cross-section for scattering of w* or Z off a
i
quark or antiquark.
If quarks are spin-%2 particles as one usually assumes then in the Weinberg-

Salam model the explicit formulae for the elementary cross-sections are given (in
2
ME

units of G ) as follows

© cC 1 for vq;, U&i
( dxdy )i = ) o (2.26a)
(1-y) for vg;, vq;
2 2 2 2\ T—
o+ 31-92  for v d) Va2
2 2 2 Y -, 2
- § 1(1 -y)°+8 3 for \)qi(-3- ), vqi(- §)
do =
(dxdy) , , - (226)
i 62 + 64(1 -y) for vg,(- 3, "51%)

2 2 2 — —

62(1 -y + Sy for vqi(-%), \)qi(%)

CC and NC stand for the charged current and neutral current processes respectively.
The number in the parenthesis denotes the charge of the quark or antiquark. The

"couplings" 5i have the following dependence on the Weinberg angle Ow*
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Using Egs. (2.25-2.27) one can construct E)%%}—r for any process of interest.

(2.27)

We

quote the formulae for isoscalar targets. In order to simplify discussion, we

neglect threshold effects due to charm production. We shall include these effects

later. We then have for charged current processes

2

(2.29)

w)’ LD 2[§(x) + S -5
(Hm) cc . w x { [_q(x) +5(x)-cx)] + (1 -y)Iqx) + cx) -S(x) 1} (2.28)
and
= 2
v G"ME_
(dggy) ce al— Yox { [qx) +3(x) - S0 1+ (1 - y)? [qx) + c(x) - s(x)] .

For neutral current processes we obtain

v :
_do_ G'ME 2 2 2 2 2
(dxdy) NC = T X { V(X)[61+02+(63+64)(1-y) ]

+ @00 + AN L83+ 62+ 62+ 621 (1 +(1- D)+
(s + SN 185 + 62 101 + (1 - 1)) + () + N6 + 8211 + (1 - A}

and

(2.30)
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o \¥ _ [do\"” 2 _,
(dxdy) NC - (m> NC((l - )’) l)

(2.31)

Simple expressions can be obtained for the sums and the differences of the

cross-sections above. We have for instance

aay) . T x {2601+ (-2 + N1+ (L -921 1 (2.32)
and

do\ - G2ME 2

(m—)cc = &2 VL - (1- 92 (2.33)

where £N(x) is given by Eq. (2.22).

4. v and v structure functions

The v and v structure functions F; ¢ (x), F\g’v(x) and F\i " (x) are related to
do '

the cross-sections as follows
dxdy

Vv
(3) 2 - - _
(d_'ggy) - & TITVIE {a- Y)F;’v (x) + xyzF})’v (x) £(1 - %’- )xyF;’v(x) . (2.30)

Comparing (2.28)-(2.31) with (2.34) we obtain

ZXFI)’\)(X) = F;’v(x) = xZ(x) (2.35)

and

XF;’;(X) = xV(x) F erN(x) (2.36)
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for charged currents, and

ZXFI)’\)(X) = F;’\)(x) = xL(x)[ Sf +8 g + 6% + 65]
2
+x2®N) 62 4 62 - 62 &2 (2.37)
and
XFYV(x) = xV)[ 6] + 65 -65 - 67 ] (2.38)

for neutral currents.

Notice that F; ’;(X) for both neutral current and charged current processes
behaves as non-singlet whereas F; "V for charged current processes behaves as a
pure singlet. F%”" for neutral current processes contains similarly to electromag-
netic structure functions (Egs. 2.20 and 2.21) both singlet and non-singlet
contributions.

5. Basic properties of the simple parton mode!

There are many consequences of parton model ideas which have been
extensively discussed in the literature (e.g. Feynman, 1972; Llewellyn-Smith, 1972;
Landshoff and Polkinghorne, 1972; Close, 1979). We only mention few of them.
First there is Bjorken scaliné: ?n x for the structure functions and in x and y for the
3:7?? cross-sections. This means for instance that <y> and <5 /c\) are energy
independent and the moments of the structure functions

1 n = 2,3,..

n-2 =
Io dex TF ) =M oy (2.39)

are Q2 independent.
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Furthermore there exist certain sum rules and relations between structure
functions which deserve attention. These are in particular:

i) Adler Sum Rule (Adler, 1966)
0 X . = (2.40)
ii) Gross-Llewellyn-Smith sum rule (Gross and Llewellyn-Smith, 1969)
1 v v
[ dx [F;P + FBP] = +6 (2.41)
0
iii) Bjorken Sum rule (Bjorken, 1967)
S
[ dx [Flp - F\I’P] =1 (2.42)
0
and

iv) Callan-Gross relation (Callan and Gross, 1969 )

F, = 2xF, (2.43)

or consequently FL = 0.
We should also remark that the parton model has been extended to other than

deep-inelastic processes. Famous examples are

ee” +» T+ anything
+ -
e e - hadrons

PP > u’u” + anything (2.44)
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and large P, processes.

The puilding blocks of all parton model formulae for processes listed under
(2.44) are again quark distributions (and fragmentation functions) which also enter
the deep-inelastic formulae. Consequently in the parton model there exist many
relations between various different processes. This fact as well as the simplicity
and intuitive picture behind the parton model already attracted many physicists ten
years ago. In spite of the sucéesses of the parton model in the past, this model now
seems to be too simple to explain the data. In fact although Bjorken scaling is well
satisfied for 0.15 <x < 0.25 over the relevant (deep-inelastic) Q2 range explored by
present experiments (2 < Q25100 GeVz), for x< 0.15 and x>0.25 definite Qz
dependence is seen in the data for ep and up scattering. Similar scaling violations
have been observed in high energy v Y processes. In addition, the ratioR =g L/OT
as measured in ep scattering is definitely different from zero contrary to equation
(2.43). All these facts indicate that we have to go beyond the simple parton model
if we want to understand the data.

6. Beyond the simple parton model

Even before the discovery of scaling violations in deep-inelastic scattering
theorists found a beautiful interacting (Gauge-) Field Theory—Quantum Chromody-
namics with its property of asymptotic freedom and calculable pattern of scaling
violations. As we shall see in the course of this review, this theory has not only
much better theoretical background than the simple parton model but also fits
better the existing data. In addition in spite of a very heavy mathematical
machinery the predictions of the theory in question have a very simple intuitive
interpretation similar to the simple parton model but much richer.

It is perhaps useful to get a general overview and list how the simple parton

model properties are modified in asymptotically free gauge theories (ASF).
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First we write symbolically the ASF predictions for the moments of the

structure functions as follows

1 -d f
[ dx xn"zF(x, QZ) = A [ln QZI n ( 1+ 2 >+ > (2.45)
0 In Q

where An’ dn and fn are numbers to be discussed in the subsequent sections. Then
in the leading order (first term on the r.h.s. of equation {2.43)), all parton model
formulae of fhis section remain unchanged except that now the parton distributions
depend on both x and Qz. In particulak, all sum rules (e.g. 2.40-2.43) are satisfied.
The Q2 dependence of parton distributions is calculable.

During this past year it became clear that also parton model relations
between various processes (deep-inelastic scattering, Drell-Yan process, etc.) also

remain unchanged in the leading order.

On the other hand, if next-to-the-leading terms are taken into account (e.g.
second term in Eq. 2.45), sum rules (e.g. 2.41 -2.43) are violated. One also expects
beyond the leading order corrections to the parton model relations connecting
‘various processes.

C. Basic Formulae of Asymptotic Freedom

In this Section we shall collect all asymptotic freedom formulae relevant for
phenomenological study of deep-inelastic scattering. The derivations, discussions
and intuitive interpretations of the formulae below, can be found in Sections III to
VIIL

l. Leading order

In the leading order of asymptotic freedom all parton model formulae of
Section ILB remain unchanged except that now parton distributions depend on Qz.
In Quantum Chromodynamics the Q2 dependence of parton distributions is given by

certain equations, which we present now.
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l.1. Effective coupling constant
Contrary to the simple parton model, which corresponds to a free Field
Theory, QCD is an interacting field theory. The interactions between quarks and
gluons can be described by the effective coupling constant EZ(QZ) which satisfies

the following equation

%5{- = gB@ ; glt=0 =g (2.46)
where
2
t = ln% (2.47)
u

and g is the renormalized coupling constant. Furthermore B(g) is a renormalization
group function and uz is the subtraction scale at which the theory is renormalized.
The presence of this scale is at the origin of scaling violations. The notion of 8(g)
and of uZ will be given in Section III. Here it suffices to say that 3(g) can be

calculated in perturbation theory. We have

5
. (2.49)

3
Blg) = -8B, B— -8
(16712)

1672 1

The parameters B o and Bl have been calculated by (Politzer, 1973; Gross and

Wilczek, 1973a)and (Caswell, 1974; Jones, 1974) respectively. In QCD (SU(3) gauge

theory) they are given as follows

8 = 11 -§f (2.492)
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and

B = 102-378f . (2.49b)

Here f is the number of flavors.

Keeping only the first term on the r.h.s. of equation (2.48) and inserting g(g)

into Egs. (2.46) one obtains the leading order formula for EZ(QZ):
222y _ 167
gQY) = ——— . (2.50)
o2
Bo In 5
A
The scale parameter Ais related to y and g as follows
2 2 16>
A" =pTexp | - . (2.51)
Bo8

A is a free parameter which is to be found by comparing QCD predictions with
experimental data. It follows from Eq. (2.50) that the eifective coupling constant
decreases with increasing Q2 and vanishes for Q2 ==, This is what we mean by
asymptotic freedom.
1.2 Intuitive approach

In the intuitive approach to asymptotic freedom (Kogut and Susskind, 1974)Fto
be discussed in detail in Section V one imagines that by increasing Q2 of the photon
or W boson or equivalently by probing the inner structure of the hadron at smaller
distances one can resolve the quark into a quark and a gluon, gluon into quark-
antiquark pair and gluon into two gluons. These three basic processes are shown in
Fig. 3. It follows immediately from this picture that the parton distributions

depend on Qz. On a more quantitative level (Parisi, 1975; Altarelli and Parisi,
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1977; Dokshitser, Dyakonov and Troyan, 1978a) one introduces "splitting" functions
pij(Z) which are the measure of the variation (with Qz) of the probability of finding a
parton i inside the parton j with the fraction of the parent momentum z = Xi/xj' Then

the equations which determine the Q2 dependence of the parton distributions are given

as follows
da..(x, t)
i\ (Q ) X
= - f —Z Ajsys t)qu(y) (2.52)
dzt, ) _ QY fléx l:z( P (X)+2f Gly, 9P_~&) (2.53)
d T 2n Ly U Pagy PR qGly '
dGx 0 _ @A lay [ X) + Gly, DP &)
& G L[5 0pgel) + Gy, vPG) | (2.58)

where £, Aij and t have been defined in Egs. (2.16), (2.17) and (2.47) respectively.

Furthermore

2,2
3QY = ) (2.55)

and Kij(x, t) defined in Eq. (2.18) satisfies Eq. (2.52).
The functions Pij(z) are explicitly given in QCD (Altarelli and Parisi, 1977;

Dokhsitser, Dyakonov and Troyan, 1978). They are
4 l + z
qu(Z) = 3 5(1 - Z)] (2.56)

Pig@ =5 [2°+U-27] (2.57)
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Pe@ - %1—-+—“Z;Z£ (2.58)
and
PGG(z) =6 [(1 _ZZ)+ + {4 ;Z) +2z(l -2)+ (% —-l%) s(l - Z)] . (2.59)
The distribution (1 - z):_1 is defined by the following equation
[ (N [ L, f2) - 1) (2.60)
o F-a, T =TTy :

where f(z) is any function regular at the end points. Forz < I, (1 - z), =1-z. The
properties of the splitting function Pij(z) and of the solutions of Eqs. (2.52)-(2.54)
are discussed in Section V.

Finally we want to comment on how the integro-differential equations above
can be used in the phenomenological applications. One assumes or takes from the
data the distributions Ai].(x, Qg), z(x, QCZ)) and G(x, Qg) at a certain value of
Q2 = Qi. These distributions serve as the boundary conditions for Eqs. (2.52)-(2.54)
which can be solved numerically. For practical purposes before writing a computer

program it is useful to get rid of terms (1 - z);1 by employing the following formula

1 X

= 1
| zu—_il = HOIn(L =)+ [ Ty (2HE) - Hw) (2.61)

where H(x) is any function regular at the end points.
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1.3 Formal approach
In the formal approach to asymptotic freedom (Gross and Wilczek, 1974;
Georgi and Politzer, 1974) to be discussed in detail in Section IV one uses the
operator product expansion (Wilson, 1969) for the product of currents which enter
Eq. (2.1). We write symbolically

Hyeee

I = cb (zz)zu wz O (2.62)

i,n 1 Hn !

. . F8 . .
where the sum runs over spin n, twist 2 operators such as the fermion non-singlet

ulocoun . . d Oul"‘un d

operator ONS and the singlet fermion and gluon operators " an
u ...u

Gl , respectively. Explicit expressions for these operators are given in

Section IIL &L(zz) are the Wilson coefficient functions. We next define the

reduced matrix elements, A:], of the operators in question as follows

< |ou1°"u“| > = Al (2.63)
g P> = Appy Py .
Then we can write (Christ, Hasslacher, Mueller, 1972)
L 2 2 P24 [Q% 2
J ax xR, Q% = ] A Crnl 518 (2.64)
0 i n "\

where F5(x, QZ) is an arbitrary deep-inelastic structure function (k = 1,2,3,L) and
Cik,n (% , gz) are fourier transforms of the coefficient functions in Eq. (2.62).
Notice 15chat in writing (2.64) we have been more explicit than in Eq. (2.62),
indicating that the coefficient functions depend on the structure functions
involved, and that the coefficient functions can be calculated in perturbation
theory in g. We have also indicated that the reduced matrix elements Ali,‘ depend

on uz.
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As discussed in Section III there is a set of non-singlet operators corres-
ponding to various A in Eq. (3.55). Since these operators neither mix under
renormalization with each other nor with the singlet operators, the Q2 dependence
of their coefficient functions is in common. Therefore in this review any linear
combination of non-singlet operators will be denoted for simplicity by a common

ul...uN

symbol ONS and the corresponding reduced matrix elements and coefficient

functions by ASS(uz) and Cﬁsn(Qzluz, gz) respectively. It should however be kept
H

in mind that AES(MZ) depend generally on the process and the structure function

considered. This dependence is discussed in Appendix B.

The Q2 dependence of the Wilson coefficient functions is governed by certain
equations called renormalization group equations which for the coefficient

functions of non-singlet operators take the following simple form

2
3 3 n NS {Q” 2\ _

(v 2 80 & -vis® ] clin( 5 0e )-0 . ee
Here Ygs(g) is the anomalous dimension of the spin n non-singlet operator and g(g)

has been defined in Eq. (2.46). The renormalization group equations are discussed

in Sections III and IV. Here it suffices to give the solution of Eq. (2.65) which is

NS (Q% 2 NS, =2 Q9 vRs®)
- - 1]
Ck,n( 518 ) = Ck’n(l,g Jexp f_( 2) dg B o ) (2.66)
H glu
The 1 on the r.h.s. of Eq. (2.66) means simply Q2 = uz.
Cl]ji(l, gz) and Y&s(g) can be calculated in perturbation theory. Up to and in-
?

cluding next-to-leading order corrections we have

-2
[ ok _Z  gaNs _
shs\ 1 £ By ) k=123
cNS (1,89 - (2.67)
’ L g2 NS
‘SNS(O" 16“28L,n> k=L
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and

2 4
n (0),n (1),n _g
Y Ns(g) = YNS ;6&1? +Y NS 7] . (2.68)

NS _(0)n (1),n fe k
where B k,n? Ynsg  and YNS, are known numbers to be specified below. § NS are

constants which depend on weak and electromagnetic charges. Specific examples
of 61;15 are given in Appendix B. Perturbative expansion for B(g) is given in Eq.
(2.438).

In the leading order one keeps only the first terms on the r.h.s. of Egs. (2.48),
(2.67) and (2.68). Then using (2.64), (2.66) and (2.50) one obtains a general

expression for the Qz evolution of the moments of any non-singlet structure

function F9
In Q? -dNs
k .NS/~2 A _
1 Sxs An Qo) " k=1,2,3
[ ax x2S, @) - In =3
k
0 A
0 k=L (2.69a)
where
Y(0),n
n NS ,
dNS = ZBO (2.70)

2 (0),n

and we have put u“ = ch). The parameters YNS have been calculated by (Georgi

and Politzer, 1974; Gross and Wilczek, 1974) and are given as follows

(0)n _ 8 2 )
Y NS ‘3[1'nn+1 +4 ;zzzT:l . (2.71)
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Except for the value of A, the only unknown parameters in Eq. (2.69a) are the
A?S(Qg). They can be determined from experiment by measuring F t:l S(x, Qi) at an
arbitrary value of Q2 = Qg.FIQSince the value of ch) in Eq. (2.69a) is arbitrary, as
required by the renormalization group equations, it is often convenient to get rid of

Qg by writing Eq. (2.69a) as follows

L n2.NS, .2 Ns|, o N
[ xRS Q ) =655 An In > k=123 (2.69b)
Here A?s are (independent of Qg) constants which are related to A?S(Qg) by Eq.

(4.19).
For singlet structure functions the situation is more complicated because, as

discussed in Section III, the operators O?p and Oré mix under renormalization. The

G

Q2 dependence of the corresponding Wilson coefficient functions Cg nand C k.n is
? ’

governed by two coupled renormalization group equations
2 el (L,82) - I vedcl (L, Licuc. 27
H - + B8 5g k,n pz,g = ; jig k,n uzyg 1) = 0,0 . (2.72

Here Y?i(gz) are the elements of the anomalous dimension matrix. They have the

following perturbative expansion

2 4
Y;}(gz) = Y.(.O),n £ Y-(~1)’n _8_2 +eee . (2.73)

ji 2 )t
Lém (1672

We shall discuss the solution of Eq. (2.72) in Section IV. Here it is sufficient to give

the generalization of Eqs. (2.69a,b) to any singlet structure function F}S((x, Qz). In

the leading order we have
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2 n 2
In % -d, In & -d]
K x+/~2 ki=/~2 A
éwAn(Qo) Q2 + 61])An(Qo) ‘?
In =2 In =2
1 2 2
{) dx x"2FS(x, Q7 = K A
k=1,2 (2.74a)

0 k=L

where Gll; are constants which depend on weak and electromagnetic charges.

Specific examples of 6]‘; are given in Appendix B. ¢ ‘ff enter the definitions of

k
at QZ = uz, as follows

C;fn(l, gz) and of CG n(1, gz), the coefficient functions of the operators O?p and
b b

n
e

2
k Y
5¢(1+—§—1 Bk,n) k=1,2

61r2
ct 1,8 - (2.75)
k,n -2
L £ _pV > K =
and
—2
k G
5 (0+ ZBk,n) k=1,2
i6m
cS (1,8 - ,
ken't* 8 7 = - . (2.76)
L G
5 (0+ B > k=L
v 161r2 L,n

Here only the leading and the next-to-leading order terms have been shown.
b3 . .
Furthermore A n(Qg) are unknown constants which must be taken from experiment

at one value of Q2 = Qg. They are certain combinations (see Egs. 5.29 and 5.30) of

the reduced matrix elements Aﬁ (Qg) and AS(Qg).
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Finaily the powers dni are given by

A
n
d.‘t = 28—0 (2.77)

+ 3

n . . . .
where A .+ are the eigenvalues of the one-loop anomalous dimension matrix:

On / 2 o,n . 0,n
Yo o+ Yg 2 (Y - Y + 4y Y
An W' (uwz &) ey Gy (2.7

The leading order formula (2.74a) is obtained by keeping only the first terms on the

r.h.s. of Egs. (2.48), (2.73), (2.75) and (2.76). The parameters Yg,n have been

calculated by (Georgi and Politzer, 1974; Gross and Wilczek, 1974) and are given as

follows

0.n 1
W ) YNs $ [ - n 2l jiz j—] (2.79a)
On |y nZen+2) (2.79b)
W6 = "M T D02 79b
Ymnz_iémi:&:a (2.79¢)

GV 3 n(n2 -1)
0,n i 4 4 0ol 4

It should be remarked that the non-diagonal elements of the anomalous dimension

matrix, v O,n and 0, n, depend on the normalization of quark and gluon operators
»G 3Gy

0,n O,n .

and only the product vy \DG °YG " is a physical quantity. In particular the non-

diagonal elements in the papers by (Georgi and Politzer, 1974) and by (Gross and
Wilczek, 1974) differ from each other but the product vy lpOGn Y(? ‘Pn is the same.

Egs. (2.79b, c) are from Gross and Wilczek.
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In analogy with Eq. (2.69b) we can write Eq. (2.74a) as foliows

n

-d"
1 2 79
[ dx x 'ZFS(x, Q%) = sKa [ml:} + 6 A [lni :l (2.74b)
0 v IX

where Ai are (independent of Qg) constants which are related to Ai(Qg) by Eq.
(4.43).

This completes the presentation of the formal approach in the leading order
of asymptotic freedom. The main formulae are the Egs. (2.69) and (2.74). They
describe the Q2 evolution of the non-singlet and singlet structure functions in

NS

terms of 3 sets of unknown numbers Al (QZ), A (Qz) (or A A;) and the scale

parameter A. These unknown numbers and A are to be taken from the data.

l.4. Marriage of the intuitive and the formal approach

Let us denote the moments of the parton distributions I(x, Qz), A (x, QZ) and

G(x, Q?) by

1
2

2 - -1
<A@ = fo dx x" 85506 Q , (2.80)
2 L hl 2
<z(Q )>n = {) dx x  Z(x, QF) ) (2.81)
2 I ol 2 ‘
<G(Q )>n = fo dx x G(x, Q%) (2.82)
and introduce the variable
2
In %
- A
Q
In =2
2
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It can be shown (see Section V for details) by using parton model formulae on the
l.hes. of Egs. (2.69a) and (2.74a) that the formal Eqs. (2.69a) and (2.7%a) are
equivalent to the following equations for the Q2 evolution of the moments of the
parton distributions (Altareili, Parisi and Petronzio, 1976; Glick and Reya, 19774,

b; Buras, 1977; Hinchliffe and Llewellyn-Smith, 1977a; Novikov et al., 1977)
<Aij(Q2)>h = <Aij(Q§)>n exp [ - d;s's;] , (2.84)
<EJ(Q2)>n = {1 -an)<Z(Q§)>n -&n<G(Q§)>n} exp [ - d2'§ ]
+ {0, <2QD)>, +d, <G(QD> | expi - d"F]

) (2.85)

<G(Q2)>rl = { an<G(Q§) > - En<Z(Q§) >n} exp [- dI: s]

+ {1 - a) <G(Qc2>)>n + en<Z(Qg) >n} exp [ - d?g ] (2.86)
where
0,n n o,n
Lo Yw oM 5 . W&
n - n ,n ’ n - n_.n
A=A (] )\+)
0.n (2.87)
YG,lJ)
E -
n }\-1-1 -0

and df,. Arl and d;s are given by Egs. (2.77), (2.78) and (2.70) respectively. The
numerical values of dri]_, dRS’ a, '&n and €  can be found in Tables | and 2. Egs.
(2.84-2.86) are very simple to use. Once the quark and gluon distributions are fixed

2 .
at Q2 = Qg and <Z (Qg) >0 <G(Q§)>n and <Aij(Qo) >, are calculated according to

(2.80-2.82), the r.h.s. of Eqgs. (2.84-2.86) are known for Qz;éQi in terms of the single paramet
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A. This parameter can be found by fitting the left-hand side of the equations in
question to the data (see however discussion in Section VII). We shall demonstrate
in Section V that equations (2.84)-(2.86) are equivalent to the integro-differential
Egs. (2.52)-(2.54).

This completes the presentation of the asymptotic freedom formulae in the
leading order.

2. Higher order corrections

In the literature most of the discussions of higher order asymptotic freedom
corrections have been done in the formal approach of Section 1.3. We shall begin
with this approach. Higher order asymptotic freedom formulae, expressed in terms
of parton distributions, will be given at the end of this Section.

2.1 Effective coupling constant

The solution of Eq. (2.46) with g(g) given by Eg. (2.48) can be expanded in
2

inverse powers of In % with the result
A
2
g _ __1 __13___1&_ cof ! . (2.89)
2 2 2 2
lém B,In QLZ Bo 1n2 QLZ in2 (_3_2
A A A

Here and following (Buras, Floratos, Ross and Sachrajda, 1977)1:1\l %as been chosen so
that there are no further terms of order 1/(ln2 Q2/ AZ). A little algebra shows that

uz, A2 and g2 are related to each other by

2 B
2 - ulexp | -0 L 1n(80g2)] : (2.89)
8 o8 Bo

Egs. (2.88) and (2.89) are generalizations of Eqs. (2.50) and (2.51), respectively.
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In what follows we want to present the corresponding generalizations of Egs. (2.69)

and (2,74). The derivation of the formulae below is presented in great detail in

Sections VII and VIII.
2.2. Non-singlet structure functions

For non-singlet structure functions which do not vanish in the leading order,
namely FNS FNS and FNS

1 3 » the generalization of Egs. (2.69a) and (2.69b) are given
as follows
2 n
rNS 2) =S (@2 In % -dys
NS o2y . <k ,NS/~2 kn' Q) Ryn A i
M (0, Q9) = § N cAQY) 1+ —_— k=1,2,3 (2.90a)
k NS 'n 2 2 2
8 In Q 8 In Q Q0
o) AZ 0 - In - J
A A
and
NS /2 ~d
R, 7 (QF) 2 NS
MY (n, @2 - s K ANS 1+—‘ﬁ’1‘———2- [m%] k=1,23 (2.90b)
8 lnl A
o] A2

where KnNS are (independent of Qg) constants which are related to A?S(Qz) by

Eq. (7.22). Furthermore

B 2
NS , .2 NS Q-
R (Q) = R kn B Slnln Az (2.91)
where
NS Y(l),n (O)n
NS NS NS
Rin = Ben* 28~ - —3 B , k=123 (2.92)
0 280

The parameters B{ji and vy l(\%n have been defined in Egs. (2.67) and (2.68)
,

respectively and d&s is given by Eg. (2.70). For the longitudinal structure function

we have
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2 - -dy
1 BNS In % NS
[ e 2ENS(, @f) = ANS(Qd ek =0 A (2.93)
L n 0’7 NS 2 2
0 8 .1In o In Qo
° )2 2
A
where Blﬁsn is defined in Eq. (2.67). Because the longitudinal structure function
?

vanishes in the leading order it follows that in the order considered A?S(Qg) is the

same as in Eq. (2.69a). Furthermore in obtaining (2.93) the leading order formula

for 'g'z(Qz), (2.50), should be used. It turns out that 6(131)5 = GL&S and therefore Eq.
(2.93) can be written as follows (Zee, Wilczek, Treiman, 1974)
1 pNNS 1
[ axx"2ENS(, Q2 - _1_-&_2_ [ ax X2, Q)| (2.94)
0 8 mE 0 LO
0 A2

where "LO" indicates that the moments of F?S(x, Q2) are given by the leading

order expression (2.69).

Finally we give formulae for Bsi and numerical results for Y(l)’n
b

NS °
parameters stn have been calculated by (Zee, Wilczek and Treiman, 1974) and are
b4

The

given as follows

NS _ 16 1
oS - L8 L . (2.95)
BI;JSn, B;]Sn and BI;ISn have been calculated by (Bardeen, Buras, Duke, Muta, 1978)
’ ’ ’

)FlZ,F13

and recalculated by (Floratos, Ross, Sachrajda, 1979 They are given as follows

NS y Y. 1 T 2 vl
Bom ~ 3{31.1217' tla-mmeD LT

+
=
W~
n |-
+

)

2 1 0O,n
s tEel “—2'9}+7YN’5(1“‘*“'YE) ,  (296)
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NS _ .NS NS
Bl,n = BZ,n - BL,n (2.97)
and
NS NS 4 4n+2
BB,n B2,n "3 nln+l . (2.98)

The constant YE is the Euler-Masheroni constant Y = 0.5772... We shall comment

on the terms (In 47 - YE) in subsection 2.5.

The two-loop anomalous dimensions *{f‘\g’n have been calculated by {¥Florazos,
Ross and Sachrajda, 1977). We give only their numerical values in Table 3 since the

corresponding analytic expressions in the original paper are rather complicated.

Relatively simple analytic expressions for Yl(\ll%’n

can be found in the paper by

(Gonzalez-Arroyo, Lopez and Yndurain, 1978).

2.3. Corrections to parton model sum rules
It follows from Egs. (2.95) to (2.98) that the sum rules (2.41) to (2.43) are no
longer satisfied. The Adler sum rule (2.40), which expresses charge conservation,
is, however, still respected. We have (Bardeen, Buras, Duke, Muta, 1978; Altarelli,

Ellis, Martinelli, 1978)F 1#

l —
[ dx [F\B’P + F;’P] =6|1- 12 5 (2.99)
0 | (33 - 26)in &
2
and
1 5 ' 8
/ dx | EYP-FYP | = 1- (2.100)
1 1 2
0 (33 - 20) In =
A

The violation of Callan-Gross relation (2.43) is expressed by Eq. (2.94).
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2.4. Singlet structure functions
The expressions for the moments of the singlet structure functions with

higher order corrections included have been first found by (Floratos, Ross and

Sachrajda, 1979). Here we present equivalent but simpler expressions of (Bardeen

and Buras, 1979b).

For the singlet structure functions which do not vanish in the leading order,

namely F> and F3

1 2 the generalizations of Egs. (2.74a) and (2.74b) are as followsFU
R, Q R, L(Q 2 |5
MS(n, QZ) =5 kA+(Q2) 1+ k,n _ k,n [¢] +f (Q?QZ)Ri-- A
k P n o 2 2 +- o'n 2
3 InE W Qg
o A2 80 in = In —
A A
2 n (2.101a)
-d
S N in % -
K a=(2 Ren(Q) R p(QQ) 7 J % ]
+ GwAn(Qo) Ly =2— 22 4f Q QIR Qz k=1,2
Boln ™3 8 I1n 2 | in = J
A 0 A2 A2
andF 16
2 _g"
R, (Q°) 2 +
M3, Q9 = oKA* | 1 .—al in%
k ¥ n 2 2
Q- A
Bo IN >
- A
kg~ RI( n(Qz) 12 .
+ G\pAn l +—’———2 l:ln > ] k=1,2 (2.101b)
Boln QZ- A
A

where
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2
QW | d-dl-1
In - z 1
2 A
B, In Qé In % 8 In=2
A A 0 2
A
and
(1).
Fi
RFY . Y2 - (2.103)
28 -,
with y(l) M given by Egs. (2.110) and (2.111). Furthermore
B 2
¥ 2y _ oF 1 n Q-
Rk,n(Q ) = Rk,n - 2, d$ Inln Az (2.104)
and Ai(Qg) and R: are constants to be determined from experiment.
The parameters Rkt n are given as follows
?
- - Y_(})’n Ar_‘Bl Yfi)’n (2.105)
- + S ——— - - . 05
fn * Bon B, zsg 23 +A7-2 "
( "o i k=1,2
1),n n 1),n
A B Y
1 +=
R+ - B+ . ++ _ + _ (2.106)
on - Ten T 28, 7 552 28+ "0
where
0,n
A -y )
- _qaV (___W_._ G
%,n - Bk,n + O’n Bk,n (2.107)
'YwG
and k=1,2
0,n
ANy S )
+ v ( + W G
Bk n = Bk,n + — : oon Bk,n . (2.108)
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Bﬁ,n and Bi,n are defined in Egs. (2.75) and (2.76) respectively. Furthermore

(Dy,n _ 1 1 0, 0,
TG Yl 21 (ywn-xf%a@gwﬂ

(Dyn _ 1 1 0, 0,
T TG 1) e E@T (Ywn‘xw““-@;*wn

W, :
r T T 95 (- ) - o]

(A2-20) we

(1)yn _ 1 1 n/ On .n n 0,n
T 00D A (25 (1 0) + D

VA=A L) TG
where
@T _ onén Y\l(ulp),n . <An Yq%n ) qulG)’n
D - Yq;O(’}nYG(i)’n ¥ <)‘ 2- W >YG(é}) "
D3 nd " () ne”
DL (e
and y(“ " are defined in Eq. (2.73). Finally d are given by Eq. (2.77). For the

Jongitudinal structure function we have

(2.109)

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)
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2
- In &L -dn
1 2 -
f ax xn-ZFE(x’ QZ) - A; (Qg)GL BLyn > Az
0 v Q
g In o
o) 2 In =
A i A
|. 9_2- - " (2.117)
l
A+( 2)61" B{”n i AZ i
Sty T2 Q?
Boln 2 In =2
A A2 i

where Ai(Qg) are the same constants which enter Eq. (2.74) and Bi n are given by
’

formulae (2.107) and (2.108) with k = L.
L

Now we give the formulae for Bk n and Bi n and numerical results for the
? ?

two-loop anomalous dimensions Y\I(J\i))’n’ Y lll(lc‘),n’ Y C(;{p) and Y éé;) We have (Bardeen,

Buras, Duke, Muta, 1978)

¥ _ NS ) |
B = Ben  k=L2L (2.118)

where BE?,‘ are given by Egs. (2.98)-(2.100). Next (Walsh and Zerwas, 1973;
b

Kingsley, 1973; Hinchliffe and Llewellyn-Smith, 1977a)

G 3f
BY n = s DD (2.119)

G

2,n and B?,n have been

where f is the number of flavors. The parameters B

calculated by (Bardeen, Buras, Duke, and Muta, 1978) and (Floratos, Ross and

F12,F13

Sachrajda, 1979). They are given as follows
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n
G i A n“+n+2 < 1
B2n—2f[n+l " h+2 V27 nln+s Dln+2) L+ jzzlj):l

1 0

+5 Yxp(’}n(ln 47 - YE) (2.120)
G G G

B In ~ BZ,n -B L,n . (2.121)

(1),

Finally the elements of the two-loop anomalous dimension matrix Y; ij have been

calculated by (Floratos, Ross and Sachrajda, 1979) and are collected in Table 3.
This completes the presentation of the formal expressions needed for
phenomenological study of higher order corrections. Parton model formulae for

higher order corrections are discussed in Section IL.F.

2.5. Miscellaneous remarks
We want to make a few explanatory remarks about the formulae above.
Derivations and detailed discussions are included in Sections VII and VIIL
As pointed out by (Floratos, Ross and Sachrajda, 1977) the parameters Bjk’npl'?
(1),n (1),n

and the two-loop anomalous dimensions YNS ij are renormalization

prescription dependent and generally gauge dependent. In other words they depend

and Y.

on how one renormalizes the divergent amplitudes used to calculate these
quantities. Any physical quantity cannot, of course, depend on renormalization
scheme, and the renormalization prescription dependences of Bjk,n and of two-loop
anomalous dimensions cancel in the expressions for physical quantities, i.e. in

F18
formulae (2.92), (2.105) and (2.106). However in order for the cancellation to occur

B] (1),n (1)’

k,n* YNS and Yij have to be calculated in the same scheme. All the

expressions for B’k n and the two-loop anomalous dimensions listed above
’

correspond to 't Hooft's minimal subtraction scheme ('t Hooft, 1973). A nice
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property of this scheme is that Bjk iy Yr(qls),n and Yi(jl),n calculated in this-scheme
’

~are gauge independent (Caswell and Wilczek, 1974%). Calculations of Bjk,n in other
schemes have been made by (Kingsley, 1973; Calvo, 1977; De Rujula, Georgi and
Politzer, 1977a; Altarelli, Ellis, Martinelli, 1978; Kubar-André and Paige, 1979).F 19

The terms which involve (In &7 - YE) can be absorbed by redefining the scale
parameter A (Bardeen, Buras, Duke, Muta, 1978). Generally this can be done with
any term in Rik,n proportional to ¥y lPJ’Sn in the case of non-singlet structure
functions and with any term proportional to A ; in the case of singlet structure
functions. This freedom of defining A is related to the freedom of defining the
effective coupling constant when solving the renormalization group equations.

Therefore a numerical value of A extracted from experiment on the basis of

higher order formulae only has a meaning if the definition of the effective coupling
constant is given at the same time. The same comment applies to numerical values

F20
n- Ve shall give specific examples in Section VII.
M

of parameters le
D. Mass Corrections
So far in this review we have discussed only the scaling violations due to QCD
effects. Certainly at low values of Q2 v 0 (few GeVZ) target mass, heavy quark
mass effects and higher twist corrections will not be negligible. Here we shall indicate ho

the formulae presented above are modified in the presence of masses. We shall comment o

higher twist contributions later on.

In the last two years there has been a lot of progress in the understanding of
mass corrections in the framework of QClj but we think the question is not
completely solved. Neglecting the warnings for a moment which will be made
subsequently, the moaifications due to mass effects in the formulae above are as
follbws. We shall discuss here only target mass corrections and mass corrections in
the case of heavy quark production off light quarks in v and N scattering. More

general cases are discussed by (Georgi and Politzer, 1976) and (Barbieri, Ellis,

Gaillard and Ross, 1976a, b).
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l. Target mass-corrections
In Section II.C we have seen that asymptotic freedom predictions are

particularly simple when given for the moments (Cornwall and Norton, 1968)
2 Lo on2n o2
M(n, Q%) = [ dxx “F(x, Q%) (2.122)
: 0

since to each given moment (n - 2) and for large values of Q2 only a small number
of operators of a given spin n (so-called twist-2 operators) contribute.

For lower values of Q2 the mass effects are non-negligible and this is no
longer true. In fact there are infinitely many operators of leading twist and
different spin which contribute to the n-th moment in the presence of masses. It
has been demonstrated by Nachtmann (1973) however, that one can redefine the
moments (2.122) in such a way that to the (n-2) moment only operators of spin n
will contribute as in the massless case.

The Nachtmann moments take the following form

n+l

1
Mi(n, Qz) = IO dx Eﬁ—k— Ki(n, X, QZ)Fi(x, Qz) (2.123)
X

where k =2 for i =3 and k=3 for i =2. n is even for electromagnetic structure

functions. For v,v structure functions we have:

V+V v-v
FZ , F3 n even
and (2.124)
V-V V+V
F2 , F3 n odd
Furthermore
2 2.2
n+2n+3+3n+ 1)/ .4 X +n(n+2)’+%
2
K = Q Q
2(n9 X, Q ) (n + 2)(n + 3) (2.125)

and
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2.2,~2
2) - 1+(n+ l().r]/i;)l#m x“/Q° . (2.126)

K3(n, X, Q

Here

g = Wi (2.127)
(1 +/?‘L——m 2x )
Q

and m is the mass of the target. For mz/Q2+ 0 Eq.(2.123) reduces to(2.122). In
Eq. (2.124) Fi(x, QZ) are the experimentally measured structure functions and for
Mi(n, Qz) we can take the asymptotic freedom predictions as calculated for the
massless case. In other words the functions Ki(n, X, QZ) are supposed to take care
of target mass effects present in the data so that in evaluating the left-hand side
of Eq. (2.123) by means of the formulae of Section II.C we do not need to think
about target mass effects at all. For the derivation of the formulae (2.123-2.127)
we refer the interested reader to the papers by Nachtmann (1973, 1974) and Wand-
zura (1977). Similar formulae have also been discussed by (Baluni and Eichten, 1976a,b).

One can also apply target mass-effects directly to the structure functions as
has been done by Georgi and Politzer (1976), De Rujula, Georgi, Politzer (1977a,b)
and by Barbieri, Ellis, Gaillard and Ross (1976a, b). If in the massless case

5= F

W, Q9= Flx Q)

(2.128)

then with target mass corrections included
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2
2 1 X" g 2
\)WZ(X,Q ) = 2 3/2 x2 L/(giQ )
(1 +l+xm—2> 3
Q
3 1 2
m X  FE, Q9
+6 >3 f d& >
Q (l_,_qxz.r.n_) 2 g'
Q2
4 4 1 1 TTrn ~2
- 12 X o odE S e “/(52 L (2129
Q <1+4x2-'ﬂ—) 2 & &"
2
Q

Similar expressions exist for Wl(x, QZ) and VWB(X’ Qz) which can be found in the
original papers.

The mass effects introduced through Eq. (2.129) are supposed to be equivalent
to those represented by the expressions (2.123). This is only true formally (Buras,
Duke, 1978; Bitar, Johnson and Tung, 1979). In practical applications in which one
has to take into account that for finite Q2 £ <1, formulae (2.129) and (2.123) {ead
to different results. In particular Nachtmann moments lead to the decrease of the
parameter A relative to the massless case (Bossetti et al., 1978) whereas the
expressions like (2.129) lead to its increase (Bur'as, Floratos, Sachrajda and Ross,
1977; Fox, 1977). Critical discussions of the two approaches above can be found in
the papers by (Barbieri, Ellis, Gaillard and Ross, 1976a, b; Ellis, Petronzio and
Parisi, 1976; Gross, Treiman and Wilczek, 1976; Bitar, Johnson and Tung, 1979). It
follows from these discussions that one has to be very careful in using equations
like (2.129) for £+0 or £« (for earlier discussions on related points see
Broadhurst (1975), Schnitzer (1971) and Dash (1972)). Bitar, Johnson and Tung (1979)
and Johnson and Tung (1979) have suggested how the problems of the formulae above

for £-+1 can be overcome. It is however not clear whether the problems above can

be solved in perturbation theory in a unique way.
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2. Heavy quark mass corrections
If a heavy quark with mass me is produced off a light quark in v or v
scattering the standard parton model formulae are modified. The modification in
question have been formulated and calculated by (Georgi and Politzer, 1976) and
subsequently rederived in various ways by (Barbieri et al., 1976a, b). They have
also been discussed in detail by (Barnett, 1976) and by (Kaplan and Martin, 1976).
The procedure is as follows. For a light to heavy quark transition one replaces the

light quark distribution as follows

xq x, @)~ Ea €, Q) (2.130)
where

, Font o

§ =T = X+ 7ImEy (2.131)

and m is the proton mass. In addition the corresponding y distribution is modified

according to the following rule

1 x r 2 2 ~
- (l_y)+_|.y? i(y-xz—) 8(l -¢) . (2.132)
(1-y)2 -

The kinematical bounds are

2 2
m m
X < 1 S < 1 i (2.133)
= 2mEy -—= 2mE :
2 2
Mg Mg

Y 2 7mEQ -x) > 2mE (2.134)



-45- FERMILAB-Pub-79/17-THY

from which it follows that the effect of a new quark is seen first at high y and
small x values. In addition since £ > x and qq (g, QZ) is a decreasing function of ¢
the heavy quark contribution is suppressed at all values of x relative to the
contribution of the light-to-light quark transition. Furthermore the y distributions
are distorted relative to the massless case. In. summary the full power of the new
contributions due to heavy quark production is expected to be seen only at energies
well above the threshold. For a detailed description of these effects we refer the
reader to papers by (Barnett, 1976), (Kaplan and Martin, 1976) and (Albright and
Shrock, 1977).F21

We have dealt here only with mass effects due to light quark to heavy quark
transitions. The treatment of light or heavy quark production off heavy quarks is
more complicated and can be found in the papers by (Georgi and Politzer, 1976) and
(Barbieri, Ellis, Gaillard and Ross, 1976a, b).

E. Structure of Common Asymptotic Freedom Phenomenology

In order to help the reader to use the formulae of this section in
phenomenological applications we present here the structure of common asymp-
totic freedom phenomenology in the form of a recipe. This procedure should be
regarded only as a first try in testing the theory. More fancy ways of confronting
asymptotic freedom predictions with the data are discussed in Sections VI, VII and VIII.

l. Leading order

In the leading order of asymptotic freedom all parton model sum rules and
relations are satisfied. Therefore all known parton model formulae (see Section
IL.B) for deep-inelastic processes are still valid except that now the parton

distributions depend on Q?‘.
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An idealized version of a procedure for testing asymptotic freedom
predictions would be then as follows:

Step I. Write parton model formulae for all experimentally measured deep-
inelastic processes as ep, up, vN, VN and in particular consider the quantities <x>,
<Y>, VWZ’ \’WB’ El%g_y and also the moments of structure functions.

Step 2. Collect all existing deep-inelastic data.

Step 3. Choose a value of Q2 = Q(Z) for which perturbation theory makes sense
(say ch) x 2 GeVz, preferably higher) and for which the data are good enough so
that all quark distributions can be found at this value of Q2 for as broad a range in
X as possible.

Step 4. Find qi(x, Q2)-

Step 5. Choose a gluon distribution G(x, Qg). The shape of the gluon
distribution (e.g. the power of (l -x)) is not specified directly by the data.
However the second moment n = 2 is fixed by energy-momentum conservation once
the quark distributions are known.

Step 6. Choose A. A good starting point is A= 0.5 GeV.

Step 7. i) In the moment version:

2 2
a. calculate< Aij(Qo)>n’ <IAQY

<G(Q§) >
b. calculate <Aij(Q2)>n and <2(Q2) > using Egs. (2.84)-(2.85).
c. calculate the moments of structure functions using formulae of
Section IL.B.
d. try to include target mass corrections using Nachtmann moments
keeping in mind warnings of Section II.D.

ii) In the local version:

a. calculate Aij(x’ Qg), I(x, Qg) and Glx, Qg) and use them as boundary

conditions to the integro-differential Eqs. (2.52)-(2.54).
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b. solve these equations either numerically or by means of approximate
methods discussed in Section V.
c. insert the results for Aij(x’ Qz), Z(x, Qz) in the standard parton
model formulae (Section II.B) and calculate various cross-sections and
structure functions.
Step 8. Compare the results of Step 7 with the data. If the agreement is bad,
change a few FORTRAN cards in Steps 5 and 6 and possibly in Step 4.
Step 9. Check whether fits with various values of Qg give results compatible
with each other. This last step can be omitted if the formal Egs. (2.69b) and (2.74b)

are used.

A few comments are necessary. In calculating the v,-\-)- total cross-sections
or x and y distributions as functions of energy, one has to integrate over Q2
essentially in the range from O to 2 ME. Since the effective coupling constant
EZ(QZ) is large for Q2 <l-2 GeV2 and consequently perturbative methods are
inapplicable one has to make assumptions about the Q2 dependence of the quark
distributions for the low values of Qz. Presumably the best method is to use in this
Q2 range the data itself (Fox, 1978a). Another way to circumvent this problem is to
make cuts in Q2 in the data and consequently calculate the experimental as well as
theoretical cross-sections without including the low range of Q2 where perturbation
theory does not make sense (Buras, 1977).

2. Higher orders

The phenomenology of higher order asymptotic freedom corrections has only
reached an early stage of its development, and, consequently, we make only a few
comments here.

One can either directly compare formulae (2.90a, b) and (2.101a, b) with the

data or devise methods by means of which the effects of higher order corrections
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on the leading order predictions are most clearly seen. A typical example of such a
method is the A, scheme proposed by (Bace, 1978) and developed by (Bardeen et al.,
1978). We shall discuss this scheme and its various versions in Section VII and turn
now to a parton model formulation of asymptotic freedom beyond the leading
order.
F. Parton Model Formulae for Higher Order Corrections

We first recall that in the leading order of asymptotic freedom the formulae
for the Q2 development of deep-inelastic structure functions can be found by
means of two simple rules:
Rule |

Write a given structure function or its moments in terms of parton
distributions using the standard parton model formulae of Section ILB, e.g.,

2

= % x 2(x, Qz) + é xA%P(x, Q (2.135a)

or
MP0, Q%) = &<z« £<A(QD>SP . (2.135b)

Rule 2

Find the Q2 evolution of the parton distributions or their moments by using
Egs. (2.52-2.54) or Egs. (2.84-2.86), respectively.

Here we want to present a generalization of these two rules which includes
next-to-leading order corrections.

As we shall discuss in more detail in Section VIII, there is no unique way to

define parton distributions beyond the leading order of asymptotic freedom, and
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various definitions are possible. Here we shall present one (Baulieu and Kounnas,
1978; Kodaira and Uematsu, 1978) which is particularly useful in connection with
so-called perturbative QCD (Politzer, 1977a) on which we shall comment in Section
IX.

Let us illustrate the new rules 1' and 2' by considering the moments
MSP(n, Q9 of Eq. (2.135b)
Rule 1!

2,2 2,2\ _

16n2 2N/ 1gn? 2
1 2. ep (,  2AQ?) =NS
+z <A QP P(1+ B )$ (2.136)
n len2 2N

where BNS , gY and B are obtained from Egs. (2.96), (2.118) and (2.120)
2,n 2,n 2,n
respectively, by removing there terms (In 4% -YE) (See Section VII). The factors
which multiply various parton distributions are simply the Wilson coefficient
. Y =2 G -2 NS, =2

functions C2,n(1’g ), Cz’n(l,g ) and Cz’n(l,g ). For any othe’r structure
function, one just replaces the index "2" by "k" and changes charge factors and non-
singlet quark distributions in accordance with the rujes of the standard parton
model. For F, <Z(Q2) >, and <G(Q2)> , are absent. The contributions of the two-
loop B function and the two-loop anomalous dimension matrix are contained in the
definition of the parton distributions.

We have found explicit expressions for the Q2 evolution of the parton

distributions in Eq. (2.136) which read as follows:
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Rule 2'
2 2, [ g% Z)ngs n o2 2
<Aij(Q )>n = <Aij(Q0)>n [%J HNS(Q ’ QO) (2.137)
g (Q)
dn
2 2 2, JF%D 7 *n 2 2
<z(Q )>n = {u -an)<E(Qo)>n-an<G(Qo)>n I H+¢(Q , Qo)
g (Q)
n
2 2 2403 - 2 2
+ {a <2QQ> + 3, <GQY)> | [3_7% H?QJ(Q » QY (2.138)
g (Qo)
dn
=2,~2 +
<G(Q2) ’n = {an< G(Qg) ’n " €n<Z(Q§)>“} [-3—_2(&2) :l HSG(QZ’ Qc2>)
g (Q)
dn
, 2 2 QA1 " n 2 2 |
+ {1 -an)<G(Qo) >+ €< z(Qo) >n} ) H_-(Q%, Qo) (2.139)
g (Q)
where o, an and € are given in Eq. (2.87), and dRIS and dg have been defined in

Egs. (2.70) and (2.77) respectively. Notice similarities with the leading order

expressions (2.84-2.86). The factors H? which include higher order corrections are

given as follows:

7% - Q)] ] ot
140
161 NS

NS(~A2 A2
Hn (Q,Qo) = 1+
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n n

2 =22 —2(\2 dd-dt
L+ Tyt 2| 22,2 - 7 K= i-uG @
167° * ten” | g%Q9) 16m * ’
where
Y(l),n
S -
280 + ki - >‘T-
KL _ = (2.142)
+F
(1),n O,n .n
+3 Yy " A%
n n 0O,n n i=G
285 +A) “Ay Ygy Ay
and
(1)yn n
Y ALB
2] sy - , (2.143)
o) 230

()yn (0)yn
;o _JINST WS
NS T, T2 B

(2.144)

Finally y i(j“’” are defined in Egs. (2.109-2.112) and the Q? evolution of FX(Q?)
which enters Egs. (2.137-2.139) is given in Eq. (2.88). On the other hand, in the
order considered the leading order formula (2.50) for gz(Qz) should be used in Egs.
(2.136), (2.140) and (2.141). The derivation and properties of Eqgs. (2.138-2.139) are
discussed in Section VIIl. The numerical values of the parameters which enter Egs.
(2.137)- (2.144) can be found in Table II.

We would like to remark that the parton distributions as given in Egs. (2.136-
2.139) are renormalization-prescription dependent, i.e., they depend on how various
operators in the Wilson operator product expansion are renormalized. This
renormalization prescription dependence is cancelied, however, by that of the Bi's
which enter Eq. (2.136). Since one can define parton distributions in many ways
anyhow, we think that one should not worry about this renormalization prescription

dependence of parton distributions discussed here. For different definitions of
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parton distributions we refer the reader to the papers by (Altarelli, Ellis and
Martinelli, 1978) and (Floratos, Ross and Sachrajda, 1979). In particular Floratos et

al. present explicit expressions for the Q2 evolution of their parton distributions.

G. Longitudinal Structure Functions
Finally we quote the formula for the longitudinal structure function which we

shall derive in Section VIII. We have

N

F (x, Q) - QLZ J'x %Y % l:% Fo(y Q2 + 5$2)8f(1 - §)y Gly, QZ)] (2.144)
A2

<

O

where Fz(y, Qz) and Gy, Qz) are the full structure functions F, (singlet +
nonsinglet) and the gluon distribution, respectively. The leading order formulae for

the Q2 evolution of Fz(y, Qz) and Gly, Qz) should be used in Eq. (2.144). For f = 4,

%) @)
S "

generalizations to arbitary number of flavors are straightforward.

=5/18 for ep scattering and &' =1 for v and v scattering. The
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Ill. QUANTUM CHROMODYNAMICS AND TOOLS TO STUDY IT

In this Section we shall collect certain information about Quantum Chromo-
dynamics (QCD). We shall also present the tools necessary to extract QCD
predictions for deep-inelastic scattering. We shall discuss regularization, renorma-
lization, operator product expansion and renormalization group equations. Our
discussion is mainly devoted to those readers who would like to gain enough
information about these topics to be able to calculate such quantities as the B8
function, the anomalous dimensions of quark and gluon fields and the anomalous
dimensions of various operators relevant for the discussion of scaling violations.
Therefore, in our presentation we shall try only to give the reader a feeling for
what is going on—very often by showing examples. We refer the interested reader
to the textbooks (Bogolubov and Shirkov, 1959; Bjorken and Drell, 1965; De Rafael,
1977) and to various papers, reviews and lectures (Zimmerman, 1971; Abers and
Lee, 1973: Politzer, 1974; Colemaﬁ, 1971: Gross and Wilczek,1973b, 1974;
Abarbanel, 1974: Gross, 1976; Crewther, 1976: Ellis, 1976: Lautrup, 1976; Tavlor.
1976: Marciano and Pagels. 1978) wﬁére the material of this section is presented in

great depth. This section may be omitted by the experts, without loss of continuity.

A. Lagrangian and Feynman Rules
Quantum Chromodynamics is an SU(3) c color gauge theory which describes
the interactions between quarks and gluons. Quarks are arranged in color triplets

and come in f flavors. The QCD Lagrangian is given by

kR LT MU .
- % Go, Goy+iT °@aﬁ +m8 )by (3.1)

where a = 1,...8, a,8 = 1,2,3 and the summation over repeated indices and over fla-

vors is understood. Furthermore
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a a a abc..b ~c
Gu\) = BUGV— 8\)Gu+gf Gqu , (3.2)
is the field strength and
H . ,a ~a
= 6 - .
’@as o8ty ~ 18A5eG (3.3)

is the covariant derivative. \pa and Gi are fermion and gluon fields respectively.

. a
Finally g is the strong interaction coupling constant. The matrices A~ obey the

commutation relations

[xa,xb ] - ;3P€ ¢ (3.4)

with £3bc being the structure constants of SU(3) o It should be remarked that in
order to specify the theory completely one must add a gauge fixing term to .S/,
which for commonly wused gauges (covariant gauges) has the form:
-Tr [(BuGu)Z]/ @, where o is a gauge parameter. In these gauges one must add
Fadeev-Popov ghost interactions to the Lagrangian. In the axial gauge (G';l = 0)
there are no ghosts but the calculations of Feynman diagrams are generally more
complicated than in covariant gauges. From (3.1) by means of standard techniques
(e.g. 't Hooft, Veltman, 1973; Gross, Wilczek, 1973b) one can derive Feynman rules
which are shown in Fig. 4.

The new features relative to Quantum Electrodynamics are

i) SU(3) group factors

ii) existence of the triple and quartic gluon couplings
and

iii) existence of fictitious ghost couplings.
Otherwise the calculations of QCD Feynman diagrams are very similar to the

corresponding QED calculations. The relevant group factors are defined as follows:
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a,a

GabC(G) - facd fbcd
§ L TR) = fxf‘kxﬁj . (3.5)

For an SU(3) gauge theory with f flavors, as discussed here,

C,R) =%, GG =3 and TR =3f .. (3.6)

To make the phenomenological applications easier, in all expressions presented in
this review, the values of the group theory factors as given by Eq. (3.6) have been
explicitly used.
B. Renormalization and Renormalization Group Equations

As in QED many calculations of QCD Feynman diagrams with one or more
loops lead to divergent results, and renormalizations of various quantities which
enter the calculations (vertices, propagators) are necessary in order to obtain finite
physical answers. There exists a whole machinery for extracting finite physical
answers from perturbation theory, called the Renormalization Program. It consists
of two steps i) regularization and ii) renormalization.

1. Dimensional regularization

The first step in any renormalization program is to identify the singularities
of a given Feynman diagram and extract them in such a way that renormalization
can be easily performed. One can achieve this in many ways, but a particularly
elegant and simple method is the dimensional regularization procedure of ('t Hooft
and Veltman, 1972)F 2?n which Feynman diagrams are evaluated in D =4-¢
dimensions and singularities are extracted as poles: 1/e, 1/ ez, etc.

Let us illustrate this method with a simple example. Consider the one-loop

diagram of Fig. 5a. It represents the virtual gluon correction to the quark
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propagator. Here we treat gluons and quarks as massless particles, and, in order to
avoid mass singularities, we take external quark momentum slightly off-shell

(p2 < 0). Using the Feynman rules of Fig. 4, we first obtain (in the Feynman gauge)

1% - gt v at (3.7)
(zm) D Kk - p)2
D .
2 d“k Kk
=rg°(e-2 [
8 (2m D 2k - p)2 (3.8)

where we have used formula (A. 18) to reduce the Dirac algebra in D dimensions
and we have put all group and i factors in one symbol r. Conventionally we have
denoted the whole result by 2(2)()6). Next using the Feynman parametrization (A.13)

for the denominators and integrating over k by means of the formula (A.]), we

obtain
(2 (2)
I ' ®=81 6 (3.9)
where
(2) 2
2y _ . g T'(e/2) _ _E | _E
Lo®9 = ”(lm)D72 X (e 2)5(2 =5 1 2) (3.10)

and I'(e/2) and B(2 - €/2,1-¢€/2) are Euler-Gamma and Euler-Beta functions,
respectively. The singularity has been nicely isolated in the Gamma function
I'(e/2). 1t is instructive to expand Eq. (3.10) around the singular point €= 0.
Before doing this let us recall that in D # #4 dimensions, gz is not dimensionless
although it is dimensionless in four dimensions. It is convenient to work with a

dimensionless coupling in D dimensions, and so we make in (3.10) the replacement
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2 -
g% » g2 it (3.11)

where | is an arbitrary parameter with the dimensions of mass and gz on the r.h.s.
of Eq. (3.11) is dimensionless. Now expanding Eq. (3.10) around ¢ = 0 by utilizing

formula (A. 11), we obtain after neglecting terms O(e)
(2) 2 2
A = sirBo| Z.nE 41+ lHr—yE:\ (3.12)

where Yg is the Euler-Mascheroni constant which we already encountered in
Section II. We have thus extracted the singularity as a 1/ pole and have obtained
a well-defined finite part.
2. Renormalization

In order to illustrate the general idea of renormalization, consider the QCD
Lagrangian (3.1) continued to D =4 - ¢ dimensions. For simplicity we put
fermion masses to zero (ma = 0) and we work with the dimensionless coupling
constant g by making the replacement (3.11) in (3.1). We denote the :"esulting

Lagrangian by
ZUa2, v, 8% : (3.13)

Using this Lagrangian we shall encounter singularities in the Feynman diagrams
which will appear as poles in €. A specific example has been shown above. To
remove these divergences we add to % counter terms. We can write the
€
. . ian Z i . a0 .0
resulting, renormalized, Lagrangian .Z7, in terms of the bare fields (Gu) » ¥, and

the bare coupling g o as follows
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counter
terms

QR - %(Gi,wa,gzﬁe)+g(€) Q’E((Gj)°,¢a°, gg) . (3.14)

The bare and renormalized quantities are related to each other by the following

equations

G3)° - Z!’z G2 .
o 3
__€/2
86 82, (3.17)

where ZG’ Z\p and Zg are renormalization constants, which diverge for €+ 0. ZG‘
Zlb and Zg are known once the counter terms are specified. Before going into
detail let us get a feeling for the renormalization procedure. One can look upon it
in two obviously equivalent ways;

a) the calculation of a Feynman Diagram is performed in terms of the bare
parameters (e.g. go) and the resulting divergent expression is rendered finite by
rewriting it in terms of the renormalized parameters by utilizing relations (3.15)-
(3.17). One can imagine that all singularities have been absorbed by introducing the
renormalized quantities. In practical applications it is often more convenient to
deal exclusively with renormalized parameters and proceed as follows;

b) the calculation of a Feynman diagram is performed in terms of the
renormalized parameters (e.g. g), as in the example of Section IILB.l, and the
resulting divergent expression is rendered finite by subtracting the singularities in

one way or another (see below). Once the subtraction scheme has been specified,

the renormalization constants Zg’ ZG’ Z, can be found.

P
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Let us illustrate the idea of a subtraction scheme by renormalizing the
expression (3.12).
3. Two subtraction schemes
. 2. 2
3.1. Subtraction at p“=-yu
In this subtraction scheme the renormalized vertices and propagators are
found by specifying their values at particular values in momentum space. Let us
consider the following example.

The unrenormalized inverse fermion propagator S'l(p) resulting from dia-

grams 5a and 5b is

-1 @ ,
Sp) = p+p) (9 (3.18)

with 2(2)(;)2) given by Eq. (3.12). We can require that the renormalized inverse

fermion propagator

(2)
S3HE) = BB ] (GD (3.19)
R
at p2 = - uz satisfies
SR @, ,=b (3.20)
pe=-u

where u is an arbitrary momentum. This is achieved if

) (2) )
zR<p2/u2> = 7 -7 (D

Using (3.12) we obtain

(3.21)



-60- FERMILAB-Pub-79/17-THY

@ , . 2 2
I 0y = irEs s : (3.22)
R l16m u
Next writing
-1 - -1
Sg @ = Z,57p) (3.23)

we obtain from (3.18), (3.19), (3.12) and (3.22)

2 2 u2
z, = 1+irEs E-ln:2+1+1nun-yE] . (3.24)
v 16w N
3.2. 't Hooft's minimal subtraction scheme
The method presented above is not the only way to render S'l(p) finite. By
putting condition (3.20) we have subtracted from I (2)(p2) not only the singularity
1/e but also the finite terms. The subtraction procedure in which one subtracts

only the singularity 1/e is called minimal subtraction scheme (MS) and has been

proposed by ('t Hooft, 1973). Applying this procedure to Eq. (3.12) we obtain

2, 2 2 2
) (—f-f)] =ir—g——[ln—_%-l-ln4n+yE:] (3.25)
R \ 3%/ Mms 1672 v
and
| _Ei_ 2
z = l+ir £ . (3.26)
Y s 16n% ©

Notice that the expression for the renormalization constant Z " is very simple in
't Hooft's scheme. Generally in the scheme in question any renormalization
constant is just a series of powers of 1/¢ which greatly facilitates the calculations
of various renormalization group parameters; in particular the calculation of two-

loop anomalous dimensions (for a discussion see Section 3 of Ross, 1979). Notice
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that Zéz) is different in the two renormalization schemes considered. This does not

( . . L
1‘{2) is not a physical quantity. ZéZ) is, in fact,

bother us, however, because Z
generally only one element of a physical expression. There are other elements in a
given physical expression which also depend on renormalization procedure. If all
these elements are put together, their renormalization prescription dependences
cancel each other as required for a physical quantity (Stuekelberg and Peterman,

1953). Specific examples of such situations, relevant for deep-inelastic scattering,

will be discussed in Section VII.

Our discussion of 't Hooft's minimal subtraction scheme was very superficial.
Full exposition of this elegant subtraction procedure can be found in the papers by
("t Hooft, 1973; Collins and Macfarlane, 1974; Gross, 1976). In particular Collins
and Macfarlane discuss a whole class of subtraction schemes which differ from the
one presented here by a different continuation of the renmormalized coupling
constant to D dimensions. In general instead of (3.11) oﬁe can have

2 2=

g ~ 8 Hgf(ev gz)

(3.27a)
where f(g, gz) is any function of ¢ which has the property f(0, gz) = 1. Each
different continuation will lead to different finite parts in Eq. (3.25). As we shall
see in Section VII this type of ambiguity in the finite parts can be absorbed in the
definition of the effective coupling constant. In particular the MS scheme of

Section VII in which the terms involving (In 47 -YE) are not present in Egs. (2.96)

and (2.120) corresponds to

(e, gz) = 1- %(ln by - YE) . {3.27b)
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4. Renormalization group equations

So far we have shown how to regularize and renormalize Feynman amplitudes.
In the process we have introduced an arbitrary normalization scale u. In the
p2 = uz subtraction scheme uz stands for the space-like momentum where we
specify the values of particular Green's functions. In the 't Hooft's scheme the
=y in the renormalized expression appeared through the continuation of the
renormalized coupling constant to D =4-¢ dimensions. In both schemes the
value of u is arbitrary. Certainly the final result of a renormalization procedure
cannot depend on the value of p and any change in u can be compensated by the
change in g and the scales of the fields. This is most elegantly expressed by
renormalization group equations (Stueckelberg and Peterman, 1953; Gell-Mann and
Low, 1954; Bogolubov and Shirkov, 1959; Callan, 1970, 1972; Symanzik, 1970;

Wilson, 1969), which we shall discuss now very briefly.

It is convenient to work with the amputated, renormalized, one-particie

(Nq, sNg!
R

irreducible, proper vertex functions T (pj, g, €) which are (suppressing

arguments) defined as follows

(N, L,NS)
(NN GRN” G
r, Y - : (3.28)
R Ng Ng .
(2,0) (0,2)
1o 1 G

The renormalized Green functions GR are given by

G

Ny NG
Gr

=<0 ]T(Lpl...xprGl...

and N " and Ni stand for the number of external fermion legs and gluon legs

respectively. In this notation

. o> (3.29)
Ng
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-1 - (2,0
SR = PR . (3.30)

Similar expressions exist for the unrenormalized proper vertex functions

(N, NG )
I’U (pj, 8o ¢) with all renormalized parameters and fields replaced by the
corresponding bare quantities. Because of (3.15) and (3.16) the proper vertex
(NyNg) — (NNg)
functions I‘U and I‘R are related to each other by
(N,,N-~) N,/2 N./2 (N, ,N.)
G G G
FR v (Pjsg9€1U) = Zwlp ZG PU v (Pj’ 80,8) (3.31)
and the limit
(N, sN&) (N, ,N&)
e+ 0
exists.
(N, ,Ne)
Since I‘UN‘I) TG does not depend on y i.e.
(NJJ N_.)
d G
I I‘U =0 , (3.33)
we obtain from (3.33) and (3.31) the following renormalization group equations
3 3 ] r (Nw ’NG) g
(b2 @& N @-Ng @ g VO - (3.3

where

13
Yy (g)=3H 5y In Zy (3.35)
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1 3
YG(g) = 23-1 u In ZG (3.36)
and
-, 98

The renormalization group functions q}(g), YG(g) and B(g) depend only on g. Yq) (g)
and YG(g) are called anomalous dimensions of the fermion field and gluon field
respectively. B(g) is the well-known function which governs the Q2 evolution of the
effective coupling constant as we shall discuss in more detail below. It should be
remarked that B(g), v 0 (g) and YG(g) depend only on the given theory and not on the

particular Green's function considered.

We would like to remark that generally the renormalization group equations
(3.34) also involve the derivatives with respect to the masses and the gauge
parameter a. In order to simplify the presentation we neglect these derivatives
here. For a careful discussion of the renormalization of the gauge parameter we

refer the reader to Sec. 5.4 of the review by Gross (1976).

Equation (3.34) when combined with the standard dimensional analysis can be
used to relate the vertex functions evaluated at momenta P, to the same vertex
functions evaluated at rescaled momenta etpi. In applications to deep-inelastic

scattering t = ln Qz/u 2. One obtains (see e.g. Gross, 1976)

(N,,,N ) (N,,N.) - g(t)  NyY, (8)+N_.Y.(g)
rR“’ Se'py 0 - rRNLp G(pi,_g(t» exp LDt_ fg dg' — Y B(g,)G G } (3.38)

where g(t) is an effective coupling constant which satisfies the following equation

L _38@ ; FW=0=-=g (3.39)
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and D is the physical dimension of T

R.
(N.\U,NG)
We observe that once y 11)(g), YG(g) and B(g) are known, and I'R is
calculated at momenta corresponding to a single value of t, say t=0, then Eq.

(3.38) gives us TR at any rescaled momenta etpi with t £0. We shall see
that equations like (3.38) will be at the basis of discussions of scaling violations as
predicted in QCD.
5. Calculations of renormalization group functions
We can obtain vy ” (g) in gz order by inserting an of Eq. (3.26) into (3.35) with
the result (r = iC,(R) = i4/3)

2 2
3 4 - .0
(@ =u =1InZ, =3+-8B—= =z ° BH_ (3.40)
e O U N B PL

which corresponds to the Feynman gauge (a = 1). In an arbitrary covariant gaugea

the result of Eq. (3.40) is to be multiplied by o. Alternatively we can calculate

1 I‘l(lz’O)

Yy (g) by using renormalization group Eq. (3.34). We insert Sfi as given by

Egs. (3.19) and (3.25) into renormalization group equations and compare the powers

2 expansion of 8(g) begins with 33 , B(g) can be dropped on the

of gz. Since the g
r.h.s. of Eq. (3.34) if we are interested in y(g) in order gz. Therefore we obtain

first
- (2,0) _
(g -2 v ® 12 = o (3.41)
and consequently (in g2 order)

()

2
l
(%) (3.42)
R Ay

3
Yw(8)=‘2~ua—uz

which by Eq. (3.22) or (3.25) leads to the previous result (3.40).
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Similarly one can calculate the anomalous dimension of the gluon field, YG(g)’
by considering the diagrams of Fig. 6, with the result (Politzer, 1974; Gross and

Wilczek, 1973)

g2 13 a 2 o gz
YG(g) = - 16.“2 (T - 7)3 -3— f ZYqg 2 (3.43)

where a is the gauge parameter.

3

In order to evaluate 8(g) to order g~ one considers either the diagrams of Fig.

7a or the diagrams of Fig. 7b. If the resulting renormalized vertex functions are
I‘(lg’B) and I‘g’l) respectively then the equations for B(g) which follow from

renormalization group Eq. (3.34) are

> 3 0,3)( p2 0
Bg = - B | ug £ (-"—) * 3YG] (3.44a)
_ 1en2 L o w2l
B()___Ei_ Uif(z’l)(ﬁ) +2Y°+'Y°]
&% T len2 LT3M u? vooG (3.44b)
where f(O’B)(pZ/uz) and f(z’l)(pzl 12) are defined as follows
3 2 ,
(0,3) _ g~ 0,3)(p_ (3.45a)
TR =8+t 2
lén u
and
(2,1) 3 @ p?
I'R 4 = g + _8_2. f ’ (Lz)
lén u (3.45b)

g’” and f(é’l) (Politzer, 1973; Gross and Wilczek, 1973) and using

(3.40) and (3.43) one obtains from both (3.44a) and (3.44b)

Evaluating f
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3 .
B(g) = -8, S (3.46)
lén
where
2
BO = ll-g'f » (3-47)

The fact that the coefficient of g3 is negative (for f < 16) has a very important

consequence-asymptotic freedom. Inserting (3.46) into (3.39) and choosing

t=1In Qzluz, as an example, we obtain

2@ giGDiren? 1 (5.48)
7 T T3 Z 3 .
16w 1+5—(-1=‘2—) 3 ln% 8 ln%
16 ° qu °

where we have introduced the parameter A which is related to uz

and g2(10) = g2
by Eq. (2.51). For Q2+ = this coupling constant which measures the effective
interaction between quarks and gluons at momentum scale Q decreases to zero.
This is what we mean by asymptotic freedom. As we shall see in subsequent
sections the smaliness of EZ(QZ) for sufficiently large Q2 will allow us to calculate
many quantities in perturbation theory in EZ(QZ). This spectacular property is a
special property of non-abelian gauge theories.

So far we have discussed renormalization, renormalization group equations
and asymptotic freedom in general. Before showing how these ideas can be used in

the study of deep-inelastic scattering we have to discuss operator product

expansion.
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C. Operator Product Expansion
The basic object in any discussion of deep-inelastic scattering is the spin
averaged amplitude 'l'u y for the forward scattering of a current Ju off a hadronic
state |p>. Here Ju stands either for the electromagnetic current (ep, up

scattering) or a weak current (v, vV scattering). We first introduce the operator

T =i d*ze9PT, @) (3.49)

which is related to T by
uv

, .
T V) = <p|T 3.50
0@ v) = <p| | (3.50)

\)l P >spin averaged
Next the amplitude Tu\)(Qz’ v) can be decomposed into invariant amplitudes as

follows

2 2 2 0y Padg 2
T @5 V) = e [ TIQ%v)+d  \THQ% V) -ie o0 == T3(Q% V) (3.51)

with v = p~q and Qz = -qz.

The tensors e and d__ are defined in Egs. (2.2) and
MV IR

(2.3).

Following (Wilson, 1969) we can expand the product of currents, which enters

u 00.”

Eq. (3.49), as a sum of products of local operators Oi I*"n of definite spin n times
certain coefficient functions Cni'f The index i stands for the type of operator and
will be specified below. In what follows we shall only consider so-called twist

(twist =dimension - spin) two operators which give the dominant

contributions to the moments of the structure functions in the Bjorken limit. The
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higher twist operators are suppressed relative to twist two operators by powers in

Q%

1977a, b; Gottlieb,1978) to be of some importance only for x close to 1.

At not too large values of Q they are expected (De Rujula, Georgi, Politzer,

The operator product expansion for Tu\) is as follows

T -3 2 _ )
v n%} (guulg\)uzq Bupy Wy, " L9y By,

. 2
i Q- 2
+gu\)qu1qu2>cz’n( uzrg )

. ( l) n O.ul...p,n . (3.52)
i

Writing next

Hye

<p|O "un[ > = Al (9
i p>= A (n pul...p]J - traces (3.53)

n

and combining Egs. (3.50)-(3.53) we obtain

2 | i
T(Q,v)=2—3ec (
TRY) in x" UV~ L,n

,gz) E Ain(uz) (3.54)
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where x is the Bjorken variable (Q2/2\)). In writing (3.54) we have dropped the
trace terms of Eq. (3.53). This is justified if target mass corrections (see Section
II.D) can be neglected. The arguments of the coefficient functions indicate that
they will be calculated in perturbation theory in gz. The sum on the r.h.s. of Eq.

(3.54) runs over spin n, twist 2 operators such as

ulcuun —_— K u l 1-12 lln
ONS,K = S(\bakas Y 9 .9 \IJB -traces) (3.55)
TR o i u
0 wl "= s®y 192 9 ", - traces) (3.56)
Uy eee B H u TRRY
Ocl n_ S(Gu’v,@ 2.@ n-lgn - traces) (3.57)

where S denotes symmetrization over all Lorentz indices. Since we shall deal only

with foward spin-averaged matrix elements we do not consider operators with
u o-uu
Né are the fermion non-singlet (under physical symmetries)
Hyeee U Hyeee W

operators whereas C)q)l " and OG1 " are singlet fermion and gluon operators

negative parity. O n

respectively. The index « distinguishes between various non-singlet operators.
Since the QZ dependence of the Wilson coefficient functions, corresponding to
various non-singlet operators, is common we shall in the following drop the index «.

Using dispersion relations between deep-inelastic structure functions of Eq.
(2.1) and the invariant amplitudes of Eq. (3.51), and taking into account (3.54) one
can express the moments of the structure functions in terms of the Wilson
coefficient functions and the hadronic matrix elements of various local operators.
One obtains (Christ, Hasslacher, Mueller, 1972)

l

oo 2
[ odxx%E (x, QD) = T Alwdcl (4, g%) k=2l (3.58)
. K : A Cun 2
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and

! 2
[ ax xRy QD) = ] A;(uz)c‘B’n(O—z,gz) : (3.59)
0 H

1

Notice that by taking moments the operator product expansion has been projected
on a given spin; the (n - 2) moment of the structure function depends only on
operators of spin n. Since there are at most three types of leading operators of a
given spin (Egs. (3.55-3.57)) the theoretical analysis of QCD predictions for deep-
inelastic scattering is most conveniently done in terms of the moments of various
structure functions rather than in terms of structure functions themselves.

A few final remarks about operator product expansion (OPE) are necessary.
The matrix elements Ain depend on the target |p>, and are uncalculable in
perturbation theory if the target is a composite object as for instance the proton.
The coefficient functions on the other hand do not depend on the target since they
are determined by the expansion (3.52). They can be calculated in perturbation
theory. In fact what OPE does for us is to separate perturbatively calculable
pieces (coefficient functions) in the expression for the moments of structure
functions from non-perturbative pieces—matrix eiements of local operators. A
brief discussion on this factorization in the framework of the perturbative QCD can
be found in Section IX.

We shall now show that the Q2 dependence of the coefficient function is

governed by the renormalization group equations similar to Eq. (3.34).
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D. Renormalization Group Equations for Wilson Coefficient Functions

We begin the discussion with the coefficient functions of the non-singlet
operators of Eq. (3.55). Suppressing for siAmplicity all the arguments, we write the
non-singlet part of the operator product expansion of two currents symbolically as

follows

NSAn
1T |ys = g Cp O . (3.60)

Sandwiching Eq. (3.60) between non-singlet (quark) states we obtain

_ NSAn
<NS|JI|NS> = % Cy ONs,NS . (3.61)
where
n - AN
<NS |0N5|N5> = ONS’NS . (3.62)

In order to derive renormalization group equations for Crl?s, we have to find first

n

renormalization group equations for <NS| 33| NS> and ONS,NS'

For < NS [JJ| NS > we have similarly to Eq. (3.34)

3 3
[:p T 8(g) 3g " ZYw(g)]<NS |33 (NS> = 0 (3.63)

where vy 11,(g) is the anomalous dimension of the quark field (see Eq. 3.40). Due to

current conservation, the anomalous dimension of the current J is zero.

n

Next we define the wave function renormalization ng of the operator ONS

by
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0,n
O ?
n NS
ONS = —Zn (3.64)
NS
where Olggn is the bare operator.
For the matrix element OKIS,NS we therefore have
on 2 oo ' (3.65)
NS,NS  -n  “NS,NS )
NS
with Z\P defined by Eq. (3.16).
Repeating the steps which led us from Eq. (3.31) to Eq. (3.34) we obtain
[u—a—+8()3+“'()-2 (@ [of = 0 (3.66)
an * P8 g T YNS'® T Yyt IUNS,NS T y
where
Y (@ = uislnZl (3.67)
Ns® = F3uT ONS :

is the anomalous dimension of the operator ORIS‘ Next combining Egs. (3.61), (3.63)
and (3.66) and taking into account that the tensor structure in the expansion (3.60)

is different for different n (see Eq. 3.52), we finally obtain for each n
[u3-+8()3—-”() chd < 2} .o (3.68)
Ju 8358 "YNs®¥ | *n 218 - ) ’

Notice that we have now written explicitly the arguments of the coefficient
functions.
The case of singlet operators OfL and Orc‘; is more complicated because these

operators mix under renormalization and Eq. (3.64) is replaced by
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-1
og - g (z“ )ab og’“ a,b = 1,G . (3.69)

-1
Here (Z" ) is a 2 x 2 matrix. Consequently, Eq. (3.65) is generalized to
g

-1
n o _ n 0,n o
G, = % Z (2" ) p0pe  abic=9,G (3.70)
where
n = n
Opc = <c|oalc> (3.71)

and Z. stands either for Z‘b or Z. which are defined in Egs. (3.16) and (3.17),

respectively. Therefore we have

12): [( ua—au + B(g)aa—g - ZYC(g)) Gab + ng(g):lolg,c =0 (3.72)

where ng are the elements of the 2x 2 anomalous dimension matrix and are

defined by
Yl = (us=1InZ . (3.73)
ab ~ ab
Equations (3.61) and (3.63) are generalized to the singlet case as follows:
<c|33|e>= | cbon , (3.74)
n b,c
n,b

and
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) 9 n b~n
[ua—u + B(g)ﬁ - zYc(g)] Eb Cnob,c =0 . (3.75)
Therefore, combining Egs. (3.72) and (3.75) we finally obtain

5 ,
Q'Z , gz) . (3.76)

2
J 3 a Q% 2y _ n b
[Uﬁ+8(g)a—g](:n (uz,g ) = szbaCn(u

Equations (3.66) and (3.75) are the basic results of this Section. We shall
discuss the solutions of these equations in Sections IV, VII and VIII, and now we turn
to the calculation of the anomalous dimensions Y&S andy Qb'

E. Calculations of Anomalous Dimensions of Local Operators

We first write the perturbative expansions of the matrix elements OF

NS,NS
and Olr)],c » dropping p2 independent terms, as follows
2 2
NS . —p 4
o = 1+-8 In=%5 1+ og* , (3.77)
NS,NS 16 1r2 2 u2
and
n z rgc 2 4
O = Shet oz nFg +o" (3.78)
ui u

where rRIS and rgc are calculable numbers and p2 is the space-like momentum of
the quark or gluon states (NS, C) between which the operators are sandwiched.

Furthermore, the perturbative expansions of YRIS(g) and ng(g) are
n o,n g2 4
T

and
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N (g = 0’“—53—+0(“) (3.80)
Y ab'®) = Yab 1672 g . :

Inserting Egs. (3.77) through (3.80) into Egs. (3.66) and (3.72) and choosing 4
different combinations of a and ¢ in Eq. (3.72), we obtain the following relations
between the coefficients of In —pzlp2 in Egs. (3.77) and (3.78) and the anomalous

dimensions of the operators

O,n _ _n o
'ng)n = [‘:b + ZYZ Gab a9b = 4,G . (3'82)

Here YZ stands for either y$ or y g which are defined in Egs. (3.40) and (3.43),

respectively.

It follows from (3.81) and (3.82) that in order to find vy 0N nd Ygl,:n’ we have

NS
to calculate the matrix elements of local operators sandwiched between quark and

gluon states and pick out the coefficients of In —pz. For diagonal elements Y&’pn
O,n 0,n

YNS and YoG e have to add, in addition, twice the anomalous dimensions of the

quark and gluon fields which we have already calculated earlier.
0,n

vy

The diagrams which enter the calculation of the whole anomalous dimension matrix

The diagrams which enter the calculation of y " or Ylg’sn are shown in Fig. 8.

in order gz are shown in Fig. 10. The virtual gluon corrections on the external lines
need not be calculated if Zy$ or Zyé is added explicitly as in Egs. (3.81) and (3.82).
On the other hand, if these diagrams are included in the calculations, the
anomalous dimensions 75 and Yg should be dropped in Egs. (3.81) and (3.82).

In order to evaluate the diagrams of Figs. 8 and 10 we have to extend the list
of Feynman rules of Fig. 4 by the rules for the vertices "x" which represent

operator insertions into a two-point function. Simple ruies for the vertices in
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question have been found by (Gross and Wilczek, 1974) and are shown in Fig. 9. The

A " appearing there is an arbitrary four vector with the property

A = 0 . (3.83)

The derivation of these rules can be found in the appendix of the paper by Gross
and Wilczek. Additional rules necessary for the calculation of the anomalous

dimensions in order g4 can be found in the paper by (Floratos, Ross and Sachrajda,

1979). Here we shall only indicate how to reproduce formula (2.79a) for y O,n,

We begin with the diagram of Fig.8b. We work in the Feynman gaugeF 24 and ob-

tain first

= h(e-2)J (:;“D - Kk Z(Ak)“'l (3.84)
k? k-p
where we have used formula (A.20) to reduce the Dirac algebra in D dimensions
and we have put all group and i factors in one symbol h. Now as the reader may
convince herself (himself), if we are interested only in the coefficients of In pz, we
can put ¢ =0 at all places where this substitution does not lead to a singularity.
From this it follows (see below) that, equivalently, anomalous dimensions can be
found by calculating the coefficients of the divergent parts 1/€. On the other
hand, if we are interested in the calculations of the so-called constant pieces (e.g.
I +Inby - yg in Eq. 3.12) we have to keep all € factors different from zero until
the calculation is finished. In particular the "1" in Eq. (3.12) comes from the

product of ¢ in (Eq. 3.8) and the divergence 1/e in I'(e/2).
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Using the formulae of Appendix A, Egs. (3.11), (3.83) and h= -iC(R) with
C,(R) given by (3.6), we obtain

I - &

r"'_161r

2 2C,(R) 2
> [n(n2+ D] [% - ln:Lz :I 4§(Ap)n"1 + const . (3.85)
U

The factor (Ap)n'l in Eq. (3.85) arises in the following way. After using the
g

Feynman parametrization of Eq. (A.13) one makes a change from k to k:
k = k-pll-x)
where x is the Feynman parameter. Therefore one obtains
W™ = @ -0™lap™ - - 02 P aR s L (3u86)

The terms which involve more than one factor Ak can be dropped in Eq. (3.86)
because they lead after k integration to A2 which is zero. An additional factor Ap
in the second term in Eq. (3.86) is obtained after k integration, when Eq. (3.86) is
inserted into (3.84).

Adding zeroes order contribution <[1]A( Ap)n-l> to I, and comparing the

result with Eq. (3.78) and taking into account (3.81), we obtain the following
contribution of diagram 8b to vy 0,n,

o

4Co(R)
“nln+ 1) (3.87)

Notice that result (3.87) could also be read off the coefficient of i/e. This is
particularly useful in the calculation of two-loop anomalous dimensions as discussed

in detail by (Floratos et al., 1977, 1979).
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The diagrams 8a and 8c give the following contribution to YO,n:

n
8C,R)] + (3.88)
izo
j=2
and when the result for 2y$ = 2C(R) is added to Egs. (3.87) and (3.88), we obtain
o,n _ 2 Rt
Yy = 2GR [:1 Ty ;Zz j (3.89)

which by Eq. (3.6) for CZ(R) agrees with (2.79a). The calculation of the remaining

elements of the anomalous dimension matrix proceeds in a similar way.
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IV. Q2 DEPENDENCE OF THE MOMENTS OF STRUCTURE FUNCTIONS

IN ASYMPTOTICALLY FREE GAUGE THEORIES
A. Preliminaries .

In this section we shall find the Q2 dependence of deep-inelastic structure
functions as predicted by asymptotic freedom in the leading order. The basic
formulae of this section (4.17, 4.18, 4.41) express the moments of structure
functions in terms of unknown (Q2 independent) matrix elements of certain
operators times their coefficient functions with explicit Q2 dependence. In the
next section we shall cast formulae (4.17, 4.18, 4.41) into the standard parton
model expressions with Q2 dependent quark distributions. The reason for a careful
discussion of structure functions in terms of Wilson coefficient functions first
rather than immediately in terms of parton distributions is that beyond the leading
order the definition of parton distributions is not unambiguous and the language
developed in this section is more appropriate. This section is slightly formal but we
invite the reader to go through it carefully since the techniques presented here will
be at the basis of Sections VII and VIIL

As we saw in Section III, the basic tools necessary to study QCD implications
for deep-inelastic scattering are the Wilson operator product expansion and the
renormalization group equations. The operator product expansion allowed us to
systematically identify the dominant contributions to the moments of the structure
functions at large Q2 and to express them in terms of a sum of products of
(perturbatively) calculable coefficient functions and (by present methods) uncalcu-
lable matrix elements of certain operators between hadronic states. The Q2
dependence of the coefficient functions could then be found by means of

renormalization group equations. Explicitly we have

1 . . 2
,c() dex"F (x, QD) = ] A;(uz)c‘L,n (% , gz) (4.1)
1 %
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i . . 2
J , & x"2F.(x, Q) - % A;(uz)clz,n (% , gz) (4.2)
and
| 1 2
fo dx xn‘lF3(x, Q) - AES (uz)CI;j\( %5 ) gz) (4.3)

where the sum runs over spin n, twist 2 operators such as the fermion non-singlet

operator ORIS and the singlet fermion and gluon operators O$ and Og, respectively.

The Ain (1.12), which are independent of Qz, are the reduced hadronic matrix
elements of the operators in question. They are defined in Eq. (2.63). We have
shown explicitly that Ai( uz) depend on uz, the subtraction point (see discussion in
Section III). Notice that to the moments of F’3 only one type of operators
contributes. This is explained in Section VILE.

NS

We would like to recall that in our notation On stands for any linear

. K .
combination of non-singlet operators which differ from each other by A" in Eq.

\JS(

(3.55). Therefore as emphasized after Eq. (2.64) é:_‘ uz) depend generally on the

process and the structure function considered. This dependence is discussed in

Appendix B.

We shall now find the explicit Q2 dependence of the coefficient functions

C‘k n(QZ/UZ, gz) as given in the leading order of asymptotic freedom. To this end it
, -

is convenient to decompose any structure function into a sum of singlet and non-

singlet contributions as follows

F(x, Q) = FRo(x, Q9 + F}lx, @) k=L,2,3 _ (4.4)

Particular examples of such decomposition in the framework of the simple parton

model are given in Section ILB. The moments of the functions FES and F® are

k
given as follows



-82- FERMILAB-Pub-79/17-THY

1 2
[ dx xn'zFL\JS(x, Qz) = A?S( uz)Cll\i,sn ( % y g2 ) k=L,2 (4.5)
0 u |
L oohl 2 NS; 2,~NS (Q° 2
J dxx F3(x, Q%) = A P(u9)C 3nl 378 (4.6)
0 u

and

! | 2 2
[ dx xn'zFi(x, Qz) = A":\(uz)cg’n ( % , gz) + Arc‘;( uz)Cﬁ’n (% , gz) k=2L . (4.7
0 it u

B. Non-Singlet Structure Functions
The Q2 dependence of Cl\klsn(Qz/uz, gz) is governed by the following
?

renormalization group equations

[:u afi + 8(g) % - Y&S(g)] Clon (%22 , gz) -0 (4.8)

where YR‘S(g) is the anomalous dimension of the nonsinglet operator O;S and B(g) is
the renormalization group function which governs the Q2 dependence of the

effective coupling constant

2
B .Z8@ ; gt-0 =g : (4.9)

Here t = In Qz/u2 and g is the renormalized strong interaction coupling constant.

The solution of Eq. (4.8) is given as follows

=2 n
2 . g(Q)  yylg)
NS 2 NS, =2 o NS
Ck,n(%,g ) = N,z )exp[- o2 & e ] (4.10)

To proceed further one has to calculate Cﬁsn(l, gz), Y ;S(g) and B (g) in perturbation
?

theory. In the leading order it is enough to calculate one-loop contributions to

Y?qs(g') and 8(g") using the methods of Section II, and take the zero loop (parton

model) values for Cl,\IS (1, Ez). Thus in the leading order we have

BN
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n (0),n g2
16T
2
8@ = -8, £ (4.12)
167

and

(k) -
Sas k=23
(4.13)

NS =2
CK#Lg)
‘ 0 k=L
where 5};5 are constants which depend on weak and electromagnetic charges (see
Appendix B), and Bo and YI&OS)’H are given in Egs. (2.49) and (2.71) respectively.

Inserting Eqs. (4.11) to (4.13) into (4.10) and performing the integral we obtain

=2(~2y ] dX
2 G(k) g_(Q7) NS K =2.3
NS [Q 2 NS| =2, 2 ’
Cenl =587 = g ()
? (4-14)
0 k=L
where
duc = (4.15)
NS 280
Now from Egs. (4.9) and (4.12) we have
2
Q% - 6T . (4.16)
Q
Bo In AZ

where the scale parameter A is related to u and gz(u2)=g2 by Eq. (2.51).

Combining Egs. (4.5), (4.6), (4.14) and (4.16) we finally obtain
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n
1 In Qz—z- -dNS
I ) o 2ENS0, @8 = 512 ANSQD) A . (w17a)
In 99
A2
2
| In & -dns
fo dx xn'lFB(x, Qz) = S(I\BI)SASS(Q?)) 32 (4.18a)
In =2
A2
NS . . 2 2.
and F; ™ = 0. In order to unify notation we have put u“ = Q; in Egs. {4.17a) and
(4.18a).

Equations (4.17a) and (4.18a) can be used directly in phenomenological
applications. 6([5)5 can be taken from Appendix B and A?S(Qg) can be found from the
data by measuring the moments of structure functions at Q2 = Qg. Once A?S(Q(z))
are known, Eqgs. (#.17a) and (4.18a) give the moments of the structure functions at
any (sufficiently large) value of Q2 in terms of one free parameter A.

The value of QCZ) in Egs. (#.17a) and (4.18a) is arbitrary as required by the
renormalization group and the predictions for the moments in question should be
independent of it. However by picking out one particular value of Qi in order to
determine AI:S(Qg) one gives this value specific significance. For consistency one
should find AnNS(Q(z)) from the data by choosing various values of Qg and check
whether expressions (4.17a) and (4.17b) with various values of Qg give results
compatible with each other. In order to simplify this procedure and at the same
time to impose the independence of the phenomenological fit of Qg, it is

convenient to get rid of Qg by writing Egs. (4.17a) and (4.18a) as follows
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_dn
1 2 NS
[ daxx" 2P, @B = 6 (IEI)SA;?S [m % ] (4.17b)
0 A
and
L onins, 2 <) N[ 0? |dNs
fo dx x F3(x, Q) = (g AL | In 2 . (4.18b)

Here Al:s are constants (independent of Qg) and are related to Al:S(Qg) by the

following equation

2 4 -db
NS
% ] (4.19)

NS;~2y _ aNS o
ALTQY = Ay [ln 2
Numerical values for d’&s cai be fournd in Table 1.
C. Singlet Structure Functions
The Q2 dependence of Ct n(QZ/uz, gz) and C(l;( n(QZ/uZ, gz) is governed by
’ ?

the following two coupled renormalization group equations

[u a_aﬁ + 8(g) % Cik,n( QEZ , gz) = 1Y ]f}(g)Cjk,n (122 , gz) Lbj=¥,G  (4.20)
u J 3

where Yil}(g) are the elements of the anomalous dimension matrix and B8(g) is the
same function as in Eq. (4.12). These equations are more complicated than Eq. (4.8)

due to the mixing between singlet operators as we discussed in Section IIl. In other
words under renormalization Otp transforms into a linear combination of 011’ and O,

and the same happens with OG‘ This mixing has a very intuitive interpretation
which we shall present in Section V.

In what follows it will be convenient to work with matrix notation and

introduce the column vector



b [Q° 2
2 Ck,n ( uz ? g )
ol Q~ 2\ _ -
Ck,n(uz’g) = , k=2L
G 2
c k,n (% 1 8 )
u
and the ma’trixF25
4 n n
YW (g) YGq)(g)
7@ -
Y\L’G(g) YEG(g)

Then the solution of Eq. (4.20) can be written as follows

2 AN
Q- 2\ _ (g9 - -2
6k,n(“2’g ) = [ Tg exp f 2Q ) Bg ] Ck,n(l’g )

The T ordering is necessary since [ ¥(g,), ¥(g,)] #0 and is defined as follows

n U ~ ~
.Y( g- 8 n_YE) Y(g"
e Sl - Dl Co Do) 38

(4.21)

(4.22)

(4.23)

. (4.24)

> — ~
To proceed further one has to calculate C, (1, gz) and Y™(g) in perturbation
H

theory. In the leading order it is enough to calculate one-loop contributions to

~ g -— e
$™g) and take zero loop (parton model) values for Ck,n(l’ gz). Explicitly

2
@ = {00 A :
16w

6(2)

. v
CZ,n(l’g ) = 0 ’

(4.25)

(4.26)
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and

s o [o
LAl B = . . (4.27)

Notice that Ci,n(l, Ez) vanishes to this order. This does not mean however that
Ci,n(QZ/ ].12, gz) is zero for Qz;éuz as one can check by inserting (4.26) into Eq. (4.23).
In what follows it will be useful to choose the basis in which §(O),n is
diagonal. We introduce the matrix EJ which diagonalizes ?(O) N hy
Al 0

ugon g - . (4.28)
0 A

where Ar_l_ are the eigenvalues of ?O,n

and are given in Eq. (2.78). It should be
remarked that the matrix U is not defined uniquely by Eq. (4.28). In fact any

matrix U' which is related to fj by

~ ~ 7/ a 0
U = U( ) (4.29)

where a and b are arbitrary real, finite numbers, satisfies Eq. (4.28). Of course the
final expression for the moments of the singlet structure functions does not depend

on which a and b we take. Here we choose

0),n _;n (0n _4n
) Yo - " - 1
©mn L @0 O -2D)
YwG’ KIJG

and consequently
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(O)’n n (O),n
yG A, 81
o) 1
u- = —on . 3l)
(0),n (0),n A0 Y\pG
e Tyy 7

The elements vy i(jO) 'N have been calculated by (Georgi and Politzer, 1974%; Gross and
Wilczek, 1974) and are given in Eq. (2.79).

Notice next that if we introduce a row vector

R () = [A‘}’](uz), Ag(pz)] (4.32)

we can rewrite Eq. (4.7) as follows' 26

1 2
-2 2 T 2\ Q 2
J‘O dx xn F;’X, Q ) = An(u )CZ,n( uz ' 8 )

> AN I 3 2
= A (AU U'lcz,n(%, g2> (4.33)

H

soo 2o Q% 2\ L me 2y [QF 2
- Ay )CZ,n< .8 ) +An(u)C2,n( 5 8 ) (4.34)
H H
where

[R;(uz), Z\;(uz):] =R A0 (4.35)

and
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5 -
- l 2
CZ,n( 278 )
H ~ 2 .
-yl Cz,n(%,gz) . (4.36)
ct Qz 2 H
2,n 28
L U i

Using Eq. (4.36) for Q2 = uz and taking into account Egs. (#.26) and (4.31) we obtain

(leading order)

- -2
Cz,n(l, ) l
= 5%,2) [ ] : (4.37)
+ -2 -1
C:Z,n(l’ g)
We next write
~ 2 ~ g AN A A
-12 Q- 2 | (g") -l -2
v Ck,n(uz,g ) = U [Tg exp f_Qz) 9" 5g ] Uuuc, (1,89. (4.38)

The T ordering is irrelevant to the order considered and we first obtain using (4.11),

(4.12), (4.16) and (4.28)

B 2 7-d" N
In % -
A
0
2
In -Ez-
~ [ g "n( ) -~ A
-1
U T_exp f_ dg'-ya—gy-. U = (4.39)
- (5! & , "
o -d
lnl +
A2
’ K
In
A2

where
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jos

>

[
1]
b+

(4.40)

+
N
W

Combining Egs. (4.34), (4.37)-(4.39) we finally obtain the generalization of Eq.
(4.17a)

n n
2 -d 2 -d
| f an—Z -] - r an—Z 17
N-2esi. A2y - < (2) A2 A (2) s +(2 A
J @ xR QD) = 5 DA ; r SPANQD) . (4.41a)
Q B
In - In -
A A
and FIS_ = 0. Here we have put p? = Qg and defined
N
An(Qo) = tA (Qo) . (4.42)

Eq. (4.18a) applies for Fj.

Egs. (4.41) and (4.42) with ;\i(Qg) given by (4.35) are very useful in relating
the formal approach developed here to the intuitive approach of Section V.
However, when the formal approach is used without any reference to the parton

distributions, it is convenient to repeat the steps which led us in the non-singlet

case from Eq. (4.17a) to Eq. (4.17b) and write

y n 2 A2

-d" 2 -d"
1 21 ¥
fo de xM2FS(x, Q) = {2 p- [m Q- ] . éi)A; I:ml ] (4.41b)
A

where the constants (independent of Qg) A: are related to A: (Qg) as follows
n
AT(QY) = AT | In Q—g - (4.43)
n"<o" T ''n 2 * *

Numerical values for drl can be found in Table 1.
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@
%

taken from Appendix B. Then Eq. (4.41b) describes the Q2 evolution of the

Eq. (4.41b) can be used directly in phenomenological applications. can be
moments of F; in terms of two sets of unknown numbers Arf and the scale
parameter A. A: and A are to be found by comparing Eq. (4.41b) with the data.

As can be seen in Table |

d >d+1 , 4<n<lb (4.44)
and
> dl+2 , n> L4 . (4.45)
In addition
d¥ = dyg s nxé E (4.46)

Therefore for n> 4 and for sufficiently large Q2 the second term in Eq. (4.41) can
be dropped and consequently the Q2 dependence of the singlet structure function is
essentially the same as that of the non-singlet structure functions. This could be
spoiled by large values of A; but experimentally this is not the case. In formal
terms Eq. (4.46) expresses the fact that the mixing of gluon and fermion operators
of high spin n is very weak. We also observe that because of the inequality (4.44)
the Ez‘ corrections to the "-" term in Eq. (4.41) are for n > 4 as important as the

leading order contribution to the "+" term. We shall later discuss it in more detail.
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V. Q2 DEPENDENCE OF PARTON DISTRIBUTIONS
IN THE LEADING ORDER

The discussion of the Q2 dependence of the structure functions as presented
in Section IV was rather formal and it is useful to develop a more intuitive picture.
In fact, this can be done at least in the leading order. The result is simple and was
already announced in Section II: all well-known parton model expressions remain
unchanged except that now parton distributions depend on Qz. Thus if we only find
the Q2 dependence of parton distributions predicted by asymptotic freedom, we can
study QCD effects in deep-inelastic scattering by means of the standard parton
model formulae. The aim of this section is to present equations which determine
the Q2 dependence of parton distributions, solve them and show that they are

equivalent to the formalism developed in Section IV.

A. Intuitive Picture and Integro-differential Equations

We begin with the intuitive picture of (Kogut and Susskind, 1974). Imagine
the photon, Z° boson or a W boson to be a microscope by means of which we probe
the inner structure of the proton or generally of a hadron. Increasing Q2 while
holding x fixed is equivalent to increasing the power of the microscope or looking
at shorter and shorter distances. By scanning the proton at fixed Q2 and0 <x <1,
we obtain the picture of the proton at this particular value of Qz. According to the
simple parton mode| of Section II.B, the picture of the proton does not depend on
how strong a microscope we use. The pictures at different values of Q2 are the
same. This is not the case in QCD. By increasing the power of our microscope
from Qf to Q% > Qf, we can resolve a quark with momentum fraction x into a
quark with x' <x and a gluon with x" = x - x' as illustrated in Figure 3a. Similarly a
gluon with momentum fraction x can be resolved into a quark-antiquark pair as

illustrated in Fig. 3b. There exists also the process of Fig. 3c which can be
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interpreted as resolving a giuon into a gluon pair. Since a gluon couples neither to
Y nor to Z° or Wi, this does not happen directly. However, the existence of this
process affects the probability of finding a quark in a gluon since a gluon can either
fragment into a quark-antiquark pair or into a pair of gluons and the sum of these
two probabilities (plus the probability that the gluon does not fragment at all) is

just unity. In summary the picture of the proton or, equivalently parton

distributions, depend on Qz.

The Q2 dependence is different for different parton distributions. Intuitively
valence quarks can effectively only emit gluons. They cannot be produced
effectively in the Fig. 3b process because this would lead to baryon number non-
conservation. As a result, valence quarks lose their momentum in favor of gluons
and consequently (through the process of Fig. 3b) in favor of the sea. In the simple
language developed above, by increasing Q2 we cannot find a valence quark in a
gluon or in a sea quark but only in a valence quark itself. Of course this picture is
oversimplified since it assumes one can make a clear distinction between valence
and sea quarks as in Egs. (2.12) and (2.13).

The behavior of the sea distribution with increasing Q2 is different. Here
both processes (Figs. 3a and 3b) can contribute. On one hand, gluon bremsstrahlung
leads to a shift of the sea distribution to smaller values of x. On the other hand the
process of Fig. 3b increases the amount of sea at all (mostly at small) values of x.
As we shall see below, because of the coexistence of the two processes instead of
just one as in the case of valence quarks, the asymptotic freedom equations for the
Q2 evolution of the sea distribution are more complicated than for the valence
quark distribution. For the same reason also, equations for the Q2 development of
the gluon distribution are rather complicated. In the formal language of the
previous section the complex Qz-dependence of the gluon and sea distributions is
due to the mixing between gluon and singlet fermion operators. On the other hand,

the simple behavior of the valence quark distributions is due to the fact that the
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corresponding non-singlet operators do not mix under renormalization with the

singlet operators.

It is obvious from the picture developed above that the Q2 dependence of the
parton distributions will be determined by the variation (with Qz) of the probability
of finding a parton i inside the parent parton j with the fraction of the parent
momentum, z = xi/xj.
Adopting the notation of (Altarelli and Parisi, 1977) we write the variation of

the probability in question as

a (@9
2T Pij(z) (5.1)

where o (Q gL and i,j stand for q and G. Then the equations which

determine the Q dependence of the parton distributions are given as follows

2
dvix, 1) _ q(%?) f _xv(y, ) (5.2)
X

dt qqy

dq;(x, 1)
— - O‘(Q f _x [ql(y, P () + Gy, DP G(%):] P=lef (53

Gy a(Q) 1 tay [y, P+ G oPee®] .

Heret=1In QZ/' uz, V(x, t) is the valence quark distribution and

I(x, t) = z (qy(x, ) + ai(x, 1)
i
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where the sum is over all flavors. The equation for Ei(x, t) is obtained from (5.2) by
replacing qi(x, t) by ai(x, t). From Eq. (5.3) it is a trivial matter to obtain Egs.
(2.52) and (2.53) of Section II

Equations (5.2)-(5.4) have been obtained in QCD by (Altarelli and Parisi, 1977)
and (Dokshitser, Dyakonov and Troyan, 1978). Similar equations in the context of
other theories have been discussed previously by (Gribov and Lipatov, 1972) and by
(Kogut and Susskind, 1974). The structure of Egs. (5.2)-(5.4) is easy to understand
in terms of the intuitive picture discussed above. The quark distribution at the
value x is determined by the quark (gluon) distribution in the range x <y <1 and
the probability for the q(yMG(y))+ q(x) transition which is given by
qu(x/q)(PqG(x/y)). Similar comments apply to Eq. (5.4).

Notice that the functions qu, PqG and qu do not depend on flavor.
Strictly speaking this is only true for massless quarks.

The "splitting"” functions Pij(z) can be calculated in QCD by considering the
vertices of Fig. 3. We refer the reader to the paper by (Altarelli and Parisi, 1977)
for details. The result of this calculation is summarized in Egs. (2.56)-(2.59) of
Section II.

Here we shall only discuss certain properties of Pij(z)' To this end it is

useful, following (Dokshitser, D'Yakonov and Troyan, 1978), to factor out group

theory factors from Pij(Z) and introduce the functions Vij(z) as follows

4
Pa@ = Vg2 (5.6)
P.(2) = 2V (2) (5.7)
Gqg 3 'Qq *
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Pel@d = 3Vl . (5.8)

The functions Pij(Z) and vij(Z) satisfy certain relations and sum rules which we shall

list now

i) Charge conservation

1
,ro dz qu(z) =0 (5.9)

ii) Total momentum conservation

1
fo dz z [qu(z) + PGq(z)] =0

1
Io dz z [ZquG(z) +Peg(@)] =0 . (5.10)

iii) Momentum conservation at the vertices of Fig. 3

qu(Z) = VGq(l - Z)
VqG(Z) = qu(l - Z)
V@ = Vgl - 2) . (5.10)

The relations above are obvious. There exist in addition two other relations

(Dokshitser, 1977) which are very interesting although not completely clear:
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iv) The crossing relation
1
VqG(Z) = Z qu(‘z') . (5-12)
v) Quark-gluon symmetry

qu(Z) + qu(Z) = qu(Z) + VGG(Z) . (5.13)

The crossing relation (5.12) leads to the well-known relation between the deep-
inelastic and e*e™ structure functions (Drell, Levy and Yan, 1969; Gribov and
Lipatov, 1972; Lipatov, 1975; Bukhvostov, Lipatov and Popov, 1975). Equation
(5.13) could be interpreted as the equality of total probabilities for finding quark
and gluon in a quark, and quark and gluon in a gluon. It is possible, however, that
the relation (5.13) is just accidental.

The important consequence of relations (5.9)-(5.13) is that it is enough to
know one function Pij(z) in order to determine the remaining three splitting
functions. As we shall see below this implies that in order to find the whole one-
loop anomalous dimension matrix as given by Eq. (2.79) it is enough to calculate
only one of its elements!! This does not turn out to be true for the two-loop
anomalous dimension matrix (see Section VIII).

B. Asymptotic Freedom Equations for the Moments
of Parton Distributions

Here we shall show that the integro-differential equations (2.52)-(2.54) are
equivalent to the equations for the moments of parton distributions as given by Egs.
(2.84)-(2.86).

We first quote the well-known convolution theorem for Mellin transforms

which says that if
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1
. [y X
H (x) = Jx v HoWH56 (5.14)
where H(x) are some functions, then

M _ y@ . yo (5.15)

where

. I
Mf:) - [ oax™HG 121,23 . (5.16)
0

We next notice (Altarelli and Parisi, 1977) the relations between the moments

of the splitting functions pij(Z) and the elements of the anomalous dimension

matrix §0,n (2.79)

1 0,n
[ dz Z™1p e 2 (5.17)
0

e (5.18)

1
fo dz zn'quG(z)

1 0,n

[ dz z“‘lpcq(z) : (5.19)
0

and

| g,n
n-1 -

Conventionally we have kept different notations for the indices of Pij functions and
the indices of the elements of the anomalous dimension matrix. ¥ in the formal

approach stands for q in the intuitive approach. G is the same in both approaches.
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The one-to-one correspondence between diagrams needed for the calculation of
?O,n and the vertices needed for a similar calculation of the Pij functions is
illustrated in Fig. 10.

Finally recalling that in the one-loop approximation to the 8 function

a(@) = —— (5.21)
B oln %2
we can write
2n_ 4 i d (5.22)
where
In Q%/A?
$zIn —9-2——2 (5.23)
In Q5/A

with ch) being some reference value of Q2.

Applying the convolution theorem to Egs. (2.52)-(2.54) and using Egs. (5.17-
5.20) and (5.22) we obtain differential equations for the moments of parton
distributions which can be trivially integrated to give the promised Egs. (2.84)-
(2.86).

C. Equivalence of the Intuitive and the Formal Approach

In Section V.B we have demonstrated how the moment Egs. (2.84)-(2.86) can

be obtained from the integro-differential Egs. (2.52)-(2.54). Here we shall show

that Egs. (2.84)-(2.86) can also be derived from the formal approach of Section IV.



-100- FERMILAB-Pub-79/17-THY

As we have discussed in Section ILB, any parton model formula for an
arbitrary structure function can be written as a sum of singlet (Z(x)) and non-
singlet (A(x)) combinations of quark distributions weighted by the appropriate weak
and electromagnetic charges. The latter are represented in the formal approach by

the constants 6(15) and 6(]1\?)5 Therefore writing generally
FYSk, @0 = sZxatx, @2 (5.24)

and inserting it into Eq. (4.17a), we obtain

2 n
| InS | Ins
<a@> = [ axx™lax, Q) = ANSQ) | & (5.25)
n 0 n o Q2
“In =2
A2
and consequently
ANSQD) = <a@d > . (5.26)

Therefore Eq. (5.25) is clearly identical to Eq. (2.84). Thus the matrix elements of
local operators normalized at sz Qg are interpreted as the moments of quark
distributions at Q2 = Qg. The relation (5.26) between moments of quark
distributions and the matrix elements of local operators has been anticipated a long
time ago in the context of the parton model and light cone algebra (Jaffe, 1972).

The case of singlet structure functions is slightly more complicated. Writing
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F;(x, Qz) = aff)x Ax, Qz)

and inserting it into Eq. (4.41a) we obtain first

2

i

o2 Lo -2
<z(Q )>n {) dx x " I(x, Q%) = An(Qo)

where by Egs. (4.30), (4.35) and (4.42)

“t2y _ aWr~2 G/A2) ~
An(Qo) - An_(Qohn M An (Qo) en

and

2 2 GiA2)~
AYQD) = AYQAU -a,) - ATQYE

FERMILAB-Pub-79/17-THY

The parameters a, and &n are defined in Eq. (2.87). It follows from Egs. (5.28)

to (5.30) that
Y2y 2
An(Qo) = <UQY)>,
Therefore if we take

G2 2
A%QD = <G>,

(5.27)
_d? In Q-zé 'd2
2 A
+ A;(Qo) Q2 (5.28)

In =2
12

(5.29)

(5.30)

(5.31)

(5.32)

the formal Eq. (5.28) is identical to the moment Eq. (2.85).
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As pointed out by (Floratos, Ross and Sachrajda, 1979) Eq. (2.86) for the
moments <G(Q2) >, can be directly obtained from Eq. (2.85). To this end we find

<G(Q2)> from Eq. (2.85) and make the relabelling, Q2 — Qz, with the result
o’’n )

2 n. n. 2
<Z(Q%)>_| (1 -a )exp[d § 1+ ds7|- <xQY)
<G(Q2)>n = 2 >“[ 2fexpd,® Jrap exp [4, ]] o’ . (5.33

&n[exp {di’é’]- exp[d?g ]]

Using next Eq. (2.85) on the r.h.s. of Eq. (5.33), we are led to Eq. (2.86).
D. Properties of Parton Distributions
The Q2 dependence of parton distributions, as predicted by asymptotic
freedom, can be obtained by integrating Egs. (2.52)-(2.54) or equivalently (5.2)-
(5.3). Before doing this we shall first list basic properties of the Q2 evolution of
parton distributions. These properties can be obtained most directly from the
moment Eqs. (2.84)-(2.86).

a. The momentum fraction carried by valence quarks, <V>2Land <x> of the

valence quark distribution decrease with increasing Qz. This is consistent with the

intuitive picture developed in Section V.A. Explicitly from Egs. (2.49a), (2.84) and

(2.79a) we have

<V(Q2)>2 = <V(Qg) >, exp [--3-(-3—56% "S'—J (5.34)

and

<x(Q2)> = <x(Q§)>exp [‘63%2755] (5.35)
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where § is given by Eq. (5.23) and «x(Q?) > is defined as follows

, <V@))>

<V(Q )>2
Notice that the rate of decrease of <V(Q2) >2 and of <x>v increases with the
number of flavors, which is not difficult to understand in the intuitive picture of

Section V.A.

b. The momenturmn fraction carried by gluons, <G >2and sea, <S>2, increase

with increasiryLQz. Since energy-momentum is conserved the momentum lost by

valence quarks must be carried by gluons and sea quarks. In the Altarelli-Parisi
Egs. (5.2)-(5.3) energy-momentum conservation is ensured by the sum rules (5.10)

which by Egs. (5.17)-(5.20) are quivalent to

0,2 .. 0,2 _

Y o *Yg voE (5.37)
v .y &2 =0 (5.38)

and consequently we have by Eq. (2.78)
R : (5.39)

In more formal terms this just expresses the fact that the anomalous dimension of
the energy-momentum tensor is zero. In Egs. (5.37-5.39) "(2)" stands for n = 2.

From Egs. (2.87) and (2.79) we have for f flavors

~ 3
0 = %2 * Tg+3t (5.40)
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and

€2= 1—&2=m (5.41)
and using (2.85) and (2.86), we verify momentum conservation

<2QH>, + <G(QD >, = <T(QD>, + <GQD)>, : (5.42)

Normalizing the total momentum of the hadron to | we obtain the following

asymptotic predictions

2 3¢
<I(QF) > - (5.43)
V% Zow T+
2 16
<GQRY>, o TEHIE : (5.44)

Because <v(°°)>2 = 0 we also have <Z(<!°)>2 = <§(=) >,. For instance, for £ = 4,
asymptotically 43% of the proton (or other target) momentum will be carried by
the sea and the remaining 57% by gluons. For f =6 asymptotically #7% of
momentum is carried by gluons and the remaining 53% by the sea. Notice that the
asymptotic fraction of momentum carried by quarks increases with the number of
flavors.  Similarly the asymptotic fraction of momentum carried by gluons
increases with the number of colors since for a gauge group SU(N) the 16 in Egs.
(5.40) and (5.41) is replaced by 20N% - 1). It should be remarked that these
asymptotic predictions do not depend on the target. On the other hand, at
moderate values of Q2 the momentum decomposition in the proton is, for instance,
different from that in the pion. For a recent discussion of these questions we refer

the reader to the paper by (Brodsky and Gunion, 1979).
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At low values of QZ, roughly 45% of proton momentum is carried by gluons,
7% by the sea and the remaining 48% by valence quarks. We expect therefore, on
the basis of predictions (5.43) and (5.44), a rapid increase with Q2 of the amount of
the sea, and a very slow (fast) increase (decrease) of the momentum carried by

gluons (valence quarks). Thus, effectively, valence quarks lose their momentum

almost entirely in favor of the sea. This is confirmed by explicit calculations.

¢c. The average values of x, « >, of the sea and gluon distributions decrease

with increasing gz Although the momentumn carried by the sea and gluons

increases, their «<x> values decrease as one can verify by means of Egs. (2.84)-
(2.86). This is obvious if we recall the intuitive picture at the beginning of this
section or notice (Nachtmann, 1973) that dnt as given in Table I, increase
monotonically with n and are positive for n > 2. Similar comments apply to higher
moments of <> Consequently we expect a decrease (as in the case of valence
quarks) of the sea and gluon distributions at large values of x and increase (due to
property b) of the distributions in question at small x values. This behavior has
profound consequences for the Q2 development of the deep-inelastic structure
functions.

d. The flavor symmetry breaking in the sea decreases with increasing Qz.

Eq. (2.84) implies that
Z(Q?) > - Q2 > = [«_:(ch,) > - <H(Q(2)) >n] exp l:— d;lsﬂ (5.45)

and similarly for any pair of different quark distributions. Thus asymptotically all
different quark distributions will be equal. Strictly speaking, Eq. (5.45) is only
approximate because it does not take care of thresholds effects. Consequently, for
the values of Q2 not much bigger than the (mass)2 of the relevant heavy quark, Eq.

(5.45) overestimates the rate of approach to the flavor symmetry limit.
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e. Generation of heavy quarks in the sea. It follows from Eq. (5.45) that if

we set the charm contribution equal to zero at some value of Q2 = Qg, then for
Qz > Qg the distribution in question will be different from zero. This is due to the
qq creation of Fig. 3b. Of course due to neglect of mass effects, Eq. (5.45)
overestimates the rate of generation of heavy quarks in the sea.

f. The Q2 evolution of the sea distribution depends on the shape of the gluon

distribution. Since the sea is produced in the process of Fig. 3b, its Q2 evolution
depends on the shape of the gluon distribution. From the intuitive picture
developed at the beginning of this section, it is clear that the steeper the gluon
distribution, the stronger the increase of the sea at small values of x. Similarly a
broad gluon distribution would lead to a non-negligible generation of sea quarks at
intermediate values of x, say x ¥ 0.3. Since the shape of the gluon distribution is
rather poorly determined experimentally, in practical applications the parameters
of the gluon distribution are very often kept free and are varied to get the best fit
to the data. Of course this freedom is limited to one value of Q2 = Qg and to the
moments n > 2, since the momentum carried by gluons is known due to momentum
conservation (Eq. 5.42) once the momentum carried by quarks is determined.

This completes the listing of the main properties of the Q2 evolution of
parton distributions as predicted by asymptotic freedom. We shall see below that
the knowledge of these properties greatly simplifies the discussion of QCD effects
in deep-inelastic scattering.

So far our discussion was rather qualitative. Choosing certain quark and
gluon distributions at Q = Qg we can either integrate numerically equations (2.52)-
(2.54) or invert numerically moment Egs. (2.84)-(2.86) to find the distributions in
question for Q2 £ Qg. The result of such a calculation is presented in Fig. 11. All

the properties discussed above are clearly seen.
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E. Approximate Solutions of Asymptotic Freedom Equations

For practical applications it is often convenient to have analytic expressions
for Q2 dependent parton distributions which to a good accuracy represent the
numerical solutions of Egs. (2.52)-(2.54) or Eqs. (2.84)-(2.86). We shall here present
the method for obtaining such analytic expressions proposed by (Buras, 1977; Buras
and Gaemers, 1978). We shall also refer to other methods which can be found in
the literature.

Let us parametrize the solutions to Egs. (2.52)-(2.54) or to Egs. (2.84)-(2.86)

by analytic expressions as follows:

n,(s) n.(s)
2y _ 3 1 _x) 2 5.46)
xv(x’ Q ) - B(nl(a’ 1 i nz(g)) X (l X) (
for valence quark distribution,
n (s)
xS(x, Q9 = AGNL-%) ° (5.47)
for any sea distribution, and
2 n
xG(x, Q°) = AGG)(I - X) (5.48)

for the gluon distribution.
Here s is given by Eq. (5.23) and B(" IG)’ 1+ HZG)) is Euler's beta function.
Its appearance is necessary if we want to satisfy the known sum rule

1
[ dx V(x, Q%) = 3 : (5.49)

0

H
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Notice that the parametrizations in Egs. {5.46)-(5.48) are simple generalizations of
the standard parametrizations used in the simple parton model (e.g. Field and
Feynman, 1977; Barger and Phillips, 1974). The functions niG) and AiG) can be
found as follows. At some Q2 = Qg or equivalently s = 0, ni(O) and Ai(O) are taken
from the data. This allows us to calculate the moments <V(Q§)>n, <Z(Q<7;)>n’
<G(Q§)>n and consequently by Egs. (2.84)-(2.86) we obtain <V(Q2)>n, <Z(Q2) > and
<G(Q2)>n for any (not too small) value of Q2 for which the equations in question

apply. The functions n 1(;0 and n 2(5) which describe the evolution of V(x, Qz) are

then found by assuming
N =n{0+ns  i=1,2 (5.50)

and determing the constant slopes n .1' by fitting the moments of the analytic
expression (5.46) to the asymptotic freedom prediction for <V(Q2)> q Which we have

just obtained. One obtains for instance (for four flavors, f = 4)
nl@ = 0.70-0.176s

nz@ = 2.60+0.8s (5.51)

2 and have been

where the input values 0.7 and 2.6 correspond to QCZ) = 1.8 GeV
chosen on the basis of SLAC data (Riordan et al., 1975; Bodek et al., 1979). The
formula (5.46) with ni(Qz) given by (5.51) is a good representation of the
asymptotic freedom Eq. (2.84) for 0.02 <x <0.8 and 0 <s < 1.6. Thisrange of s is

larger than that explored by present experiments and experiments to be performed

in the near future.
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Similar analytic expressions can be found for dv(x, Qz) and “v(x’ Qz)

separately. One obtains for instance

xd, (x, Q) = Gomon = o L (- (5.52)
where (for f = 4)
ny() = 0.85-0.245
”4(;) = 3.35+0.816s . (5.53)

2 and have been

The input values 0.85 and 3.35 again correspond to Qg = 1.8 GeV
chosen on the basis of SLAC data. As we shall see in Section VI parametrizations
(5.46) and (5.53) fit well the data. Needless to say the method just outlined can be
easily generalized, if required by the data at Qg, to any linear combination such as
.ZAixni(l - x)nj.

V) The method just discussed is less powerful in reproducing the Q2 dependence
of the sea and gluon distributions. This is due to the fact that the corresponding
asymptotic freedom Egs. (2.85-2.86) are very complicated. However, for a limited
range of x,0.02 <x < 0.3 and 0 < < 1.6, it is enough to use the moments n = 2 and

n=3 of Eqs. (2.85) and (2.86) in order to find xS(x, Q%) and xGlx, Q9. For

instance

X >
S

AG = <S(Q2)>2( 1 -1) (5.54)

1
nsG) = <X>5 -2 (5.55)
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where

<5(Q2)>3
x> = ———= (5.56)

<S(Q )>2
and <S(Q?) >, and <s(Q? >3 are given by Egs. (2.85). A similar formula exists for
gluon distirbution which, however, turns out to be only a fair representation of
asymptotic freedom due to a very rapid increase with Q2 of the gluon distribution
at very small values of x, as predicted by Eq. (2.86). This rapid increase cannot be
reproduced well by a simple formula like (5.48). Fortunately in the leading order
for deep-inelastic processes one has to deal only with valence quark distributions
and sea distributions. In addition, for x > 0.3 where the formula (5.47) is not
applicable, the sea distribution is very small, and all deep-inelastic formulae are
governed for this range of x by the valence quark distribution. Therefore the
method just outlined is useful for deep-inelastic phenomenology. For further
details we refer the reader to (Buras and Gaemers, 1978).

For applications to other than deep-inelastic processes, as for instance the
Drell-Yan process, one needs asymptotic freedom expressions for the sea
distributions which are valid for x> 0.3. Such expressions turn out to be very
complicated. They can be found in a paper by (Owens and Reya, 1978).

There exist in the literature other methods for obtaining analytic expressions
for the Qz-dependent parton distributions (Gluck and Reya, 1977b; Parisi and
Sourlas, 1979; De Grand, 1979), which the interested reader may consult. Simple
numerical inversion methods can be found in the papers by (Fox, 1977; Yndurain,
1978; Martin, 1978; Furmanski and Pokorski, 1979b). The first inversion of the
moment equations for nonsinglet structure functions by means of Mellin transform
techniques is due to (Parisi, 1973; Gross, 1974; and De Rujula et al., 1974). First

numerical in:cegration of integro-differential Egs. (2.52-2.54) has been done by

(Cabibbo and Petronzio, 1978).
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VI. SHORT REVIEW OF ASYMPTOTIC FREEDOM PHENOMENOLOGY

Using the procedure of Section ILE modified appropriately by the mass
corrections of Section II.D it is a straightforward matter to obtain asymptotic
freedom predictions for various quantities of interest and to confront them with
the experimental data.

There have been many phenomenological papers in the recent past, and it is
not a purpose of this section either to review them in detail or to present the best
comparison of asymptotic freedom with the data. Instead we shall try to present
the pattern of scaling violations and its size as predicted by QCD and as seen in the
data. We shall do this quite systematically. For each quantity we shall first give
qualitative predictions based on the properties of parton distributions which we
have listed in Section V.D. We shall then give quantitative estimates based on the
procedure of Section ILE, and we shall subsequently confront them with the
existing data. In all cases we shall refer to various papers where details on the
experimental data and their detailed comparison with asymptotic freedom
predictions can be found. The analysis of this Section is based on leading order
predictions oniy.F27

A. Electroproduction and Muon Scattering
l. Structure functions
According to asymptotic freedom, with increasing Q2 one expects a decrease
of the structure functions at large values of x and an increase at small values of x.
The increase at small x values is due to the sea component, whereas the decrease
at large values of x is caused mainly by the decrease of the valence component.
This qualitative behavior is certainly consistent with the ep, up, ed and uFe data
(Watanabe et al., 1975; Riordan et al., 1975; Taylor, 1975; Atwood et-al., 1976; Anderson

et al., 1977; Gordon et al., 1979; Bodek et al., 1979). These data show a definite decre ase



-112- FERMILAB-Pub-79/17-THY

of the structure function F 2(x, Qz) for x > 0.25 and a Qz-independent behavior for
0.15 < x <0.25. For x < 0.15 the data for ep and ed scattering are poor and nothing
definite can be said. The scaling violations in question increase with increasing x in
accordance with the increase of the anomalous dimensions with increasing n.
Asymptotic freedom fits, with or without mass effects, give good agreement with
the data above. The parameter A is found to be in the range 0.3 < A < 0.5 GeV.
The details of such asymptotic freedom fits can be found in the papers by
(Parisi and Petronzio, 1976; De Rujula, Georgi and Politzer, 1977a; Gluck and Reya,
1977a; Buras and Gaemers, 1978; Fox, 1977; Tung, 1978; Kogut and Shigimitsu,
1977a; Johnson and Tung, 1977a, b). We show a typical asymptotic freedom fit in
Fig. 12. The best data for structure functions at small values of x come from up
scattering (Anderson et al., 1977; Gordan et al., 1979).F28 For x <0.15, and
especially for x < 0.10, a definite increase with Q2 of ng is observed. As shown in
Fig. 13, the agreement of asymptotic freedom with the data is again good with a
value of A consistent with that obtained from ep and ed scattering. We should like
to remark that the increase at small values of x is expected to be caused by the

increase of both the non-charmed sea as well as of the charmed sea component of

the proton.

The data above extend over the range of Q2 up to 60 GeV2 with the majority
of experimental points below Q2 =30 GeVz. Recently results from a uFe
experiment have been reported for Q2 up to 150 GeV (Ball et al., 1979). The
scaling violations observed in this experiment agree well with asymptotic freedom
predictions for Q2 <20 GeV2 but disagree with it for larger values of Qz. Infact a

decrease of the structure functions for 0.15 <x< 0.25 and for Q2 < 20 GeV2 is

followed by an increase for Q2 > 20 GeV2. Whether these data cause a probiem for
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QCD remains to be seen. The effect is much too strong to be explained by new
flavor production with the conventional charge assignment. It is of great interest
to see whether the new p-experiments at CERN and at Fermilab will confirm the
finidng of Ball et al.

2. Moment analysis

Anderson, Matis and Myrianthopoulos (1978) have made a comparison of the
asymptotic freedom predictions for the moments of Fz(x, Qz) with the experimen-
tally extracted Nachtmann moments as defined by Eq. (2.124). Their analysis
includes ep, ed and pp data. The agreement of QCD with the data is impressive as
can be seen in Fig. 14. The preferred value of the parameter A turns out to be
0.66 + 0.08 GeV, a slightly higher value than that obtained from the direct analysis
of the structure functions.

B. v and v Deep Inelastic Scattering (Charged Current)

Asymptotic freedom predictions for v and v deep-inelastic scattering can be
obtained by means of the parton model formulae of Section II and the Q2 dependent
parton distributions of Section V.

l. Total cross-sections

In the simple parton model the total cross-sections o /E\) and crV /E; are
independent of energy except for possible threshold effects due to heavy quark
production. In addition 03/0\) = 1/3 in the absence of sea quarks and 03/0\) = 0.40
if the sea carries 5%-10% of the momentum of the nucleon as observed at
Gargamelle (E = 5 GeV) (Eichten et al., 1973; Deden et al., 1975). In the presence
of asymptotic freedom effects A cr\-; and also 0; o depend on energy. This
energy dependence arises as follows. With increasing energy, a larger range of Q2

is explored and, consequently, the valence and sea contributions to any of the

cross-sections are effectively decreased and increased, respectively. The sea

contribution to v and v cross-sections is roughly the same except for the difference
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in charm production. On the other hand, the valence quark contribution is roughly 3
times larger in the v cross-section. Consequently in the range of energies explored
by present experiments, the energy dependence of o, is expected to be governed by
the decrease of the valence quark distribution, i.e., o, /E is expected to fall
(Hinchliffe and Llewellyn-Smith, 1977b) with increasing energy. For v scattering
the decrease of the valence quark contribution is roughly compensated by the
increase of the sea. Thus a\‘)/E is expected to be roughly constant at moderate
energies. At higher energies, where charm production is at full strength, o; /E is
expected to rise slowly. Asymptotically it should approach cv /E. In summary, in
the range of energies explored by present experiments, one expects a decrease of
o, /E and a constant behavior followed by an increase for 0\—)/E. Consequently the
ratio c;/c\) is expected to increase. These expectations (Altarelli, Petronzio and
Parisi, 1976; Barnett, Georgi and Politzer, 1976; Buras, 1977; Glick and Reya,
1977a; Barnett and Martin, 1977; Hinchliffe and Llewellyn-Smith, 1977b; Buras and
Gaemers, 1978; Barger and Phillips, 1978; Fox, 1978; Avilez et al., 1977; Graham et
al.,, 1977; Roy et al., 1977) are confirmed by the recent high energy experiments
BEBC (Bosseti et al., 1977), CALT (Barish et al.,, 1977b; 1978), Serpukhov
(Asratyan, 1978) and CDHS (de Groot et al., 1979a) when combined with low energy
data as is shown in Figs. 15 and 16. We should like to remark, however, that above
E = 40 GeV the changes in the cross-sections are very weak both in the theory and
experiment, and to a good approximation the total cross-sections in the range
40 < E < 200 GeV can be represented by a simple parton model formula with Qz-
independent quark distributions, with the amount of the sea (valence) larger
(smaller) than that observed at Gargamelle.

The very slow change of the total cross-sections with energy is easily
understood. Integrating over x amounts to summing up the increasing and

decreasing with Q2 parts of the structure functions which compensate partly each
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other leading to a small effect. The same phenomenon happens in the case of <y>

on which we now comment briefly.

2. < y >
In the simple parton model for the strong interactions and for the structure of

do
weak interactions given by the Weinberg-Salam model the distributions ) and

E dy
do—
E —% are, in the absence of the sea quarks in the nucleon, flat and v (1 - y)z,
respectively. Consequently <y>, =0.5and <y >5 = 0.25. If the sea carries 5%-10%

do
momentum of the nucleon as observed at Gargamelle the distributionsé -% and

do—
E d—;” have additional small (1 - y)2 and small flat components respectively which

lead to <y >\) = 0.48 and <y > = 0.3. If strong interactions as described by QCD are
switched on, the sea component increases and the valence component decreases
with energy. Consequently <y >, and <y>\" are expected to decrease and increase
with energy, respectively. These expectations are confirmed by the recent high en-
ergy experiments, CITFR (Barish et al., 1977a. 1978) and CDHS (De Groot, 1979a)
as shown in Fig. 17. The rate of change is, as in the case of total cross;sections,
very slow. In particular the CDHS group hardly sees any dependence. At
E = 200 GeV <y > % 0.46 and <y>¢ = 0.34. Asymptotically we expect
<y>\) = <y>v = 0.44. Therefore if nothing but asymptotic freedom effects are
present at higher energies one should observe a detectable increase of <Y>V’ but
almost constant <y> . These slow changes with energy of <y>v and <y>v » as well

do Vdo—

1 v 1 v . .
as of E Jy and E @ predicted by asymptotic freedom are very fortunate

because they will not mask the changes in y distributions due to W boson
propagator. The latter effect (for my, = 80 GeV) is much stronger in the range

500 <E <104

GeV than asymptotic freedom eifects. We refer the interested
reader to a paper by Halprin (1978)l=29 where a detailed study of the W boson
propagator effects in y distributions can be found.

3. <x >, <Xy >, <xn>

More useful quantities to test asymptotic freedom ideas than those discussed

in B.1 and B.2 are the averages <x> and <xy>, or, more generally, the moments
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, (6.1)
mn_ _ 1 m n do
<Xy >-Off dxdy x'y Ixdy . (6.2)

On the basis of the properties of the Qz dependence of parton distributions listed in
Section V.D and the formulae of Section ILB, both <x"> and <xmyn> should
decrease with increasing energy. As an example we show in Fig. 18 the data for
<Q2/E> = 2M<xy > which exhibit the expected enérgy dependence. The solid curve
in the figure corresponds to a typical asymptotic freedom fit with A = 0.5 GeV.

The data are from GGM (Eichten et al., 1973), BEBC (Bosetti et al., 1977), FNAL

(Berge et al., 1976), SKAT (Baranov et al., 1978) and CDHS (De Groot et al., 1979a)
and IHEP-ITEP (Asratyan et al., 1978).
4. [ dx Fi(x, E) and [ dx ani(x, Eh)

If asymptotic freedom or any renormalizable field theory ideas are correct,
then the structure functions Fi do not depend directly on the incoming energy E but
on Qz. This is obvious if we recall the intuitive picture of Section V.A. Therefore
it is not a very convenient way to test asymptotic freedom ideas by measuring the
integrals S dxFi(x, E). Experimentally they are extracted by using simple parton
model formulae and assuming factorization in x and y. This last assumption is not
true in QCD. The only way to compare the integrals of the structure functions in
question as presented for instance in the papers by (Bosetti et al., 1977; Barish et
al., 1978) is to relate them to the total cross-sections o, and o and calculate the
latter using asymptotic freedom formulae as discussed previously. Such an exercise

is made in Fig. 19 where we have used the relations

1 O + 0=
[ Fyx, B)dx = 32" o (6.3)
0 4G2M
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j>l<1= (x, Bix = =31 v % (6.4)
, - : )
0o 2 2c2m

The integral in Eq. (6.3) measures essentially the fraction of the proton
momentum carried by quarks and antiquarks. This fraction decreases very slowly
since some of the momentum is effectively transferred to gluons. The decrease of
the integral in Eq. (6.4) is mainly due to the decrease of the valence component of
the nucleon. Asymptotically the integral of F3 is expected to be zero.

More sensitive tests of asymptotic freedom can be made by measuring the

moments
1 n
fO dx x Fi(x, Eh) (6.5)

where E’h is the hadronic energy which is related to Q2 by

Q% = 2xv = 2XM(E, - M) * 2xME, . (6.6)

In order to calculate the Eh dependence of the moments in Eq. (6.5) in the
framework of asymptotic freedom one computes first Fi(x, Eh) from Fi(x, Qz) by
using Eq. (6.6). Subsequently the moments of Eq. (6.5) are calculated by a
straightforward integration. It should be however kept in mind that for finite fixed
energy Eh the lower Jimit of integration corresponds to Q2=O for which
perturbative calculations do not make sense. If we take szin =2 GeV2 to be the
minimal value of Q2 for which perturbative calculations are reliable then for
E,, =5 GeV, 20 GeV and 200 GeV the corresponding minimal values of x are 0.10,
0.025 and 0.0025. Therefore only for E.h > 20 GeV can we reliably estimate the

n = 0 moment of Eq. (6.5) in perturbation theory. The situation is better for n > 0
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because these moments receive only a very small contribution from very small x
regions. In Fig. 20, which we took from the paper by (de Groot et al., 1979a), we
show the average values

1 1
= [ xFy(x, B )dx/[ F,(x, E)dx (6.7)
0 0

X
Fy

and

1 1
Xp = | x°Fy(x Epddx/ [ xFylx, By)dx (6.8)
3 0 0

as functions of E.h The solid curve is the asymptotic freedom prediction with

A = 0.47 GeV.

5. x distributions

From the properties of parton distributions as discussed in Section V.D and
the formulae of Section ILB it immediately follows that the distribution lEEIE %;E in
both v and y processes should increase and decrease with energy at small and large
X values, respectively. These trends are in agreement with the existing high energy
data. We refer the interested reader to the paper by (Fox, 1978 ) where a detailed
comparison of asymptotic freedom predictions with the experimentally measured x
distributions has been made. Also very recent data for x distributions (Benvenuti et
al., 1979) exhibit the expected pattern of scaling violations. The x distributions
deserve certainly further experimental studies since among the quantities which

directly depend on energy and not on Q2 the quantities in question are expected to

show the largest asymptotic freedom effects.
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6.V andV structure functions

So far we have discussed only the energy dependence of various quantities
which can be measured in v and V induced processes. We concluded that, except
for the x distributions and the moments (6.5), the measurements of the energy
dependence are not very sensitive tests of asymptotic freedom ideas. Certainly the
best way to compare the theory with the data is to consider the structure functions
as functions of Qz. The Q2 dependence of F\z) v is expected to be similar to that of
ng , L.e. they should increase at small values of x and decrease at large values of
x. On the other hand, the Q2 dependence of F3 should be similar to that of the
valence quark distribution. These expectations are confirmed by the recent high
energy data obtained at CERN (Bosseti et al., 1978; de Groot et al., 1979a, b). As
an example we show in Fig. 21 the QZ dependence of F\; as measured by de Groot

et al. The solid lines correspond to an asymptotic freedom fit with A = 0.47 GeV.

7. Moment analyses of BEBC and CDHS

One of the predictions of QCD is the n dependence for the anomalous
dimensions of various operators. This n dependence can be tested indirectly by
comparing the scaling violations as predicted by the theory with the experimental
data. Such a test is not ideal because one has to make assumptions about the
structure functions or parton distributions (in particular about the gluon distribu-
tion) at some value of Q2 = Qi and for the whole range of x. Also there is one free
parameter, A. It would be useful to have a direct way of experimentally
"measuring" the n dependence of the anomalous dimensions in experiment. This is,
in fact, possible for the non-singlet anomalous dimensions as has been suggested
and measured by the BEBC group (Bosseti et al., 1978). Recently a similar analysis
has also been carried out by the CDHS group (de Groot et al., 1979¢c). Consider the

moments of the structure function F3 which in QCD are given as follows
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0,n

A2
n% | “N§ %o
2y _ 2 A
M Q%) = M (@) ; (6.9)
n Qo
In _i
A
Consequently it follows that
2
y O,n In %
InM_(Q) = InM (@D - -5, A (6.10)
n - n‘>o 28 2 ’ :
o Qo
in —2
A

Therefore, if we plot In M, (Qz) for a given n = n; vs.In M (QZ) with n, ;énl, we
1 2

should obtain a straight line with a slope given by the ratio

O,nl 2 1
I- + 42 -
YNS nl(l +n1) J:2 ]

o,n, = o . (6.11)

Y 2

Notice that this ratio is independent of the gauge group as well as the number éf
flavors, [t is also independent of A. It should be remarked that formula (5.11)
expresses the vector character of the gluons and is true in any theory in which
strong interactions are mediated by vector particles. In the case of theories with
scalar gluons the sums in Eq. (6.11) should be dropped (Christ, Hasslacher, and
Mueller, 1972). The combined data from Gargamelle and BEBC (Bosetti et al.,
1978) and the CDHS data (de Groot et al., 1979¢c) exhibit straight lines for the plots
in question as can be seen in Fig. 22. The extracted slopes are compared with the

predictions of vector and scalar theories in Fig. 23. The following observations can

be made on the basis of these results:
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i) Gargamelle-BEBC results agree very well with the formula (6.11) and

disagree with the predictions of the scalar theory (Ellis, 1978).

ii) The ratios of the ordinary moments (Cornwall and Norton, 1969) extracted
by the CDHS group favor the vector theory whereas the ratios for the Nachtmann
moments lie almost exactly between predictions of vector and scalar gluon
theories.

iii) The predictions of the scalar theory are systematically below all the data
considered.F3 0
We may therefore conclude that the results above give some support to the belief
that the mediators of strong interactions are spin-1 particles. Recently Abbott and
Barnett (1979)F 1 reanalyzed the data of BEBC and CDHS and investigated how the
plots in Figs. 22 and 23 depend on the cuts in Q2 and how they could be effected

by higher-twist contributions. Their analysis weakened somewhat the conclusion made

above. We refer the reader to this interesting paper for details.

It should be remarked that although the plots of Figs. 22 and 23 may help to
distinguish between vector and scalar theories, only ratios of anomalous dimensions
are "measured" in this way. By taking ratios, some of the predictions of the theory,
namely the size of the anomalous dimensions, are lost. Furthermore, the anomalous
dimensions of non-singlet operators which we discussed here represent only a part
of the theory in which singlet operators are also present.  Therefore to test the
theory more critically and in particular to distinguish it from other vector theories,
it is necessary to study the full Q2 evolution of structure functions with both
singlet and non-singlet contributions taken into account, as we did in the previous
subsections. Discussion of the predictions of other field theories will be presented

below.
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Finally we would like to comment on a paper by (Harari, 1979) who derived
"bounds" on the slopes in Fig. 23 assuming that xF 3(x, Qz) behaves as
2)

1 -x

a,Q )az(QZ)

X

B(a,(Q%), 1 +2,(Q%)

XF(x, Q%) = 3 (6.12)
where al(Qz) and az(Qz) are slowly-varying functions of Qz, decreasing and
increasing, respectively. B(a 1(Qz), 1+ aZ(Qz)) is the Euler's beta function needed

to ensure the Gross-Llewellyn-Smith relation. The bounds obtained in this way are
rather stringent, and the results of the CDHS group and the BEBC collaboration
cover the entire range allowed by these bounds. Thei‘efore, Harari concluded that

the data in question cannot be considered as evidence for the validity of QCD. It
should, however, be remembered that the form (6.12) is exactly the form of Eq.
(5.46) which turned out to be a good representation of QCD. Furthermore, the
assumption that the functional form of xF3(x, Q2) will not be changed with Q2 isa
strong assumption which is approximately satisfied by QCD but will in general not be true
in an arbitrary theory. In fact it is not difficult to violate Harari's bounds by choosing
arbitrarily the n-dependence of the anomalous dimensions yggn in Egs. (6.9-6.11).
Next, inverting Eq. (6.9), one finds that the functional form assumed at one value

of Q2 cannot in.general be retained with varying Qz. For instance, scalar gluon
theories violate Harari's bounds. Therefore, although Harari's analysis is
interesting in itself, we do not agree with Harari's conclusion and think that the
BEBC and CDHS data do give support to QCD. We agree however with him, as we

stated above that a better test of the theory can be made by studying the full Qz-

evolution of the structure functions or their moments.
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8. Comments on neutral current processes

In QCD, scaling violations are also expected in the neutral current processes
(Barnett and Martin, 1977; Buras and Gaemers, 1977; Barger and Phillips, 1978;
Hinchliffe and Llewellyn-Smith, 1977¢). In particular, the well-known plot Rv vs. R'\')'
is expected to change with energy. The present data on neutral currents are, however,
not precise enough to make any QCD analysis meaningful.

C. Comments on Fixed Point Theories

Until now our discussion of scaling violations concentrated on asymptotically
free gauge theories. Here we shall comment on theories in which the effective
coupling constant approaches for Q2+ © a constant value g* £ 0 (so-called fixed
point at which B(g*) =0). If g* is small then we may hope to calculate predictions
of these theories in perturbation theory in g*. It should be emphasized however
that the structure of fixed point theories is not well known. In particular, we do
not know whether a fixed point with a small value of g* exists. Therefore if we
assume g* to be small, use perturbation theory and show that the result disagrees
with the data, we still cannot claim that we have ruled out the theory in question.
It could namely happen that g* was large in fact and the true prediction of the
theory obtained by non-perturbative methods was consistent with the data.

Nevertheless it is interesting to see what happens if perturbation theory is
used. Since the ratios of anomalous dimensions in scalar gluon theories (obtained in
perturbation theory) are systematically below BEBC and CDHS data, we shall
discuss. here only abelian vector theories. These theories have been studied
extensively by (Glick and Reya, 1976, 1977a, 1979) and we shall only recall the
most important points of their analysis.

For the moments of non-singlet structure functions we have
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NS, o2y . uNS o2 WnQ®
M7 (n, QF) = M (n, Qo)exP - f dty NS
%in Qg
y "
NS 2 217 2
= MY, Q@) [ ~ ] (6.13)
Qo
where y I:IG’Sn is determined by its fixed point value
2
* n 4
*n g 8 [ 2 4 l] o *
YaE = 3| 1- +4) =1 +0(g . (6.14)
NS 16Tr2 3 nn + 1 J=ZJ

The n dependence of Y;]% is exactly the same as in QCD. The Q2 dependence
in Eq. (6.13) is different but as noticed first by (Tung, 1975; Llewellyn-Smith, 1975) if g* is
properly chosen Eq. (6.13) can mimic the corresponding QCD prediction in the
range of Q2 available in present experiments. In particular Reya (1979) and Abbott and
Barnett (1979) find that ;belian vector theories agree well with CDHS and BEBC data for

the moments of F3 if g* /161r2 = 0.04. Therefore if g* is small and the leading order formu-
lae (6.13)~(6.14) are used, the fixed point vector gluon theories cannot be at present
distinguished from QCD on the basis of scaling violations observed in non-singlet
structure functions. It has been pointed out however by Gliick and Reya that such a
distinction can be made on the basis of the singlet structure functions. They
propose to look at the second moment of F\Z) N(x, Qz), which in the parton language
measures the fraction of the proton momentum carried by the quarks. In
experiment the moment in question is roughly equal to 0.5 at low values of Q2 and
decreases very slowly with increasing Qz. It turns out that only QCD and so-called
"fixed point QCD" (FP-QCD, QCD with the vanishing triple gluon vertex) agree
with this behavior. All other theories considered by Glilick and Reya predict an
increase of the second moment with Q2 (as pointed out by Abbott and Barnett (1979),

higher twist effects could invalidate these results).
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Gluck and Reya (1979) investigated also the full x and Q2 dependence of
F\z) N(x, Qz) and concluded that further discrimination between QCD and the FP-
QCD cannot be made on the basis of the present data on scaling violations.

Once again we would like to emphasize that when judging these results one
should keep in mind that the predictions of fixed point theories as discussed here
cannot be treated on the same footing as the QCD predictions. The reason is that
whereas we can believe in the results of perturbative calculations in QCD, there is
no reason that such calculations are justified for fixed point theories.

D. Critical Summary

As we have seen in this Section, asymptotic freedom (leading order)
predictions agree well with the scaling violations observed in ep, ed, up, vIN and VN
deep-inelastic scattering. We should, however, be very careful in judging these
results. The reasons are as follows:

a) The mass corrections, which enter any asymptotic freedom analysis, are,
on the one hand, non-negligible at low values of Q2 and, on the other hand, as
discussed in Section II not completely understood. Presumably the problem of
target mass corrections cannot be completely solved within perturbation theory.
The effects of heavy quarks can however be discussed in the framework of
perturbation theory except for the region close to various thresholds, where non-
perturbative effects are probably important. Since the ultimate QCD predictions
depend on the treatment of mass and threshold effects, further study of the effects
in question is very desirable. One way to circumvent partially the problem of mass
correction is to make QCD comparison with the data for (#xzmz/Qz) << 1, where

at least target mass effects are expected to be small.
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b) The effects of higher twist operators, which we have not included in our
analysis, may turn out to be of some importance at low values of sz 0@ GeVz)
(for a recent analysis see Abbott and Barnett, 1979).

c) There is the question whether the use of leading order predictions at low
values of Q2 is justified in view of the existence of calculable higher order

corrections. We shall try to answer this question in the next two Sections.
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VII. HIGHER ORDER ASYMPTOTIC FREEDOM CORRECTIONS TO
DEEP-INELASTIC SCATTERING (NON-SINGLET CASE)
A. Preliminaries

In the last three sections we have discussed leading order predictions of
asymptotic freedom for deep-inelastic processes. We have seen that these
predictions are in a good agreement with all experimental data with the value of
the scale parameter A in the range from 0.3 GeV to 0.7 GeV. However, at
Q2 = few GeVZ the leading asymptotic behavior cannot be the whole story and it is
of interest and of importance to ask whether higher order corrections in the
effective coupling constant gz(Qz) modify these results. In this and the next
section we shall discuss these corrections in great detail. We shall see that these
corrections are different for different structure functions and consequently various
parton model relations and current algebra sum rules, which were true in the
leading order, are no longer satisfied. The experimental verification of the

violations of these sum rules is very important although a difficult task.
There is still another reason why higher order calculations are important.
This is the fact that without them the value of A cannot be extracted from
experiment in a theoretically meaningful way (Bace, 1978). To see this consider
the moments of a non-singlet structure function as given by the leading order

expression and, to simplify the argument, take the appropriate roots

230
- YO,‘n 2
M@Q) =M @)1 ™ A % : 7.1)
Ao

where ;xn are Qz-independent numbers. If the experimentally measured moments

are
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2
- A
A_Ing3s 7.2)
then {(in units of GeV)

ALO = 0.7

Now let us introduce next to the leading order corrections to the leading order

formula (7.1) and write it as

. . 2
M QD - Anln%z +R_ . (7.3)

If Rn =4 ‘Rn’ where § is an n independent number, then we can rewrite (7.3) as

~

. 2
M @ = Anln%z (7.4)

with

Now we have various options. We can work with Eq. (7.4) and say that we have
absorbed all higher order corrections by redefining the parameter A. In that case
A'=A; . We can also work with expression (7.3) but in this case

2 $,2
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In practice Rn is not proportional to An but one can always redefine A (Bardeen,

Buras, Duke, Muta, 1978) by using the equality

2 2
~ Q _ ~ Q ~
Anln A2+Rn = Ay ln A,2+[Rn—6An] (7.7)

The freedom in defining A, as discussed here, is related to the freedom which we
have in defining the effective coupling constant ’g_z(Qz) when solving renormali-
zation group equations. (For more details, see Section VILF.) All these examples
show clearly that one cannot discuss numerical values of A in a theoretically
meaningful way without calculating higher order corrections and without specifying
the definition of the effective coupling constant.

Once a definition of §2(Q2) is made and is used in calculations of higher order
corrections in various processes it is possible to make a meaningful comparison of
higher order corrections to various processes. We shall see that these corrections
are generally different for different processes. This teaches us that it is in
principle unjustified to use the same value of A in the leading order expressions for
different processes. On the other hand, once higher order corrections are included
in the analysis and §2(Q2) is properly defined in a universal way, it is justified to
use the same value of A in different processes. We shall discuss all these questions
in greater detail and with specific examples, but first we have to calculate the
higer order corrections. As we shall see there are many subtle points related to
higher order calculations which one does not encounter in the leading order. These
are, for instance, various gauge dependences and renormalization prescription
dependences of separate elements of the higher order formulae. We shall deal with

all these questions in detail.
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B. Wilson Coefficient Functions of Non-singlet Operators to Order gz
We begin the discussion of higher order corrections with the non-singlet
structure functions (e.g. ng - F;n, ng - F\Z)P R F3, etc.) which we generally denote
by ng(x, Q2). In Quantum Chromodynamics the moments of F}:js(x, Q2) are given

as follows

1 2
MY, QD) = [ ax x2S, Q1) = ANS(ACNS (0 L2\ wii2 (g
k 0 k n k,n uz

2
(% , gz) . (7.9
u

1
NS 2 -1 2
M3~(n, Q9) = fo dx x" Fa(x, Q) = A?S(uz)cl\;,sn

Here CESn(QZ/u2 R g2) are the Wilson coefficient functions of the non-singlet
b4

operators and Arl:]

NS
n

S(112) are the corresponding reduced hadronic matrix elements.

The A ™'s are uncalculable by present methods and as discussed in the previous

sections must be taken from experiment. The coefficient functions

NS
c k,n

satisfy the renormalization group equations (4.8) which have the following solution

(Qz/ uz, g2) are, on the other hand, calculable in perturbation theory. They

—r~2 n
g(Q%) Ynelgh)
Ns'8 ] (7.10)

2
NS [Q° 2\ _ NS, =2 ,
Ck,n( 2 '8 ) = Conlls gexp [' I D) %' B

where Y?«s(g) is the anomalous dimension of the non-singlet operator O&S and

EZ(QZ) is the effective coupling constant. EZ(QZ) satisfies the equation

_dgt_z gBl® ; gt=0 =g . (7.11)
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Here t = In Qzluz and g is the renormalized strong interaction coupling constant.
In order to find explicit expressions for the leading and next-to-the-leading

contributions to Cﬁsn(Qzl pz, gz) we expand YRIS@’ g (g) and Cijsn(l, gz) in powers
1 b

of g
2 -
n @n g (1),n( g )
Yans@® = ¥ Y (7.12)
NS NS 161T2 NS 161T2 ’
-3 =5
B(g = - B, _8_2 - B, —g-—z- , (7.13)
l6mw 2
(167%)
-2
and (through order g“)
2
NS
B =
SNS (l + 16112 k,n ) k=23
NS, =2, _ |
Clen(lr8) = < . (7.18)
’ -2
L NS
8 (o +8-B ) k=L
NS 16112 L,n

Here 6'&5 are constants which depend on weak and electromagnetic charges.

Inserting Egs. (7.12)—(7;14) into Eq. (7.10), expanding in EZ(QZ) and inserting

the result into Egs. (7.8) and (7.9), we obtain after putting u2 = Qg
[324Q) - EA4QD1 2,27 Ns
NS, ~2y _ sk sNS;~2 &\~ o NS 2°(Q9)
Mk (n, Q) = SNSAn (Qo) I+ > Rkn )
16T ’ g°(Q)
k=23 (7.15)

where
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W TN
dNS = 38" s (7.16)
JWn L @n
Ri’,sn - Bﬁ,sn+ leés - 215 B, (7.17)
o 2.‘30

and EZ(QZ) is to be calculated by means of Eq. (7.11) with the8 function given by

Eq. (7.13). For the longitudinal structure function we obtain

2 4 -d?
gNS 1n9—2 NS
MNS(h, @2 = oL aNS(Q2) L0 A . (7.18a)
L NS 'n o 2 2
8 In <& W
o 2 In —
A ¥

Because the longitudinal structure function vanishes in the leading order it is
sufficient to use here the leading order formula for EZ(QZ) i.e. Eq. (2.50).
In the phenomenological applications it is often convenient to insert into Eq.

(7.15) the explicit expression for _g_z(Qz) which is given as follows

2
2 6 1n1n%
gQ9 1 __13 1\2 L0 1 : (7.19)
2 ° 7 . ‘
L6 Boln% Bo anQ—Z lnB%
A Iy . K

Here A has been arbitrarily chosen so that there are no further terms of order

1/(in? QZ/AZ). Clearly this choice of A is not unique and one could use other
definitions for A which lead to additional terms of order l/(ln2 QZ/AZ) in Eq. (7.19).
In this review, however, we shall only use the functional form of EZ(QZ) as given in
Eq. (7.19). A, u 2 and E(uz) are related to each other by Eq. (2.89). |
Inserting (7.19) into (7.15) we obtain the following generalization of the

leading order formulae (4.17a) and (4.18a)



-133- FERMILAB-Pub-79/17-THY

2 n
RNS (02 In | -dns
Q (Q 2 2
NS 2 k . NS,~2 k,n A
M P(n, Q%) =6 Aq (Q) 1+
k NS l2 2 Qz
BolnA2 Boln—2 ln—;
A A
k = 2,3 (7.20a)
where
rRNS (@2 = NS ! y JMn n @ (7.21)
k,n = Sk~ 282 NS 12 .

with RILISn given by Eq. (7.17).
’

The value of Qo in Eq. (7.20a) is arbitrary as required by the renormalizaiton

group equations and the predictions for MNS(n, QZ) are independent of it.

Therefore it is convenient to get rid of Qg by writing Eq. (7.20a) as follows

-d"
rN (Q 2) 2 NS
MES(n, Q%) =5 ‘;,SANS 1+ —k’“—z [ In< ] k=23  (7.20b)
A

Here AN are constants (independent of Qz), which are related to AES(Q?)) by the

following equation

- -d"
NS, 2, _ =NS (Q) Q<2> NS
ASQd) - A P In =3 (7.22)
2 A
8_1n 2
2

Notice that Egs. (7.20b) and (7.22) are straightforward generalizations of the
leading order formulae (4.17b), (4.18b) and (%.19).

Similarly we can write (7.18a) as
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NS -dn
B 2 NS
L,n [ln Q 1

MmN, @& = sk aNS | (7.18b)
L NS 'n 2 2
ol A
Boln 5
A
NS . .
where A "~ is defined by Eq. (4.19).

n

rl:IS = A?S. This is because for

It should be remarked that theoretically A
sufficiently large values of Qz, for which higher order corrections are small, Eq.
(7.20b) and the corresponding leading order formulae (4.17b) and (4.18b) should
coincide. In phenomenological applications, however, Al:s and K?S, being
uncalculable in perturbation theory are regarded as free parameters and are found
by fitting the formulae in question with the data. Since formulae (7.20b), (4.17b)

and (#.18b) have different structures, fits to the same data will lead to different

numerical values for Ars and KE.? Therefore, we use different notation for A?S

NS

and An .

We see that, in order to find the next to the leading order corrections, one

has to calculate two loop contributions to Y&S(g) and B(g) and one loop corrections

NS
k,n

calculated by Caswell (1974) and Jones (1974) and is given for an SU(3)  gauge

to C'\'° (1, gz). The two-loop contribution to the 8 function, i.e., parameter 8 1 has been

theory with £ flavors by

8. = 102-28¢ . (7.23)
It should be remarked that Bl as well as Yl\oj’sn and Bo are renormalization
prescription-and gauge-independent.

Esn for electromagnetic processes and V scattering have
’

The parameters B
been calculated by Calvo (1977) and for electromagnetic processes by de Rujula,

Georgi and Politzer (1977a). The results obtained in these two papers disagree with
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each other. The reason for the disagreement between these two cal culations

is that they have been performed in two different renormalization schemes. Calvo
has used renormalization on the mass shell whereas de Rujula, Georgi and Politzer
made subtractions at p2= -uz (see Section III). In fact as has been pointed out by

NS ..
k.n are renormalization
b

(Floratos, Ross and Sachrajda, 1977) the parameters B
prescription dependent. Of course the moments of the structure functions cannot

depend on the renormalization schemes used, and it can be shown (see Section

VIL.D) that the renormalization prescription dependence of the parameters Bﬁsn is
’
cancelled by that of the two-loop parameters y(l\%’r.] In other words the quantity
1),n
NS NS
B knt 78 B (7.24)

which enters the formula (7.17), is renormalization prescription independent. This
means that the calculations of higher order corrections can be performed in any
renormalization scheme but care must be taken that both quantities are calculated
in the same scheme. This implies that without doing explicit calculations one

Bﬁfn and Y(1\11)s’% B, in any higher

cannot a priori neglect any of the two quantities
order formulae. The reason is that in some schemes the two-loop contributions are
dominant in the sum (7.24) whereas in other schemes Blﬁ,sk are most important.

The full calculation of the sum of Eq. (7.24) has been performed in the
literature only in the 't Hooft's minimal subtraction scheme. The parameters Bﬁ’sn have
been calculated by (Bardeen, Buras, Duke and Muta, 1978) and recalculated by
(Floratos, Ross and Sachrajda, 1979). The latter authors have also calculated the

two-loop anomalous dimensions Yl(\]l%’rYFloratos, Ross and Sachrajda, 1977).
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We shall now outline the procedure for the calculation of the parameters

Bﬁsn and subsequently prove the renormalization prescription independence of the
?

sum in Eq. (7.24).

C. Procedure for the Calculation of BNS

k,n
We first notice that in order to find Bﬁsn as defined in Eq. (7.1%), it is
’

sufficient to calculate Cll\isn(QZ/p 2, gz) in perturbation theory to order g2 and put
H
Q2 = uz. This is obvious from Egs. (7.10) and (7.11). In order to calculate

CIESn(QZ/ pz, g2) in perturbation theory we proceed as follows. We write first the
’

Lh.s. of Eq. (3.54) as

X p
d Qz 2 . Paqg &2 2
+ usz’n ( pz '+ 8 ) - IE]JWB v T3,n ( pz ' 8 ) (7-25)

where p2 is the target momentum squared and we have indicated on the r.h.s. of

Eq. (7.25) that T T, and T, . will be calculated in perturbation theory. The

L,n’

tensors € v and du\)' are defined in Eqgs. (2.2) and (2.3) respectively. Restricting

2,n 3,n

the discussion to the non-singlet contributions, we obtain by comparing (3.54) and

(7.25) the following relation for each n separately

2 2 2
NS [Q° 2\ _ ~NS [Q° 2\ 4NS/p° .2 _
T k,n( pz 1 g ) - C k,n ( uz ’ g ) An ( uz ) g k = L,2,3 . (7.26)

We observe that in order to find Cﬁsn(QZ/uz, gz) we generally have to calculate
’

both Tl:Sn and AII:JS . We have mentioned before that the matrix elements of local
’
operators between hadronic states are incalculable in perturbation theory.

Fortunately, the coefficient functions of operators do not depend on the states
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between which the operators are sandwiched, and, therefore, in the problem under

investigation we can choose any state for which perturbative calculations can be

performed. Consequently, in Eq. (7.26) TNS

NS

are to be found from the virtual
Compton scattering off quarks and A~ stands for the matrix element of the spin n
non-singlet operator between quark states. In order to avoid mass singularities in

what follows, we shall keep the external quarks at space-like momenta p2 < Q.

Next we expand the elements of Eq. (7.26) in a perturbation series as follows

2 2
NS (_O_ 2) _ - & (2) NS |
T g = h, + Y N + T (7.27)
k,n p2’ K" 16n2 2 NS -p?
2 2 T s |
NS [QC 2\ _ & Q_
Ck,n( 55 8 > = v B -3 n 2 Bk J (7.28)
U l1ém .
ANS( EE gZ) =1+ _82_[ 1y0n ln-'-Lz + ARLNS ] (7.29)
n\,2’ jen? | 2 NS 2 "
where
1 k=23
h, = (7.30)
0 k=L :

and the coefficients of the logarithms are fixed by the renormalization group

NS
k,n

the notation we have dropped the overall factors § KJS'

equations which C and A?S have to satisfy (see Section III). In order to simplify

Inserting Egs. (7.27-7.29) into (7.26) and comparing the coefficients of gz we

obtain
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1(2),NS _ A;Z),NS

k,n k=23

Bi”sn , i (7.31)

2),NS i
T(L’;l k=L

We shall comment on the details of the calculation of TngI)],NS’ AS}Z),NS and
’

Blzsn in Section VILE and turn now to a discussion of the renormalization
2

ﬁSn and of its cancellation by the renormalization
2

prescription dependence of B
scheme dependence of the two-loop anomalous dimensions Y{Sjls,) n,

D. Renormalization Prescription Independence of
Higher Order Corrections

Here we follow the proof of (Floratos, Ross and Sachrajda, 1977).
Consider two renormalization schemes a and b in which the matrix elements
of the operator O&S calculated to order g2 are normalized differently as follows

(we drop the index NS)

2 2 2
(@)f p= 2\ _ a0 &~ 1.0n, -p°
An u2’g - An L+ 161T2 2 YN,S In Ll2 (7.32)

and

2 2
A(b) b_ gZ - AO 1+ g
n 27 n 16w

1.0,n, -p~
y 3 Ve 2 +rn)] : (7.33)

Here Ag are the zero loop matrix elements which are obviously the same in both

schemes. In scheme a, at p2

= -uz the renormalized matrix element Agja) is equal
to the zero loop matrix element. This is a very common renormalization scheme.

In scheme b we have
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2

2
APl g?) - AY [1 . B rn] (7.34)

léw

where I, are non-zero numbers specific to a given renormalization scheme. In
particular, 't Hooft's minimal subtraction scheme ('t Hooft, 1973) falls into the
class of b schemes.

Since T(kz,)n are independent of renormalization scheme (the virtual Compton
amplitude is finite and no renormalization is required) we have from Egs. (7.31)-

(7.33)

B(kb,)n -y k=23
B . : (7.35)
b
(b)
BY n k=L

Thus B and B are renormalization prescription dependent, whereas B is
2,n 3,n L,n

independent of renormalizationscheme.

Recall next that

where OO’n

following relation between the renormalization constants Za and z,

2
z =<1+—5—r)z
a 16112 n b

Since the anomalous dimension of the operator O" is defined by

yP= ullogz| i=ab
. oM Bare quantities fixed

n i=a,b (7.36)

is the bare operator. From (7.32) and (7.33) we have therefore the

(7.37)

(7.38)
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we obtain from (7.37), (7.38) and the definition of the 8 function, e.g. Eq. (3.37),

the following relation between Yg and YE

4
(1672)
or equivalently
Y(bl),n -y gl),n vor B . (7.40)

Equations (7.35) and (7.40) taken together lead to

) .Y(l)’n ) Y(l)’n
(a a _ nlb b _
Bk’n r =g = Bk,n +—>g k=23 (7.41)
(o} (o]
F32

i.e. the combination (7.24) is independent of renormalization scheme.

(kZ)n are independent of the
?

renormalization scheme. On the other hand it is obvious that T(k2)n depend on the
’

Just before Eq. (7.35) we stated that T

assumptions about the "quark target" used to extract the coefficient function. In
p q g

the discussion above we concentrated on a class of calculations in which the "quark

target" is massless with space-like momentum p2

< 0. One could equally well

consider massive quarks with p2 = 0. In that case T(kZ)n would be different from the
?

case considered here. Also Af\z) in a given renormalization scheme depends on the

(2)

target (the state between which On is sandwiched). The dependences of Tk n and
y
AS) on the "quark target" cancel, however, in the calculation of Bk n as should be
b
the case. We shall illustrate this with an example in Section VIIL. It is important to

keep in mind the points discussed in this Section when comparing various

calculations in the literature.
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E. Results for YSS)’“ and Bﬁsn
?

As we have stressed several times one has to make sure that Y[S]ls)’n and BNS

k,n

are calculated in the same renormalization scheme in order that a physical answer

for the moments of structure functions is obtained. The calculation of the two-

NS

is much more involved than that of Bl< n and
b

loop anomalous dimensions Ylills)’n

therefore it is useful to choose a renormalization scheme in which the calculation

of y

l&lls)’n is simplest. The minimal subtraction scheme of 't Hooft, which we have

discussed in Section III, turns out to be a convenient scheme for this purpose.

1. Two-loop anomalous dimensions Yéls,)’n

It has been shown by (Floratos, Ross and Sachrajda, 1977) that in the
't Hooft's renormalization scheme the two-loop anomalous dimensions can be simpiy
obtained from the coefficient of the 1/¢ pole in the quark matrix element of the

nonsinglet operator calculated tc order gu, plus twice the two-loop anomalous

dimension of the quark field. The latter anomalous dimension is also obtained in

4

the 't Hooft's scheme by calculating to order g the coefficient of 1/c pole in the

quark self-energy. Typical diagrams for these two calculations are shown in Figs.

24 and 25. In the whole there are about 30 two-loop diagrams which one has to caiculate

(1),NS
NS

in order to obtain Y . All these diagrams have been calculated in the paper by

Floratos, Ross and Sachrajda where the interested reader can find the details of the

(1),NS

F3
calculation. %’he analytic expressions for Yn

as given in the original paper is

very complicated. A simpler formula for Y(l\};’ncan be found in the paper by

(1),NS

( Gonzalez-Arroyo, et al., 1978). The numerical values for Yn

are given in
Table 3. We would like to remark that Ylslls)’n in the minimal subtraction scheme

are gauge independent (Caswell and Wilczek, 1974).
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2. Bﬁsn in 't Hooft's scheme (electromagnetic currents)
i

The first calculation of Bisn in the minimal subtraction scheme has been
?

done by (Bardeen, Buras, Duke and Muta, 1978). Contrary to the calculation of the

NS

two-loop anomalous dimensions, the calculation of B 7, in the scheme in question is
?

generally more complicated than in other schemes. The reason is that in the

't Hooft's scheme the g2

A(Z),NS
n

corrections to the matrix elements of local operators
are non-zero and must be explicitly calculated in addition to the g2
corrections to the virtual Compton amplitude.

The calculation of the virtual Compton amplitude for scattering off quarks in
g2 order involves the diagrams of Fig. 26. The diagrams contributing in gz order to
the matrix elements of non-singlet operator between quark states are shown in Fig.

8F34Exp11c1t expressions for ‘[(2) NS and A(Z) NS

’

can be found in the original paper.

n

Here we only remark that although and

‘l‘lf)’N S are separately gauge
N =

dependent the resulting expression for Bl\zlsn is gauge independent as expected in the
? y

minimal subtraction scheme. We have

NS 4 L |
B2n=§{3jzlj—_4j§=:l—'2- n—(_7n+l —le n, even
01 %1 3 4 2
and
NS 16 1
BL,n = "3— m y n even . (7.43)

The last result for Bl;is which is renormalization prescription independent has been

previously obtained by other authors ( Zee, Wilczek, Treiman, 1974; Kingsley, 1973;
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Walsh and Zerwas, 1973). Recently the calculation of B"\zlsn in the minimal
?

subtraction scheme has been repeated by (Floratos, Ross and Sachrajda, 1979) who

have reproduced the results of Eq. (7.42).

For the calculations of BI\ZI,Sn in renormalization schemes different from that
considered here we refer the reader to the papers by (Calvo, 1977; De Rujula,
Georgi and Politzer, 1977a; Altarelli, Ellis and Martinelli, 1978; Kubar-André and
Paige, 1979; Abad and Humpert, 1978 ).

3. Bﬁ,sn in the 't Hooft's scheme (weak currents)
In the evaluation of g2 corrections to v and vV deep-inelastic scattering it is

convenient to consider certain combinations of v,V structure functions which have

simple properties under crossing. These are

FZGP - FP (7.44)

F-}—’p +FJP (7.45)

FBGP - FB\)P (7.46)
and

ng + F;’P . (7.47)

The remaining structure functions for scattering off neutron or nuclear targets can

be directly obtained from (7.44)-(7.47) using charge symmetry. For instance
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FYP-FYP = F)"-FyP = FyP - F)" : (7.48)

In order to calculate g2 corrections to F2’ one considers again the diagrams of Figs.
8 and 26 except that now the diagrams with both vector currents replaced by
axial-vector currents also contribute.  The combinations (7.44) and (7.45)
correspond to subtracting and adding crossed diagrams of Fig. 26, respectively.

The structure funcﬁon F3 corresponds to the vector-axial-vector interference
and therefore the diagrams contributing to it are obtained from Fig. 26 by
replacing one of the vector currents by an axial vector current. Again the
calculation of the g2 corrections to the combinations (7.46) and (7.47) corresponds

to subtracting and adding crossed diagrams respectively.
By inspecting the diagrams directly or by considering the decomposition (3.51)

and taking into account known properties of various structure functions under the
transformations p+v, X ++-x one can easily find whether even or odd spin

operators contribute to each of the combinations (7.44-7.47). It turns out (Bailin,

Love, Nanopoulos, 1974; Politzer, 1974) that to F-\z-)'\’ and F§+\’ only odd spin and to
F.z\-”\’ and Fg'\’ only even spin operators contribute.

Finally we have to determine which combinations are independent of gluon
operators and therefore satisfy simple renormalization group equations as given in
Eq. (4.8). The combinations (7.44) and (7.46) transform obviously as non-singlets

under flavor symmetry and therefore satisfy equations like (4.3). F\Z’P + F\ép is a
singlet combination as discussed in Section II. Therefore because of mixing
between gluon and fermion singlet operators this combination will satisfy more

complicated renormalization group equations, which we shall discuss in Section VIII.

On the other hand, F%“\’ still satisfies Eq. (4.8) in spite of having contributions
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from singlet fermion operators. This is because the gluon operators of odd spin
transform differently under charge conjugation than the corresponding singlet
fermion operators and therefore there is no mixing.

In the minimal subtraction scheme the resuits for the parameters Bk,n
~ relevant for v scattering are as follows (Bardeen, Buras, Duke and Muta, 1978)

B = 51;; ; n odd (7.49)
BY ™ - B‘}’jn , n odd (7.50)
vty _ NS 4 4n+2 n odd
B3,n = B2,n "3 nln+1) n even . (7.51)
where BNS NS

2.n @nd B ™ are given by (7.42) and (7.43) respectively. Result (7.50) has
? b
been previously obtained by (Zee, Wilczek, and Treiman, 1974). For the calculation

of Bg’;\’ and 83;1\’ in different renormalization schemes from those considered
here we refer the reader to the papers by (Calvo, 1977; Altarelli, Ellis and
Martinelli, 1978).
4. Corrections to sum rules and parton model relations

It is well known that in the leading order of asymptotic freedom parton model
relations and sum rules are satisfied. The 'g'z corrections discussed in this section
can generally introduce violations of the sum rules and relations in question.
Notice in particular that the gz corrections to the Q2 dependence of F3(x, Qz)
differ from the corresponding corrections for Fz(x, Qz).

Evaluating formulae (7.49)-(7.51) for n = 1 and recalling that YRIS =0forn=1

due to current conservation one obtains corrections to the Gross-Llewellyn-Smith
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sum rule (Gross and Llewellyn-Smith, 1969) and the Bjorken sum rule (Bjorken,
1967) as shown in Egs. (2.99) and (2.100) respectively. In Fig. 27 we have plotted
predictions of Egs. (2.99) and (2.100) versus QZ/AZ. We observe that the
deviations from the two sum rules in question are predicted to be non-negligible
and accurate measurements should detect them.

We defer the discussion of QCD corrections to the Callan-Gross relation (Eq.

2.43) to Section VIII.

F. Phenomenology of the Order 'g'z Corrections (Non-singlet Case)

In this section we shall compare the formula

S NS Rﬁsn(Qz) 2 7 s
uNS(n, Q?) = sK X ]+ —Kal =~ In & (7.52)
K NS™n 2 2
Q-
Bo In A2

with experiment (Bardeen, Buras, Duke and Muta, 1978). The only free parameters

in Eq. (7.52) are the constants K?S and the scale parameter A. These parameters
are to be found by fitting the formula (7.52) to the data for as large a range of Q2

as possible.

As we have discussed in Section VILA, there is freedom in defining the

effective coupling constant and, correspondingly, the parameter A. The A which

NS

enters Eq. (7.52) corresponds to Rﬁsn given by Eq. (7.17) with B, calculated in
’ ?

't Hooft's mrimimnial scherne and to the following form of §2(Q2)

2
=22 g, In I"Q'é
gQ9 1 L A o 1 (7.53)
2 2 "3 2 2 ' y
16w Q* 82 L 20° 3Q°
Bo In > o In 5 in 5
A A A
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Clearly this definition of A is not unique, and we shall now discuss other possible defi-

nitions.

The effect of the redefinition of A is equivalent through order EZ(QZ) to the
shift of R[:Sn(QZ) by a constant amount proportional to the one-loop anomalous
y

dimension Ylg,Sn' In fact rescaling A in Eq. (7.52) to A’ by

A=A (7.54)

where «k is a constant, and dropping terms of order 'g#(Qz) generated by this

rescaling one obtains

g
NS, 2 k =NS 1 27 NS
M ", Q%) =8 NSAn 1+ — R'ﬁ,sn(Qz) [m Q.'z] - . (7.55)
Boln 5 A
Al
where
NS, .2, _ NS, .2 . _0,n
Rin(@Q) = Ry p(Q7) + vy ine ‘ (7.36)

The A' thus corresponds to the 52 corrections given by Eg. (7.56) and §2(Q2) having

the form of Eq. (7.53) with A replaced by A'.

It should be remarked that Egs. (7.52) and (7.55) are equivalent represen-
tations of next to the leading corrections. On the other hand they correspond to
different estimates of the higher order terms 0@4 (Q%) not included in the analysis.
This is obvious, since in going from Eq. (7.52) to (7.55) we drop terms of O(g—q' (Qz)).

It should be remarked that since the n dependences in Egs. (7.52) and (7.55) are
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different from each other so will be the free parameters A—I;]S and A extracted in
both cases. However if the estimates of terms of O('g‘q) by Egs. (7.52) and (7.55) are
not very different from each other, the equations in question should give equally
good fits to experimental data. To illustrate this we have compared two different
schemes for A with data of BEBC for the moments of F\; (Bardeen et al., 1978).
The first scheme we call the minimal subtraction scheme, and we denote the
corresponding value of A by AMS'
replaced by AMS' The second scheme is defined by choosing in Eq. (7.5%)

This scheme is defined by Eq. (7.52) with A

K = exp [-k(ln 47 - Yg) 1 . (7.57)
We shall denote the corresponding A by Age. Effectively (see (7.55)) the MS
scheme is represented as the MS scheme by Eq. (7.52), but with A replaced by Am
and RIESn(QZ) replaced by R-ﬁsn(Qz) which is given as follows
’ ?
RS (@2 = RNS (D) - hy OMn um -y 1) (7.58)
k,n - Tkyn NS E ) *
Recalling Egs. (7.17) and (7.42) we observe that the MS scheme does not involve the

terms (In 417 - YE). The comparison of these two schemes for A with the BEBC data

leads to the following values for AMS and Ags

= 0.40 GeV

=
wn
|

= 0.52 GeV . (7.59)

T
1
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In obtaining these values, Nachtmann moments of Eq. (2.123) have been used. The
fits to the data are indistinguishable from each other and are represented in Fig. 28

by a single curve. The leading order prediction (not shown in the figure)

-g°
2 NS
NS 2 (3) NS 1
M‘3 (n, Q )ILO = (SNS ALn [ln—%— | (7.60)
Ao J
with
Ag = 073 GeV ) (7.61)

follows véry closely the solid line of Fig. 28. We shall discuss below more sensitive
ways of comparing higher order predictions with the leading order results.

We recall that in fitting the data both A's and An's have been treated as free
parameters. Therefore the fitted values of the uncalculable matrix elements An's
are different for different schemes. The similarity of the LO, MS and MS fits
simply indicates that it is possible for the A n‘s and % in each case to conspire to
mask the combined n- and Qz-dependence of the order gz corrections. Of course
the similarity of the fits of higher order corrections (MS and MS schemes) and of
leading order predictions is, strictly speaking, only true over some not too large
range in Q2 as is the case for the presently available data.

It is instructive to calculate the term

RIS (@)
l + _z__7 (7.62)
o} o In QL

AZ



-150- FERMILAB-Pub-79/17-THY

in Eq. (7.52), which is equal unity in the leading order. The numerical values for
the quantity (7.62) are given for the MS and MS schemes in Table IV. We observe in
accordance with earlier expectations (Gross, 1974; Gross, Wilczek and Treiman,
1976) that, for large values of n and for not too large values of Q2 higher order

corrections are large and perturbative calculations cannot be trusted. This

NS
k,n

observe also that the terms (7.62) are much smaller in the MS scheme as compared

behavior is mainly due to the constants B which for k £ L grow like (in n)z. We
to the MS scheme. The MOM scheme of Table IV is discussed in Section VIL.H.

As we already discussed above some part of the effects due to higher order
corrections in the second term in Eq. (7.52) can be absorbed over a not too large
range of Q2 in the (incalculable by present methods) hadronic matrix elements of
local operators. This makes the phenomenological study of higher order corrections
in deep-inelastic processes complicated. We shall see in Section IX that the
situation is much better in photon-photon scattering where the leading order
expression and the next to the leading order predictions are free of the
incalculable matrix elements of local operators.

The values of A as given in Egs. (7.59) and (7.61) have been obtained for f = 4
and without taking quark mass effects into account. At low values of Q2 (few
GeVz), the massless approximation is probably justified for the light quarks, but not justi-
fied for the charm quark contributions. The effect of heavy quark masses (in the 8 function)
for the extraction of the value of A in the analysis with higher order corrections
included has been recently studied by (Abbott and Barnett, 1979), who find the
values of A ,which are smaller by roughly 20% than those in Egs. (7.59) and (7.61).

We think that heavy quark mass effects deserve further study.
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G. A Schemes
As we discussed at the beginning of this section, if the coefficient of

1/(Boln Q2/A2) in Eq. (7.52) were independent of Q2 and had exactly the same n

dependence as Ylg,sn’ then all Ez corrections could be absorbed in the parameter A,

and the higher order formula would look like the leading order expression.

Conversely, we could say that the leading order formula assumes that the next-to-

leading order corrections have the same n dependence as the Ylg,sn' Therefore it is

of interest to see whether the next-to-leading order corrections, which we have

G,n
NS

To this end it is useful to cast Eq. (7.52) into a different form (Bace, 1978; Bardeen

calculated in this Section, exhibit a non-trivial n-dependence different from vy

et al., 1978). One can, for instance, (Bardeen et al., 1978) perform the integral in

Eq. (7.10) exactly using YRJS and B(g) of Eqgs. (7.12) and (7.13), respectively, and

define an n-dependent An as follows F35

kK - =NS , 0,n
A = Aexp [B k,n/YNS :] (7.63)
This leads to
::(1)’n _dn .
M, @) = sk ANS| L Lo,
k Y7 - "NS'n 2 2 161r2 . (7.64)
B<In
° (W3
A
n

where §§ satisfies the following equation

1en2 B i T T < 4
-—1In _—— oy — = In R (7,65)
o8n o) o8n o An
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It turns out that the factor involving y élls)’n in Eq. (7.64) is always very near unity

in the region of interest, hence Eq. (7.64) has essentially the same form as the
leading order Eq. (7.60). Therefore the difference between the leading order and

the higher order corrections, so far as the n dependence is concerned, resides

k) 0,n
n’ NS’
would be independent of n. There is one weak point in the An scheme discussed

almost entirely in the scale A
(k)
An

Notice that if Ell\lsn were proportional toy
H

above. Although Mss(n, Qz) is renormalization-prescription independent, A as
defined in Eq. (7.63) depends on the renormalization scheme through Eﬁsn.
?

Similarly, the third factor in Eq. (7.64) depends on the renormalization scheme

through YISIIS),n' Fortunately, in the 't Hooft's scheme the Eﬁsn give the dominant
?

contribution to the higher order corrections and the third factor in Eq. (7.64) is
close to unity. Therefore, in the 't Hooft's scheme discussed here, the Al(_\k) as
defined in Eq. (7.63) is a useful quantity for testing the n dependence of the higher
order corrections. It should be kept in mind, however, that one can find
renormalization schemes in which the main n dependence of higher order
1&15)’" A(:) of Eq. (7.63) would be useless for

corrections resides in y ; in this case

testing the higher order corrections.
(k)
A n

In order to compare the n-dependence of with the data, one fits

Mgs(n, Qz) as given by Eq. (7.64) to the data for each n separately and extracts in
this way the experimental values for A oo It turns out (Bardeen et al., 1978) that for
n <5 the n dependence predicted by formula (7.63) is in fair agreement with the
BEBC data for F‘3 (Bosetti et al., 1978). For higher values of n the BEBC data do
not agree with Eq. (7.63). Recently the analysis in question has been repeated by
(Duke and Roberts, 1979a) who also took into account the CDHS data for F

3

(de Groot et al., 1979a)and Fermilab (Gordon et al., 1978) and SLAC data for Fg'n.

A similar analysis has been carried out in a slightly different way by (Andersson et
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al., 1979). It follows from the analysis of Duke and Roberts (see Fig. 29;???& there
is remarkable agreement of formuia (7.63) with the data for Fg-n and agreement
for low n with the CDHS data for Fj. We may conclude that there are indications
in the data for the n dependence of An as predicted by QCD.

A comparison of the higher order prediction (7.52) and the leading order
prediction (7.60) can be done in a simpler way than discussed above, at the price of
introducing a weak Q2 dependence into An‘ The method discussed below is very

similar to that proposed by (Bace, 1978).

Eq. (7.52) can be written as follows
o
92 NS
k NS*'n 2
kK)“r~2
AS Q
where

NS , .2
- R, - (Q%)
Ag‘)(QZ) = A exp —k{)ln— . (7.67)
Y b
NS

Now the difference between the leading order and higher order corrections resides

totally in An(QZ). Next using Egs. (7.17) and (7.21) we can write
Q3 - Tz (Q41) (7.68)

where

2 (1),n alNS
2 1-B,/28B MINT 8 B
Zn(QZ: I) = []n 1 ] L ° exp NS - 1 exp _k?ll. . (7.69)

-2 Oon .,2 O,n
A 28oYN’S LBO Y NS
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Notice that the first factor on the r.h.s. of Eq. (7.69) represents the Q2 evolution of

Ag() (QZ). The second factor, on the other hand, introduces additional n dependence

(k)

as compared with the A n

scheme of Eq. (7.63). Since this additional n dependence
(a 15% decrease from n =2 to 10) is very weak, the n dependence of A;k)(Qz) is
essentially the same as that of Ax('xk) » which changes roughly by a factor 2 over the
range from n =2 to 10. The Q2 dependence of the first factor in Eq. (7.69) is such
that for f = 4 and K= 0.3 and L= 0.5, at Q% = 100 GeV, Z_(Q% ) is suppressed by
the factors 1.23 and 1.29, respectively.

In summary, the A](_,k)(Qz)scheme as defined by Eq. (7.66) is (except for the
overall factor) quite similar to the Aar? scheme of Eq. (7.64), but very accurate
experiments should detect the Q2 dependence as predicted by Eq. (7.69). In Fig. 30
we have shown A;Z)(QZ) for A=0.5 and f = 4 as functions of n and QZ. For
comparison we plot the last factor in Eq. (7.70) which represents the Af_lk;cheme. It
should be remarked that Af_lk)(Qz) in Eq. (7.67) is renormalization-prescription
independent.

Finally we would like to remark that (Anderson et al., 1979) have extracted
Ag‘z) using the formula (7.66) and neglecting the Q2 dependence of A&Z)(QZ). Their
results agree very well with Eq. (7.63). In order to test the Q2 dependence of
Agz)(Qz) as given by (7.67) one should repeat Anderson's analysis in various ranges

2, 5.10 GeV?, 10-30 GeV?, etc. The prediction of the theory is

(2)
An

of Q%, e.g. 2-5 GeV
that for a fixed n value a slow decrease of with increasing Q2 should be
observed. The present data are however not accurate enough to detect this Q2

dependence. Notice that the Q2 dependence in question is entirely due to the two-

loop contributions to the 8 function.
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H. Other Definitions of g2(Q2)

In the previous subsections we have discussed the MS and MS schemes for the
effective coupling constant. The corresponding parameters Rg,sn and lilg?n are
related to each other by Eq. (7.58 ) and the numerical values of the quantities of
Eq. (7.62) for these two schemes are collected in Table IV. We observe that in the
expansion in the inverse powers of logarithms the next-to-the-leading order
corrections to MZNS(n, Qz) are smaller in the MS scheme than in the MS scheme.

Generally one can introduce other definitions of §2(Q2) for which the parameters R

are related to the corresponding parameters of the MS and MS scheme as follows

NS NS 0,n
Rinl = Ryn-%yysa
a
=NS 0,n
= Ry 0 - %Y (a - 1.95) . (7.70)

Here a is a constant, which distinguishes between various schemes and
1.95 = In'4m-vyg. In particular Barbieri et al. (1979) and Celemaster and Gonsalves
(1979) have discussed EZ(QZ) as defined by momentum space subtraction. The
EZ(QZ) so defined is gauge dependent but the gauge dependence is very weak.
Celemaster and Gonsavles have used the Landau gauge for which a = 3.5. The case
discussed by Barbieri et al. corresponds to a = 3.6. We observe that in both cases
the parameters R are smaller than in the MS and MS schemes. One could conclude
from this that the next-to-the-leading order corrections in the schemes based on
momentum subtraction are smaller than in the MS and MS schemes. However in
order to be able to draw any conclusion one has to determine first from experiment

the values of A for momentum subtraction schemes. We have made the following
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exercise. We took A = 0.50 GeV extracted from the BEBC data and & = 0.30 GeV a

value more relevant for the CDHS data and calculated the moments M?S(n, Qz) in

the MS scheme for these two cases. Next we found the values of A mom

(momentum subtraction) by fitting the moments Mgls(n, Qz) calculated in the
momentum subtraction scheme with a = 3.5 to the moments Mys(n, Qz) calculated

in the MS scheme. For L= 0.50 GeV and A = 0.30 GeV the corresponding values of

A turn out to be A m = 0.85 GeV and Am

mom mo m= 0.55 GeV. The effective

o
coupling constants in the three schemes considered for A = 0.40 GeV, A = 0.50 GeV

and Am m = 0.85 GeV are plotted in Fig. 31. We observe the following inequalities

[

-2 — 2 .
g (Qz) ‘mom> gz(Qz) Im> g (QZ) lMS which correspond to

5 5 . .
2,n Rz,n R2,n l morm® Furthermore we observe that in all cases considered

the effective coupling constant is smaller than that given by the leading order
expression. The numerical values of the quantities of Eq. (7.62) for the three
schemes are shown in Table IV. We conclude that in the expansion in the inverse
powers of logarithms the next-to-the-leading order corrections to MZNS(n, Qz)
calculated in the momentum subtraction scheme with a = 3.5 are larger than those
in the MS scheme but smaller than in the MS scheme.

In spite of this analysis we cannot say which of the schemes considered leads
to the best convergence of the perturbative series. In order to be able to answer
this question one would have to calculate higher orders in -g'z(QZ) not inciuded in the
analysis. Needless to say the n dependence of An(Qz) or A n discussed in the

previous subsection is independent of the definition of §2(Q2).
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VIII. HIGHER ORDER ASYMPTOTIC FREEDOM CORRECTIONS
TO DEEP-INELASTIC SCATTERING (SINGLET CASE)
A. Preliminaries
In the last section we have discussed next-to-leading asymptotic freedom
corrections to the moments of the non-singlet contributions to the deep-inelastic
structure functions. In this section we shall extend the analysis to the singlet
contributions. Such an analysis requires the calculation of the two-loop anomalous
dimension matrix and of the one-loop corrections to the fermion singlet and gluon
Wilson coefficient functions. As in the non-singlet case, one has to take care that
all these quantities are calculated in the same renormalization scheme. In the
minimal subtraction scheme one-loop corrections to the fermion singlet and gluon
Wilson coefficient functions have been calculated by (Bardeen, Buras, Duke and
Muta, 1978) and by (Floratos, Ross and Sachrajda, 1979). The latter authors have
also computed the two-loop anomalous dimension matrix. The study of the next-to-
the-leading corrections in the singlet sector is complicated by the mixing of gluon
and fermion singlet operators. The problem of mixing for the next-to-the-leading
order corrections was first solved by (Florat_os, Ross and Sachrajda, 1979). Here we
shall present an equivalent, but slightly simpler , approach of (Bardeen and Buras,
1979b)l.:3l\Zost of our discussion will be rather formal and only at the end of this
section shall we present a parton model formulation of asymptotic freedom beyond
the leading order.
B. Moments of the Singlet Structure Functions
We shall now derive Egs. (2.101)-(2.117) of Section II. We begin with
Fz(x, Qz). In the formal approach of Section IV the moments of the singlet part of

F‘2 are given as follows
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l 2 2
2y _ n-2.s 2 Y 2y~ 2 G 2,~G 2
MnQY) = [ InQh = A )C2’n(%,g ) - a8, )cz,n<9~2,g ) (8.1)
U u

with all symbols defined in Section IV.A.

The Q2 dependence of the coefficient functions qu) n(Qz/u 2, gz) and

s
Ccz; n(QZ/uz, gz) is governed by the renormalization group Eq. (4.20) which has the
?

following solution

&
2,n

=l

2 g V) |2, =2
, = |T d '7—5;. 1, 8.2
g ) [ g exp IE(QZ) g B(g J C2,n( g) (8.2)

with g(u?) = g. As in Section IV.C we have introduced here the column vector

62’n (12 , g2 ) = . | (8.3)
(8

i 2,n " |

The 2x 2 anomalous dimension matrix ¥ (g) is shown explicitly in Eq. (4.22). It has

the following perturbative expansion

2 4
? n(g) = ?O’n —g__z' + ?(1),“ —g—z + see . (8-#)
lew (16172)

We shall now express the T ordered exponential in Eq. (8.2) in terms of the

coefficients in the expansions (7.13) and (8.4). Denote first

Y g

8 d
g"

Wig, g = T exp J _ (8.5)
8 5(Q9)

gl

and write it as
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~ ~ ~ O,n - ~
W(g, g) = V(g)[ exp ( —YB— lné ) ] viE (8.6)
(o]

where \7(g) is @ 2 x 2 matrix which we shall now find. To simplify the notation we
shall drop the index n in Egs. (8.7)-(8.11).

Differentiating both sides of Egs. (8.5) and (8.6) with respect to g we obtain

respectively
3 VA/(g g = 'i((_g} G(g) exp ﬁ ln‘E ;/'1@ (8.7)
g B8\g Bo 8

and

W(g, i - Vi Lo ] Yt |vg 3.8)
agW(g,g = agv(g)-v(g) Bog exp Bolng ]v g) . .

Equating the r.h.s. of these two equations we obtain after some manipulations the

following differential equation for I\"(g)

~0 - ~ ~
Vg 1| T -(()'f> . (9)
agV(g)+g [ Bo,V(g)] = %—é—, +80g V(g) (
Writing next
~ ~ 2 .
Vig) = 1+ —E—z v, (8.10)
léw

where | is a unit matrix, we obtain the following algebraic equation for V2

~0
AO A A(l) Y 8
Y Y_ R 1 . (8.11)
2V2+[ Bo,vz] ) B0 ' 82

0
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In order to solve Eq. (8.11) it is useful to choose the basis in which '%O,n is diagonal.

As in Section IV.C we introduce the matrix U which diagonalizes §O,n by
AN 0
Ul Oy - : (8.12)
0 AR
+

Explicit expression for a fj matrix which does this job is given in Eq. (4.30).

2(1),n

In the basis in which ?O’rl is diagonal, the matrices v and V, are given as

follows
Y(l)’" Y(l),n
C~ N - -+
U-ls(ing _ (8.13)
(1),n (1),n
Y- Yis
and
-~ -+
NP Vs vy
u- V2U = . (8.14)
+- 4
\: V2

Diagonalizing Eq. (8.11) and using Egs. (8.12)-(8.14) we obtain

Y(1),n Ang |
VI = - = + — (8.15)
2 ZBo ZBg
(1),n n
Y. A B
vyt s - ;g s 1 (8.16)
o ZBg
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(1),n
-+ Yot
v2 — — (8.17)
28 +1_ -,
(l),n
v;‘ = - EE . . (3.18)
28+ x+ -A

Explicit expressions for Yg)’ (L)yn s Y(l),n and y(l)’ are given in Egs.

Yy -+
(2.109) to (2.112). As discussed in Section IV.C the U matrix which diagonalizes

?O,n is not uniquely defined by Eq. (8.12), and any other matrix related to U by Eq.

(4.29) will also satisfy Eq. (8.12). It follows from this that only the . diagonal
(D, n (l), (1),n. (1) n

elements vy~ and the product Y, are independent of our choice
of U. Egs. (2.109)-(2.112) correspond to U given by Eq. (4.30).

To proceed further we introduce a column vector

r— 2 -
- Q- 2
C2,n ( 112 ' B

. 2
- Ule, (l , gz) : (8.19)
b

The components C ? (QZ/u ' 8 2) are easily obtained by first writing

: 2
§-! 2 O Y, DU G-L =2
v 6z,n(%z,g ) = U'Wg,guu Ez,n(l,g) (8.20)

and then using Egs. (8.6), (8.12)-(8.14). The result is
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B 2 Ny B 2 7]
- (Q% 2 ~ [Q% 2
C2,n( 112’g ) C2,n( u2’3
~ 2 N A ”~
. (1+1—68—2- U'lVZU) (8.21)
2 m 2
+ Q- 2 ~+ 2
C2,n( z’g> C2,n(%’g )
L H .J L u .

where EI; n(QZ/ uz, gz) are given as follows
]

n
ai,n(]%z’gz) ) Cg,n(l’gz)(l-gf(&522 V;) [ g;}d-
d’

lém g
=2, .2 —2
- G5 L, ) ( gl—é%—)) v3* [ B ] (8.22)
m g
and
. dn
&t g2} =c! g"z)(l-—gi_v"‘*) Cul
2,n 2°? 2,n*? l61r2 2 g2 J
n
_ 2 ~2 - EE d+
-Gl 8 )( 1—3—6"2) V7 2 ) (8.23)

Here C; n(l, gz) are obtained by putting Q2 = ]_12 in Eq. (8.19). Furthermore
’

o3

A
n
d , = ZTO . (8.24)

We next expand CZ‘,p (L gz) and C(z; (L gz) in a power series in Ez as follows
b b

=2
52 2
Cg”n(l,g ) = éfp) (1 + 1—6gﬂ—25§”n) (8.25)

and
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-2
G =2y _ (2 g G 8.26
Cz’n(l,g ) = pr P Bz,n ( )

where 511()2) depend on weak and electromagnetic charges. Defining also the

perturbative expansion for C;,n(l’ Ez) by

- - -2 —
¥ -2y _ ~+,0 g + .2
Conllig?) = Co ) [1 *—= B 8.27)
lem
we obtain from Egs. (8.19), (8.25), (8.26) and (4.31)
c9 - _cnl 5@ (8.28)
2,n ~ 2,n T Ty ’

and the formulae (2.107) and (2.108) for Bin. Equation (8.27) is the generalization
of the leading order expression (4.37). With all the formulae above at hand, we
could now perform matrix multiplication in Eq. (8.21), and we would reproduce the
Eq. (2.13) in the paper by (Floratos, Ross and Sachrajda, 1979). In order to obtain
slightly simpler equations we proceed in a different way.

We first write Eq. (8.1) as

2

> > 2
M3, Q9 = An(uz)cz,n(i—,gz) (8.29)

>
where An(‘uz) is a two component row vector given by
AD = 140D, a%A) | . (5.30)

Defining next
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~ ~ A . 2 ~ A A
(A, A AT = R uz)u( (R Ay ) (8.31)
167
we obtain
S o2y e i [QF 2\ L Te 2% [Q2 2
MS(n, Q%) = A(n )CZ,n( S8 ) ¢ AY )CZ,n( . 8 ) (8.32)
H H

with C.° (Q%/u?, g?) given by Egs. (8.22) and (8.23).
]

Next using Eq. (7.19) for EZ(QZ), we obtain the final expression for the

moments of F.(x, Q2)
- N2 -d"
Q%) 2 -
MSn, @0 = 6@-| 1 2] n<
2 v 'n 2 2
B In % A
° A
2 -d"
RS (Q9) 2 +
IO vl B P10 n < (8.33)
v n 2 G
Bo in Q~
A2
where
n
- - A_B 2
F 2y  HF F°1 Q-
R;n@) = Ry - F= Inin5 (8.34)
28 A
and the constants R; n are given as follows
?
(1)yn n (1yn
R - p +Y¢’_” 1! Y (8.35)
2,n 2,n 230 28(2) 280 . }\2 i )\2 . .

A : are constants which are related to ;\i(uz) by
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-dn

Y -«A%0A 1801 . (3.36)

2

A7 are independent of u“. Equation (8.33) is the generalization of the leading

order formula (4.41b). It should be remarked that K:Ln and R;' n are independent
b

of the choice of the matrix U.

The matrix U of Eq. (4.30) differs from that used in the paper of (Floratos,
Ross and Sachrajda, 1979). However as the interested reader may check Y(l) n

(1), and ,Y(l) n (1),

are the same as in the paper in question.

let us briefly discuss Eq. (8.33). It is probably the simplest possibie
representation of the next-to-leading order corrections for the singlet structure
functions. We would like to emphasize two important features of Eq. (8.33)

i) no reference is made to a special value of Q2 = Qg, and

ii) no reference is made to the parton distributions.
The property i) has already been discussed in Section IV in connection with the
leading order expressions. It is required by renormalization group equations and
incorporating it in M;(n, Qz) simplifies phenomenological applications. In particu-
lar the Step 9 of the procedure of Section II can be omitted if Eq. (8.33) is used.

Concerning ii) we would like to recall that the parton distributions cannot be
uniquely defined beyond the leading order of asymptotic freedom (see Section VIIIE for de-
tails). Many definitions are possible, which differ from each other by next-to-ieading order
corrections. Therefore the study of higher order effects on the Q2 evolution of quark and
gluon distributions does not make much sense because the result of such a study is not a
prediction of the theory but depends sensitively on one's definition of parton

distributions. Furthermore equations for the Q2 evolution of parton distributions
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are much more complicated than Eq. (8.33). Therefore we think that the simplest
and most straightforward tests of higher order corrections can be done directly by
means of Eq. (8.33) and (7.20b) without any reference to parton distributions. Still
with a given definition of parton distributions, the parton language may be useful in
comparing asymptotic freedom predictions in various processes such as deep-
inelastic scattering, Drell-Yan process, etc. Therefore at the end of this section
we shall discuss a parton model formulation of higher order corrections.

After having discussed some attractive features of Eq. (8.33) we should
mention a possible limitation in the use of it. We observe that the last term in the
expression for Ri,n in Eq. (8.35) is singular when dz = d? + 1. While this singularity
does not appear for physical values of n and f, it can lead to anomalously large
higher order corrections to the "-" contributions and an apparent breakdown of
perturbation theory.

The singularity in Ri,n is of course spurious and must be cancelled by other
terms in Eq. (8.33). At this stage it should be recalled that K: are rather
complicated functions (see Egs. (8.31) and (8.36)) of the matrix elements of singlet
fermion and gluon operators and of various renormalization group parameters which
we lumped together in order to obtain a simple expression and get rid of pz = Q(Z)
dependence. In doing this we have generated singularities in Ri,n and K; for non-
integer f and n which cancel each other in the full expression. In fact, on the basis

of Egs. (8.31) and (8.36), 7\; can be written as follows

- 2 + -
_ R Q
A; - A;(Qg) y— AT [Jn = ] + 0 1 (8.37)

where A;(Qé) is non-singular and the singularity is in R: which is given as follows
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Y_(P’“

R.Y =

n ’ (8.38)

28+ A"~ A7
Q(Z) is an arbitrary scale. Inserting Eq. (8.37) into (8.33) we convince ourselves that
the singularity in R is indeed cancelled by that in R:.

From a detailed numerical study of the singularities in Ri’ n (Bardeen and
Buras, 1979b) it follows that only in the case of n = 2 and then only for f = 5 and 6
is the separation of the singular part as shown in Eq. (8.37) necessarylf31§or all other
physical values of n and f, the existence of a nearby singularity does not disturb the
validity of the perturbative nature of the corrections and Eq. (8.33) can be safely

used.

For completeness however we would like to mention that one can derive an
equation for M;(n, Qz) which, although is slightly more complicated than Eq. (8.33)
and involves explicitly Qg, can be easily continued to non-integer values of f and n.
This is the Eq. (2.10la) which can be easily derived by performing matrix
multiplication in Eq. (8.21), instead of absorbing the first factor on the r.h.s. of Eq.

(8.21) into matrix elements of local operators as was done in the present derivation.

So far we have discussed only F;(x, QZ). The formula for the singlet part of
the longitudinal structure function can be derived in a similar way by replacing the

Egs. (8.25) and (8.26) by

-2
v o, =2y _ L g [V (8.39)
and
G ( 32 L & oG (8.40)
CL’n(l’g ) = G\IJ 16“2 BL,n . »

The result is
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n

- -d
2 -
M3, Q9 = A‘st-L—’”——— [ml]
n-y 2 2
B an_ A
o} A2

+ —dn
B 2 +
eat b Ln (8.41)
n -y QZ A2
Boln 5 -
A

where A; are given by Eq. (4.43) and Bz n are obtained from formulae (2.107) and
’

(2.108) for k = L. Longitudinal structure function is discussed in more detail in Sub-
section F.

This completes the derivation of the basic asymptotic freedom formulae for
the moments of singlet structure functions with next-to-leading-order corrections
taken into account. We shall now discuss the calculations of various parameters

which enter the formulae (8.33) and (8.41).

G
k,n

As in the case of non-singlet contributions, one has to make sure that 'y‘(l) n

C. Results for ?(1),n ) B‘t . and B
b

Bl? n and Bi n are calculated in the same renormalization scheme. Below we give
? ’
results of calculations of these quantities in the minimal subtraction scheme. A

i n in this scheme are gauge
?

nice feature of this scheme is that?g), B;i) n and B
’
independent.
1. Two-loop anomalous dimension matrix

The two-loop anomalous dimension matrix, ?(l),n

, has been calculated by
(Floratos, Ross and Sachrajda, 1979). One has to calculate quark and gluon matrix
elements of the fermion singlet and gluon operators to order gq and the anomalous

dimensions of the gluon and fermion field to the same order. The details of this

calculation are given in the original paper. Typical diagrams are shown in Figs. 32

and 33. In the whole there are about 100 two-loop diagrams which one has to ¢:alculate in
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(1),

order to obtain ¥ N The analytic expressions for the elements of ?(1),n are very
long and the authors quote the numerical values of the coefficients of various group
theoretical factors. On the basis of this information we have calculated the
elements of ?(1),n which are collected in Table 3. We only make a few remarks
related to Table 3.

a) The nondiagonal elements Y¢(1G)’n and yé‘lq))’n differ by sign from those of
Floratos et al. as we use the same normalizations of operators as (Gross and
Wilczek, 1974). Notice that, consistent with these normalizations, the nondiagonal
q)OC’;n and chzpn as given in Eq. (2.79) also differ by a minus sign

from those of Floratos et al.

one-loop elements vy

b) For n = 2 we have the following relations

n . Q) _
Yyp TYGy = O
Y%)G+ qulG) =0 . (8.42)

This is the generalization of Egs. (5.38) and (5.39) and corresponds to the vanishing

of the anomalous dimension of the energy momentum tensor.

c) Y(J),n’ contrary to the one-loop case, differs for low values of n from

(1

Yé}ls)’n due to the appearance of various diagrams which contribute to vy W but do

not contribute to YIEJIS) An examplle of such a diagram is presented in Fig. 32b. For
(Dyn . (Dyn
n > 4 however YNg T Y‘Jﬂl’, .
2. B}:p and BG in 't Hooft's scheme
,N k,n

In order to calculate Bl}:pn and B?{ ., as defined by Egs. (8.25), (8.26), (8.39) and
t ?

(8.40) consider the two forward Compton amplitudes
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T ﬁ’v(Qz, v = if d*ze!9 Zq; p| T2, @3, O) [v; p > (8.43)

and

T @% V) = i [ d'2el 1 EGsp TG @)1 (0D [Grp > (8.44)
where <p; p | and <Gj p| stand for fermion singlet and gluon states, respectively.
As in the calculation of Bﬁsn we choose these states to be massless with space-like
?
momenta p2 < 0.
The Compton amplitudes above have a Lorentz decomposition as in Eq. (7.25),

and employing the operator product expansion we obtain the following generali-

zations of Eq. (7.26) for each n separately

2 2 2
b o(QT 2} | Vv 2\ 0 [p° .2
Tk,n( 2,8) = Ck,n( Z’g )An\p< 2,g +
p u
G 2\ «G 2 2
+Ck9n( z,g )ARW(%’g ) k=1,2,L (8.45)
H u

The matrix elements Ain j(pz/ uz, gz) are defined as follows

Uy eee . 2
<psi ‘Oi 1 “nl p;j > EAlnj ( Lz ’ gz) pl-ll"'P“ + trace terms . (8.47)
u n
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We next expand the elements of Eqs. (8.45) and (8.46) in a perturbation series

as follows
TV (QZ gz) - h +—32—[1 O“m +T(2) :] (8.48)
k| 27 k¥ Jer? Yy
, = _g_ .
kn| 2 ) VG o2 Kony
cl (QE g2> = h +—82—[ L\ 0n Q& g ] (8.50)
k,n 112 k 1672 wq) k,
G (Q® 2 2 1 _on Qz G
c ( g) NG N 7, F O ] (8.51)
k,n u2’ , 161 2 an u2 k,n
and
A (D, 2) 5. . B lYonln—E— A2 (8.52)
nj 278 RS 2 L2 0 2 nj '
U 167 M
where 1,j = ¢,G. Here
1 k=1,2
hk = (8.53)
0 k=L

and the coefficients of the logarithms are fixed by the renormalizationvgroup

equations which the quantities appearing on the Lh.s. of Eqgs. (8.48)-(8.52) have to
k
"
Inserting Egs. (8.48)-(8.52) into (8.45) and (8.46) and comparing the coeffi-

satisfy. In order to simplify notation we have dropped the overall factors §

cients of gz we obtain
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l T(i)’w - A(Z);‘P k - 1 2
k,n ny -
v
Bk’n = (8.54)
(2),0 _
TL,n’ k=L
and
(2),G (2),% _
( Tk_,n’ -AE k=1,2
G . (8.55)
kyn T (@,G k=L
L,n

Since to the order considered T\p and A\p are equal to the corresponding

ky ny

quantities for non-singlet operators, Eq. (8.54) is equivalent to (7.31), and we obtain

NS

pY on n=1,2L ) (8.56)

k,n=B

On the other hand, Eq. (8.55) tells us that in order to calculate Bcz:"n we have to
find the forward Compton amplitude for a photon scattering off a gluon and
subtract from it the matrix element of the fermion singlet operator between gluon
states. In the case of the longitudinal structure function, Bf,n, only the forward
Compton amplitude has to be calculated. The diagrams which one has to calculate
in order to extract Bi n are shown in Figs. 34 and 10b. F39 We only quote the final

?

results and refer the interested reader to the original papers by (Bardeen et al., 1978)

and (Floratos et al., 1979) for details. The results for Bi‘ n are
?

G 8f

Bln = Gy DD ) ®.57)
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2 n 2
G _ 4 b 1 n_+n+2 1
BZ,n‘Zf[n+l_n+2+ 2 nln+Dnh+2 (l+.z ])J
n j=1
1.0
+ 5 Yxpén(ln 4 - YE) . (8.58)

Notice the appearance of the terms (In &7 - YE) which, as we shall show below, can
be absorbed in the redefinition of the scale parameter A. Bi,n’ which is
renormalization prescription independent, has been previously calculated by other
authors (Kingsley, 1973; Walsh and Zerwas, 1973; Hinchliffe and Llewellyn-Smith,
1977a). For the calculations of Bcz},n in different renormalization schemes from that
considered here we refer the reader to the papers by (Kingsley, 1973; Witten, 1976;
Calvo, 1976; Llewellyn-Smith and Hinchliffe, 1977a; Altarelli, Ellis and Martinelli,
1978; Kubar ~-André and Paige, 1979; Hill and Ross, 1979; Sheiman, 1979; Abad and

Humpert, 1978).

3. Comparison of various calculations

In Section VIL.D we stated that

i) Tgr)]’i, as defined by Egs. (7.27), (8.48) and (8.49), are independent of the re-
normalization scheme but are dependent on the assumptions about the "quark target"
or "gluon target" used to extract the coefficient functions;

if) B}(,n , as defined by Egs. (7.28), (8.50) and (8.51), are independent of the tar-
get but are dependent on the renormal izafion scheme;

iii) Ar(fl) ’i, as defined in Egs. (7.29).and (8.52), are dependent on both target and
renormalization scheme.

Keeping these properties in mind it is not very difficult to compare various
calculations existing in the literature performed in different renormalization
schemes and corresponding to various different targets. We shall illustrate this by

an example (Bardeen et al., 1978).
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In the papers by (Kingsley, 1973; Witten, 1976; Hinchliffe and Liewellyn-
Smith, 1977a; Kubar-André and Paige, 1979; Hill and Ross, 1979) the parameters

Tz(zn) G have been calculated by considering massive quarks in the fermion loop of
’

Fig. 15 and by putting p2 = 0 for the external gluons. On the other hand in the
papers by (Bardeen et al., 1978; Altarelli et al., 1978; Floratos et al., 1979) Tz(zn)’G
’

have been calculated by considering massless quarks and putting p2 < 0 for the

external gluons. The resulting 'I‘z(zn)’G are different in the two cases. To check the
?

compatibility of these two calculations we proceed as follows.

We calculate A v in the minimal subtraction scheme with p2 =0and m £0,

nG
where m is the quark mass, with the result (we drop the terms which vanish as m~+ 0)

2 2 2
nG| 2 enZ L 72%G 2 "YE

On the other hand we have in the same renormalization scheme (for any target)

2 2 2
G (Q 2\ _ & [.1,0n,Q .G
C z,n( uz 1 8 ) - 16-"2 [ 2 Yq) é In uz +B z,n jl (8-60)

where Bcz;n is given by Eq. (8.58). Inserting (8.59) and (8.60) into (8.46) and
’

2

replacing there p” by -m? we obtain

2 2
TG (Qz,gz) - _S_[-lyoé”(lni -1-§.l)
2N\ 2 167 L 20 2 =

m j
y 4 1
+m —H'+—2' +'n—2 ] (8.61)

or, equivalently, (in the notation of the papers which use p2 = 0 and m? £0)
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2 2
F5(x, @) = 1—5—2 2fx |:(1 - 2% + 2x9)In Q—(r—iz‘Tx) -1+ 8x(1 - x)] . (8.62)
m

This result agrees with that of (Witten, 1976) (if one corrects his expression by a
factor 4), (Kingsley, 1973, Kubar-André and Paige, 1978, Hill and Ross, 1978) and

(Llewellyn-Smith and Hinchliffe, 1977a) (if we replace 6 by 8 in the last term of
their expression). A similar exercise can be performed for T}p’n(Qz/pz, gz) (Muta,
1979).
4. Discussion of the In 4 m - Yg terms

The quantities BZG,n and Bg,n have terms which include the factors
(In 4m— YE). It should be possible to absorb these terms by redefining the
parameter A as in Eqgs. (7.54) and (7.57). To check this we insert Egs. (8.56) and
(8.58) into (2.107) and (2.108) and find

}\n

B = B+ —‘fz— (n4m-yg) (8.63)

3 4

where Bn:r are free of terms involving (In 47 - YE). Inserting formula (8.63) into

(8.34) and (8.35) and subsequently into (8.33), we convince ourselves that, in fact,
the (In 47 - YE) terms can be absorbed by redefining the parameter A as in Egs.
(7.54) and (7.57).

Absorbing the (In 47 - YE) terms into the parameter A corresponds to the MS

scheme of Section VIL.F. For this scheme in analogy with Eq. (7.58) the functions

R;' n(Q2) in Eq. (8.33) are replaced by ﬁ; 1_I(QZ) which are given as follows
’ H

n

2 — (In 47 -y ) : (8.64)

_= 2 I
Rg,n(Q) = Rg,n(Q

. 5 F 2y . . ¥ 2 . ¥ =7
Equivalently R2,n(Q ) is obtained from RZ,n(Q ) by replacing in (8.35) BZ,n by B, |

of Eq. (8.63). Similarly the Q? independent part of ﬁ; n(Qz) is denoted by ﬁi-
?
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D. Numerical Estimates
The numerical values of the parameters lizi’ n and d'; are given in Table I.
First we notice that for sufficiently large values of Q2 and for n > 4 the next-to-
the-leading order corrections to the "-" operator are at least as important as the

leading contributions to the "+" operator. This is due to the fact that

d? >d"+1 for n>4 . (8.65)
Therefore for n >4 the next-to-the-leading order corrections to A~ should be
treated on the same footing as the leading order contributions to the A * operator.
Furthermore for n > 8 the former contributions dominate over the latter ones.
Similarly the next-to-the-leading order corrections to the "+" operator are for n> 4
and large Q2 only as important as | /(]n2 QZ/AZ) corrections to the "-" operator. We

further notice that forn> 4 R™ = ITNS

and dr_] b d&s, which results from the small
mixing between quark and gluon operators for large n and the identification of the
"-" operator with the singlet quark operator. In addition in the framework of the
parton model one expects K; to be much larger than A ;: which is confirmed by the
dataF 49hus one expects that for n > 4 the singlet structure function will behave
essentially the same as the non-singlet structure function for typical hadronic

targets.

In terms of the effective coupling constant

2
(O
Inln
_ -2, -2 B8 72
a(Qz) = _gT(%_)_ = __ETT__Z - bq —13 '———A'Z" (8.66)
B()lni_L2 30 an%2
A X

the formulae (7.20b) and (8.33) can be written as follows
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dn
_ o 9Ns o
M350, Q4 = s FANSIARAT 15 (D) (8.67)
d” d"

S o

M3, Q2 = 8 PRI RQA T 1, @@ + $PANAAT 1§ @D (.63)
where

Ilz,n(&-) =1+ [-?1—_[ ﬁiz,n i=NS,+,~ . (8.69)

The quantities Iiz,n(-o—t) are plotted in Fig. 35 as functions of E. The figure is
presented mainly for illustration since the actual size of Iiz’n(a) depends on the
definition of A or equivalently of E(QZ). The curves in the figure correspond to MS
scheme for which 0.2 <E(Q2) <0.5 for 2 < Q2 < 100 Gev? (see Section VII).

We note the difference between gz corrections to "NS" and "-" components
for low values of n which is due to mixing between quark and gluon operators.
Furthermore the 'g'2 corrections to the "+" contribution are generally larger than to
the "-" and "NS" contributions. This however does not spoil the perturbative
expansion for the full singlet structure function due to the smallness of K; for

large n and due to the large values of d? as discussed above.
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E. Parton Model and Higher Order Corrections

So far our discussion of higher order corrections was very formal. Although
the most straightforward tests of higher order corrections can be presumably done
by using Egs. (8.33) and (7.20b), it is sometimes useful to express these equations in
terms of parton distributions. As we already remarked before, this cannot be done
in a unique way (Kodaira and Uematsu, 1978; Altarelli, Ellis and Martinelli, 1978),
and the functional form of the resulting "higher order parton model formulae"
depends on the definition of the parton distributions.

In order to illustrate this point, consider the moments of a non-singlet
structure function which in the leading order is expressed through the moments of a

non-singlet quark distribution A(x, Qz) as follows

2 n
in% | s
MRS, @) = s ¥LANSQ?) —3—2— = s%ca@d>, (8.70)
In —%
A

(k)

with gy being a charge factor; e.g. (ﬁ)s = 1/6 for F;p.

The Q2 evolution of < A(Q2)>n is given by

2
n < _dRIS
2 2 s
<MQ%>, = <AlQ)>, > (8.71)
QO

o}

=0l

where < A(Qg)>n = A?S(Qg)-

If next-to-leading order corrections are taken into account we have first
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2,2y —=2,.2 (1),n 0),n
g (Q%) -g°(Q Yo Y e B

N 1672 B, 22
n
—2, 2 o 5 4 ONs
1672 ki gz(Qg)

Next Eq. (8.72) can be expressed in terms of parton distributions and this can be

done in many ways. Here we shall discuss only two examples:

a)
MO, @) = 62k aQ?>® (8.73a)

and

b) =2.~2
%0 = s | 1 KD ot |

(8.74)
= <@ (1, g9

where <aQ%)>® is just detined by Egs. (8.72) and (8.73a) and< 8@2>®) in the

order considered reads as follows

dn
] NS (g5

1672 28, zsg

—2,2\ =2,.2 (1),n (0),n

Q) - g“(Q9 Yao! Yae! B —2,.2

<A(szg‘b) . A(nggb) 1+[g o] NS YNS Pj [g_z((ng))
g (o)

In the first example the structure function is totally expressed in terms of a quark
distribution which has the Q2 dependence different from that given by the leading

order formula (8.71). It should be remarked, however, that the inclusion of all
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higher order corrections into the definition of parton distributions can only be done

for one structure function, e.g. F, as in Eq. (8.73a). The reason is that the parameters Bk,n
depend on the structure function considered, and if the parton distribution is defined by
using FZ’ the formulae for the remaining structure functions (Fl’ F3) will involve
explicit higher order corrections in addition to the parton distributions in question.

In the second example the term which depends on the structure function has

been factored out. Writing Eq. (8.74 ) as
NS 2 2 NS (A2
M S0, Q1) = <aQ%)> 0 1 (Q) (8.76)
and using the convolution theorem of Egs. (5.14-5.16) we obtain

FRo(x, QF) = f dyo 5(3‘};,Q2)A(b)(y, Q3 (8.77)

0,

The factor o Qz) can be interpreted as an elementary cross-section for

scattering of a current off a quark with an effective Q2 dependent distribution
A(b)(y, Qz). This interpretation can be extended to other processes such as Drell-Yan,
large P| processes, etc., with 0 different for different processes. Therefore in this
formulation all measurable cross-sections are expressed as a convolution of

universal quark distributions and process dependent (also structure function

dependent) elementary parton cross-sections. This picture is at the basis of the
perturbative QCD to be discussed briefly in Section IX. It should be remarked,
however, that the parton distributions and the elementary parton cross-sections
defined in this way are separately renormalization-prescription dependent and
generally gauge dependent. These renormalization prescription and gauge

dependences cancel in the final expression if the same gauge and renormalization

(b)(

scheme are used in the calculations of A™"(x, QZ) and g (x, Qz), Since one can define
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parton distributions in many ways anyhow, one should not worry about this
renormalization prescription dependence of parton distributions discussed here.

The only important thing is to define the parton distributions consistently in the

same renormalization scheme for all structure functions and all processes.

Equations (8.73a) and (8.74a) can be generalized to the singlet structure functions.
In the case of definition a) one has (Altarelli, Ellis, Martinelli, 1978; Floratos, Ross and

Sachrajda, 1979)
M3n, @9 = 6<z@?>® (8.73b)

where <Z(Q2),>fja) has rather complicated dependence on Q2. Explicit expressions for
<Z(Q2) >§]a) can be found in (Floratos et al., 1979). Notice that in this example all
higher order corrections (including those from gluon distribution) have been absorbed in
the definition of the singlet quark distribution.

Here we shall discuss in detail only the singlet analog of Eq. (8.74)
(Baulieu and Kounnas, 1978; Kodaira and Uematsu, 1978; Ellis, Georgi, Machacek,
Politzer and Ross, 1979). For the discussion of the distributions of Eq. (8.73b) we
refer the reader to the papers by (Altarelli, Ellis and Martinelli, 1978) and
(F]dratos, Ross and Sachrajda, 1979). Equation (8.75) is just the non-singlet
formula (2.137). In order to derive Egs. (2.138) and (2.139) we proceed as follows.

Using Eqgs. (8.29) and (8.2) we first obtain
Sy D) = A (DS, (L g2
Mz, Q) = Aplu C2,n< 278 )
U

- R AW, B, (1, 8) (8.78)
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with Kn(pz) and W(g, g) defined by Egs. (8.30) and (8.5), respectively. Next in
analogy with Eq. (8.74) the moments <Z(Q2)>n and <G(Q2) >, are defined as

follows (we drop the index b in what follows)

[<2Q9)>, <G> 1 = A (wDHW(g, B (8.79)

2

and consequently using Eq. (8.3) for Q2 = U° we obtain

MY, Q%) = <z @@>.C) (1,8 + 6@ c§ (1,8 . (8.80)
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Notice that since W(g, g) = | for Q2 = uz, the parton distributions defined by (8.79)
are just the matrix elements of various local operators renormalized at pz = Qz. It
is now a simple matter to obtain Eqgs. (2.138) and (2.139). In order to use some of

the results of Section VIIL.B we write (putting pz = ch)) Eq. (8.79) as follows

(<@, <G@D)5,] = [<2@D)>, <GQD> 1U U WE, PUUT s
and use
==
2,2
~ 1/\ ~ gZ(Qg) o Kol & (QO)
Ulwg,pu = |1+ Utv.u
16112 2 2 2 d"
. [ 24Q )] *
| g4Q) i
< (- 2R o) (3.82)
lén

where the matrix 6-1’\\/2{1 is given by Egs. (8.14)-(8.18). Inserting ( 8.82) into (8.81)
and using Egs. (4.30) and (4.31) for Uand U} we are led to the formulae (2.138) and
(2.139) which describe the Q2 evolution of <Z(Q2) > and <G(Q2) >, Numerical
values of the parameters which enter these formulae are collected for the MS
scheme of Section VII in Table 2. In addition, g2/16 7% +* 0 .03 for Q%+ 5 GeVZ and
therefore the next-to-leading order corrections in Egs. (2.138) and (2.139) are
relatively small. Consequently the Q2 evolution of the parton distributions defined
by Eq. (8.79), with Ez corrections calculated in the MS scheme, should not be very

different from the Q2 dependence predicted by the leading order expression of
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Section V. It would be interesting in the future to invert Egs. (2.138) and (2.139) to

obtain G(x, QZ) and Z(x, Qz). The large value of the parameter KC_;'+ for n = 4 and
f = 4 is related to the previously discussed singularity at d? = d[_1 + 1 which appears
for £ = 3.8. The singularity in K(:'+ is, however, cancelled by the factor multiplying

KG in Eq. (2.141), and the resulting correction is small. We would like also to remark
-+

that due to properties (5.38), (5.39) and (8.42), Egs. (2.138) and (2.139) satisfy energy
momentum conservation.

Although the Q2 dependence of the quark and gluon distributions defined in
the MS scheme does not differ very much from the leading order predictions, the
input distributions for quark and gluon distributions which have to be taken from
the data will differ considerably at low Q2 and large x from those used in the
leading order phenomenology. The reason is that the parameters _B[;J,Sn and‘ﬁg)’n are
large for large values of n.

Finally as in the case of the non-singlet structure functions we can invert Eq.

(8.80) to obtain
1
F50, Q0 = [ dy | o4&, @Dz, @0 + o5&, QAGwy, Qz)] (8.83)
X

where 0‘5% , Q2) is, except for the charge factor, equal to ¢ ZNS% , Qz), and
o g’(? y Qz) can be interpreted as elementary cross-section for scattering of a
current (y, W, Z) off a gluon with an effective Qz-dependent distribution G(y, Qz).

So far nobody has done adetailed comparison of the higher order corrections
to the singlet structure functions with the experimental data but such a comparison
will be available in the near future (Field and Ross, 1979; Duke and Roberts,
1979b). Fa1 Some applications of these definitions of the parton distributions (Egs. 8.73a, b,
8.74 and 8.80) in semi-inclusive processes are discussed by Altarelli et al. (1979b) and
Buras (1979).

F. More About Callan-Gross Relation

In this section we shall express the longitudinal structure function FL(X’ Qz)

in terms of quark and gluon distributions. Combining Egs. (7.18a) and (8.41) and
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utilizing Eq. (4.43) we first obtain the following expression for the moments of

FL(x, Q2)

M, (0, Q) - M?S(n, Q9 + M(n, Q?)

2
aNS 1n%_ -dys
= 6N AN (QH—10 A
NS n 2 2
B lnl Qo
(o] A2 In —é
A
- 2 n
- n< 1 -4
BL n A2
+ stA (Q ) 2
bor R | &
Bo""2 | In 3
L. A A
™ 2 n
+ In & -d,
+ BLn A2
+s A (Q) 2 (8.84)
von X | &
Bo]n 2 ln—g2
AL A i
where
- ()\n__YO,n) G
¥ oo oqy F Wy
BL,n - BL,n+ 0,n BL,n (8.85)
Y\pG

and B\I'i and BE n, are given by Egs. (2.98) and (2.120), respectively.
Inserting Eq. (8.85) into (8.84) and using Egs. (5.29-5.32) we obtain

BY BS
M, @D = —EL My, QD) s—B0 §2<a@d)> (8.36)
B, In B, 1n
A A
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where the Qz dependence of Mz(n, Qz) and of <G(Qz)>n is given in the order

considered by the leading order formulae of Sections IV and V. As the reader may

convince himself Eq. (8.86) can also be derived from Egs. (8.77) and (8.83) by
replacing there the indices k or 2 by the index L.

Finally using the convolution theorem of Egs. (5.14)~(5.16) and the explicit
expressions for B\I,i n and Bcli o 3 given in Egs. (7.43), (8.56) and (8.57), we obtain

b ’
2 1 Lay <2 16 2 @grey X 2
Fi(x,Q9) = —— [ = | 2 Foly, Q) + 8;81(1 - X)y Gly, Q%) (8.87)
L 2 y .2 3 °2 Y y

0 A2

In the case of four flavors § (2) = % for ep scattering and 6(5) =] for \),3 scattering.

Equation (8.87) with § 152) = 13 agrees with Eq. (127) of (Altarelli, 1978), and for
55)2) =1 with Eq. (24) of (Kodaira and Uematsu, 1978) if we take into account that

the definition of FL(X’ Q2) in the latter paper differs from our definition by a
factor x.
It should be emphasized that the parameter A which enters Eq. (8.87) need

not be the same as that obtained from the phenomenological applications of the

leading order or next-to-leading order expressions for the Q2 evolution of the
structure functions F ;» Fpand F 3 Which do not vanish in the leading order. In fact
the value of A in Eq. (8.87) cannot be meaningfully determined from experiment un-
less 1/(In2 QZ/AZ) corrections to FL are computed. Therefore in comparing (8.87)
with experiment we are free to choose A to be different from that extracted from
phenomenological applications of asymptotic freedom equations for other structure

functions. We do not think this point was realized previously in the literature.



-186- FERMILAB-Pub-79/17-THY

Experimentally the formula (8.87) is consistent with the ep data (Riordan et
al., 1975) for x < 0.4 (Hinchliffe and Llewellyn-Smith, 1977a) but disagrees with
these data for large x (De Rujula et al., 1977a). The predictions of the theory for
large x lie systematically below the data. This is also confirmed by the recent
analyses (Bodek et al., 1979 and Mestayer, 1978). The disagreement between
theoretical predictions and the data for FL might not be a problem for QCD,
however, and could be due to our neglect of higher twist operators,Funzon—
perturbative effects, etc., which are present in QCD but are difficult to calculate.
In particular it has been suggested by (Schmidt and Blankenbecler, 1977) that the
diquark systems in the proton could be responsible for the observed large values of
FL at large x. Recent phenomenological applications of this idea can be found in the
paper by (Abbott, Berger, Blankenbecler and Kane, 1979). Certainly the longitudinal

structure functions deserve further study.
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IX. ASYMPTOTIC FREEDOM BEYOND DEEP-INELASTIC SCATTERING
A. Preliminaries

So far our discussion of asymptotic freedom effects concentrated on deep-
inelastic scattering. In the past year there has been a lot of progress in
understanding the structure of asymptotic freedom in other than deep-inelastic
processes. For completeness we shall briefly review here some of the results of
these studies. We shall only discuss basic ideas and present results of various
calculations without confronting them with the data.

Historically, the study of asymptotic freedom in the inclusive deep-inelastic
scattering began in the framework of the formal approach of Section IV and only in
the last two years have calculations been made in the intuitive approach of Section
V and, in particular, in the framework of so-called perturbative QCD, which we
have not discussed so far. In the case of semi-inclusive processes, as for instance
massive y-pair production, or processes in which hadron momenta are measured in
the final state, progress proceeded in the reverse order. Most of the calculations
were first done in the framework of perturbative QCD and only recently have
studies been made to develop a technique similar to the powerful methods of
operator product expansion and renormalization group equations.

As we discussed in detail in this review, the operator product expansion (OPE)
allows us to identify systematically the dominant contributions to the moments of
the structure functions at large Q2 and to express them in terms of a sum of
products of (perturbatively) calculable coefficient functions and (by present
methods) incalculable matrix elements of certain operators taken between
hadronic states. The Q2 dependence of the coeifficient functions can then be found
by means of renormalization group equations. In other words the OPE assures the

factorization of non-perturbative pieces (matrix elements of local operators) from
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perturbatively calculable pieces (coefficient functions). We would like to stress
that this factorization is true to all orders in the renormalized coupling constant g2
and in all logarithms of Q2 (leading, next-to~-the leading, etc.). Such a proof has
been missing for semi-inclusive processes and the strategy (Politzer, 1977a, b;
Sachrajda, 1978a, b) has been to calculate these processes in perturbation theory in
g2 and to show that the non-perturbative pieces (mass singularities) can be factored
out and absorbed in the (by present methods) uncalculable wavefunctions of the
incoming and the outgoing hadrons. There have been very many papers on this
subject, and it is impossible to quote all of them here. An incomplete list of
theoretical papers involved with the question of factorization includes the works by
(Politzer, 1977a, b; Sachrajda, 1978a, b; Dokshitser, Dyaknov and Troyan, 1978;
Llewellyn-Smith, 1978b; Mueller, 1974, 1978; Libby and Sterman, 1978; Kazama and
Yao, 1978, 1979; Amati, Petronzio and Veneziano, l978a, b; Ellis, Georgi, Machacek,
Politzer and Ross, 1978a, 1979; Gupta and Mueller, 1979; Kripfganz, 1979; Frazer and
Gunion, 197%9a, b). References to phenomenological studies of semi-inclusive
processes can be found for instance in the reviews by (Field, 1979; Hwa, 1978;
Berger, 1979; Halzen, 1979).

In the theoretical papers above one can find demonstrations of all order
proofs of factorization (Ellis, et al., 1978a,1979; Amati, et al., 1978a, b; Libby and
Sterman, 1978; Mueller, 1978) and a formulation of the whole study of semi-~
inclusive processes similar to the formal approach of Section IV (Gupta and
Mueller, 1979).

Before we proceed with our review let us illustrate the idea of factorization
in the framework of perturbative QCD with the example of deep-inelastic

scattering (Politzer, 1977a).
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B. Factorization and Perturbative QCD
We consider the diagrams of Fig. 36 contributing to the photon-quark
scattering to order gz,F[?nd as in the calculations of Section VII we take the
incoming (massless) quarks slightly off-shell (p2< 0). The result is most simply

expressed in terms of moments in x (Bjorken variable), and we obtain
uo= a0 e £ (Ly0nn @, 9.1)
n - 'n 2 2 ' 'n )

where Az stands for the empty ("bare") blob in Fig. 36 and, as in Eq. (7.27),
_ . (2),NS
"TZ,n, .
The result (9.1) is not very useful for various reasons:

i) it is singular for p2

> 0
ii) the constants ry depend on our assumptions about the target, i.e., the
incoming quark. We could, for instance, perform the calculation with p2 =0 but
keep the quark mass m #0. In that case we would obtain
2 2
M = A()[l+—g—(-%Yo’nlnQ +?n)] (9.2)

n n 16Tr2 NS rn2

where Fn Ar_. In general r_ or Fn are also gauge dependent. This is exactly the
same problem which we discussed in Section VIII, but we mention it here again
because it also enters the calculations of Drell-Yan and other semi-inclusive
processes as we shall see below. Of course we know already how this problem is
solved (see Section VIII), and we shall leave it for a moment.

The problem i) is solved by first rewriting Eq. (9.1) as follows (we drop

constant terms)
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0,n 0,n
2 v 2 2¢O 5
Mn=Ag(1+ B 1gsln"’z)(l.—g—z Igsln%) (9.3)
lémw u 167 u

and then absorbing the p2 dependent singular factor into Ag. We obtain therefore

2y 2
M, = An(uz) (1 - —g——z- 1\;5 In Q?: ) (9.4)
167 u

where y is an arbitrary scale which we introduced to protect the Q2 dependent

factor from the singularity at p2 = 0.

In the parton language we can interpret An(uz) as the moments of a parton

distribution at Q2 = pz.

In the formal language this is just the matrix element of
Eq. (7.29). The second factor on the r.h.s. of Eq. (9.4) describes how the moments
Mn behave for Q2 2 uz. Notice that this factor is free of any singularity for p2 + 0.
In formal terms it is just the coefficient function calculated to first order in g2
(keeping only the leading logarithm).  This factorization of singular (non-
perturbative) terms from well-behaved terms can be proven to all orders in
perturbation theory in g2 (see references above). When all orders in g2 are summed
and in each order only leading logarithms are kept, then the leading order
corrections of asymptotic freedom discussed in the previous sections are obtained.

Summing next-to-leading logarithms to all orders in gz, one obtains the next-to-

leading order corrections of asymptotic freedom of Sections VII and VIII, and so on.

C. Lessons from Deep-Inelastic Scattering
In our presentation of asymptotic freedom effects in processes other than
deep-inelastic scattering we shall discuss both the leading and next-to-leading
order corrections, and it is useful to summarize the lessons which we gained from

the study of deep-inelastic scattering. They are as follows:
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a) In the leading order there is no reason that the numerical values of the
scale pararﬁeter A should be the samé for different processes.

" b) "_l:t next-to-leading order effects are taken into account and the effective
coupling constant defined universally f_or various processes,then it is justified to use
the same value of A in different processes (here we tacitly assume that still higher
order corrections O(EQ (Qz)) are small),

c) The definition of parton distributions is not unambiguous beyond the
leading order. Therefore in comparing bthe parton distributions extracted from
various processes one has to make sure that the definition of parton distributions is
common to all processes.

d) One has to make sure that all renormalization prescription-dependent parts
of a physical expression are calculated in the same scheme, so that at the end a
renormalization prescription-independent answer is obtained.

¢) One has to check that the final answer for the coefficient functions does
not depend on the (in principle afbitrary) assumptions about the gluon and quark
target used in perturbative calculations to extract the coefficient functions.

We shall keep these lessons in mind while‘discussi.ng various proc,esses; We
begin our presentation with e*e” annihilation.

© D. ¥+ hadrons

This process has been studied in the framework of asymptotically free gauge

theories already a long time ago (Appelquist and Georgi, 1973; Zee, 1973).

Therefore we only quote the result and discuss it bneﬂ Y.

Consider the ratio

R = g(e*e”™ + hadrons)

. 9.5)
,G(e*e— - uq»u-) (
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In the simple parton model and in QCD one obtains for Q2 = E2 +> o

C.m.

R =3 2%2 9.6)
where 3 is the number of colors, e are the charges of the quarks and the sum runs
over the flavors. The fact that R approaches a constant value is a consequence of
the lack of renormalization of the conserved electromagnetic current. For finite
values of Q2 there are calculable asymptotic freedom corrections to Eq. (9.6), and

the formula for R reads as follows

~2, 2
R :Rw[1+g(3)b

4, 2
+ B Q) b2 + eee ] . (9.7)
l1é6m

1 2
(161 2)

The coefficient b 1 has been calculated by (Jost and Luttinger, 1950; Appelquist and

Georgi, 1973; Zee, 1973) and is given as follows

b, = 4 . (9.8)

Neglecting for the moment 'g'u(Qz) corrections and using the leading order

expression for EZ(QZ) (Eq. 2.50) one obtains

(9.9)

b | is positive and, therefore, R_ will be approached from above. In Fig. 37 R is
plotted as a function of Qz for £ = & and - two - values of A. The contribution of
the heavy lepton (AR = 1) have been added there. The experimental values of R range

-
at¥Q" = 5 GeV from 4.5 to 5.0 (see review by Feldman, 1979). The curves in Fig, 37
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are shown only to illustrate the size of the second term in Eq. (9.9). A careful com-
parison of Eq. (9.9) with the data involves smearing over the resonances and inclusion
of threshold effects. We refer the interested reader to the papers by (Poggio, Quinn
and Weinberg, 1976; Moorhouse, Pennington and Ross, 1977; Barbieri and Gatto, 1977;
Shankar, 1977) for details. ‘Iieca]ling lesson a) there is no réason why the value for
A extracted from the data on the basis of Eq. (9.9) should be the same as that
obtained from the leading order analysis of deep-inelastic scattering. A meaningful
comparison of QCD effects in e'e” annihilation with those expected in deep-
inelastic scattering can, therefore, only be made once the g“‘ corrections are taken

into account as in Eq. (9.7). Using Eq. (2.88) for Ez(Qz) calculated to two loops, we

obtain from (9.7)

2
b B “”“Q"z b
1 ) A 7
R = Roo 1+ > _bl —3 _—2' + ———T + aee . (9_10)
Boln% 8% 1n212 Bgln L
A A A

Of course the exact value for b2 in the expansion in Eq. (9.10) depends on the

definition of 'g-Z(Qz) or, equivalently, on the definition of A. Rescaling A to A' with
A = kA’ (9.11)
changes the last term in Eq. (9.10) to

b2 +Bob1 In K‘2

2
B 2102 &
o A'2

(9.12)
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with A replaced by A' in the first two terms. The calculation of b2 has been recently done
by {Dine and Sapirstein, 1979; Ross, Terrano and Wolfram, 1979; Celemaster and Gonsalves,
1979) with the result b2 = 89.3, 24.3, -27.2 for MS, MS and MOM schemes, respectively.
Since §2/161T2 is 0 (0.03) for Q2 ~ 30 GeV? we observe that §4 corrections to R are

relatively small.

E. Photon-Photon Collisions
It is well-known that photon-photon inelastic collisions in e*e™ storage rings

become an increasingly important source of hadrons as the center-of-mass energy

is raised (Brodsky, Kinoshita and Terazawa, 1971; Terazawa, 1973; Budnev et al.,
1975). Whereas the e'e” annihilation cross-section decreases quadratically with
energy, the cross-section for e*e™+ e*e” + hadrons increases logarithmically with
energy. The dominant contribution to the latter cross-section arises from the
annihilation of two nearly Qn-shell photons emitted at small angles to the beam.
Here we shall study the case in which’one of the virtual photons is very far off-

shell (large Qz) and the other one is close to the mass shell (small pz) as shown in

Fig. 38.
The subprocess

vy + v - hadrons (9.13)

can be viewed as deep-inelastic scattering on a photon target. The corresponding
virtual Compton amplitude is shown in Fig.38b,and as in the standard deep-inelastic
scattering one can introduce structure functions as Fz, this time photon structure
functions. In the early days process (9.13) was studied in the framework of the
Vector Dominance Model (VDM) and predictiohs similar to that for standard deep-
inelastic scattering have been obtained, i.e., Bjorken scaling in the simple parton
model and logarithmic scaling violations in the framework of asymptotically free
gauge theories (Ahmed and Ross, 1975a). It turns out, however, that in addition to
the VDM contributions there are contributions to photon-photon scattering in which
the photon behaves as a point-like particle (Walsh and Zerwas, 1973; Kingsley,

1973). In the parton model these contributions are represented by the box diagram
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of Fig.38c. The box diagram contribution can not only be exactly calculated, but at
large values of Q2 increases as Iln Q2 and dominates over the (incalculable in
perturbation theory) vector dominance terms. The latter are suppressed by powers
of In Q2 as in the standard deep-inelastic scattering. Neglecting VDM contribu-
tions, the parton model result for the photon structure function FYZ(x, Qz) for large

Q2 has the form

FJx, @) |py = a2pxin Q% (9.14)

where o is the electromagnetic coupling constant and p(x) is given as follows

p(x) = 86YquG(x) . (9.15)

Here PqG(x) is the familiar splitting function of Eq. (2.57) which expresses the

probability of finding a quark in a gluon (now photon). Furthermore

A
6, =3 g e (9.16)

where the sum runs over the flavors and e, are the quark charges. "3" stands for
the number of colors.

It has been pointed out by (Witten, 1977) that there are asymptotic freedom
corrections to the parton model result of Eqs. (9.14) and(9.15). Witten calculated
these corrections in the leading order of asymptotic freedom and his calculation
has recently been extended to the next-to-leading order (Bardeen and Buras,
1979a). All these corrections are independent of the unknown matrix elements of
local operators in contrast to the case of standard deep-inelastic scattering, and
can be exactly calculated. Moreover, at sufficiently large values of Q2 these

exactly calculable terms are more important than the VDM contributions.
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Therefore the process under consideration is, from a theoretical point of view, an
excellent place to study properties of higher order corrections. The two
calculations above have been done using operator product expansion and renormali-
zation group methods. Witten's result has been rederived last year by Llewellyn-
Smith (1978c) and recently by (Frazer and Gunion, 1979) in the framework of
perturbative QCD. Furthermore, the process in question has been studied in the
intuitive approach of Section V (De Witt, Jones, Sullivan, Willen and Wyld, 1979;
Brodsky, De Grand, Gunion and Weis, 1978, 1979)1.%% what follows we shall present
in more detail the formal approach to photon-photon scattering.

The formal approach to photon-photon scattering has been first discussed by

(Witten, 1977). The moments of the photon structure function FzY(x, Qz) are given

as follows

foldx xn'zeY(x, Qz) = E Ciz’n( in , gz, cx) <y| Oinfy> (9.17)
i U
where a = ez/lnr is the electromagnetic coupling constant. The sum on the r.h.s.
of Eq. (9.16) runs over spin n, twist 2 operators such as the fermion non-singlet
operator ONS’ singlet fermion and gluon operators, Oq) and OG’ and the photon
operator OY . The latter operator which is not present in the analysis of the deep-
inelastic scattering off hadronic targets, is the analog of the gluon operator OG
with the non-abelian field strength tensor GocB replaced by the electromagnetic
tensor FoaB (see Eq. (3.57)). As noted by Witten, OY must be included in the
analysis of photon-photon scattering. The reason is that, although the Wilson
coefficients CrY’n are O(a), the matrix elements <y | O;‘ | y> are O(1). Therefore the
photon contribution in Eq. (9.17) is of the same order in o as the contributions of
quark and gluon operators. The latter have Wilson coefficients O(1) but matrix
elements in photon states O(a). We want to evaluate Eq. (9.17) to lowest order in o

but to all order in g. In lowest order in o
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N

. . 2
Clz,n( 29 82’ a) = ClZ,n (% ’gz) i=vG,NS (9.18)
u

ot

where the functions on the r.h.s. of Eq. (9.18) are the familiar Wilson coefficients
which we discussed in Sections II-VIII. (Recall that the coefficient functions do not
depend on the target.) Therefore the first three terms involving hadronic operators
will be suppressed by powers of logarithms except for n = 2 due to the vanishing of
the anomalous dimension of the hadronic energy momentum tensor. Moreover, the
matrix elements of hadronic operators in photon states cannot be calculated in
perturbation theory. In the language used above the three terms in Eq. (9.17)
involving hadronic operators belong to Vector Dominance contributions. We are, in
fact, mainly interested in the coeificient function of the photon operator, whose

matrix element between photon states is known,
[0 v =1 . (9.19)

Cé n(Qz/ 12, g2, o) satisty the following renormalization group equations
H
: 2 Vel (2 a)-Tycl (226 |
Ua—g +B(g)ﬁ)cz’n( uz,g H a)"' ;Yl'.lCZ’n( uz,g ,CX.) l:lj),NS,G"Y (9.20)

where in are the elements of the 4 x 4 anomalous dimension matrix which has in

lowest order in a the following structure

| ??(gz) 0
Yn(gz,a) = . (9.21)
En(gz, a) 0
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Here ??(gz) is the standard hadronic anomalous dimension matrix of Eq. (4.22)
extended by one column and one row to include the anomalous dimension of the

-
non-singlet operator. Kn(gz, o) is a three component vector

Roeh @ = [ KD o) K22 o), Kigleh e | 9.2

which represents the mixing between the photon operator and the remaining three
operators. The components an can be calculated in perturbation theory and have

the following expansion

2
Kp(gz, a) = - € J—-— K(l) n j =,NS (9.23)
(16w )
and
Kg% ) = | ekt Ké”’“ (9.24)
(16n2)

Examples of diagrams necessary for the calculation of the coefficients K].O’n, Kj(l) n
and Kél)’n are shown in Fig. 39.

Because of the mixing between the photon operators and hadronic operators
the coefficient function CY (QZ/p , g ,» o) depends on the matrix YH(gz) and the
coefficients <2 (1, 2), CNS (L8 %) and Cl‘b (L g 2), in addition to the mixing

anomalous dimensions KJP and the coefficient function C2 n(1, g » a). The resulting
’

expression for the moments of Fg(x, Qz) is as follows

1 2 2
J(‘) dx xn'zF;(x, Qz) - o a ln%é +a, In lnSKL +b_+0

[—

(9.25)

=L

where the terms O(1/(In Qz/ 12)) include the VDM contributions.
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The constants a . have been calculated by (Witten, 1977) and the parameters
5n and b n by (Bardeen and Buras, 1979a). The a, depend on one-loop anomalous
dimensions and one loop B functions while the 5n depend, in addition, on the two-
loop contributions to the 8 functions. Finally, the Bn depend on the two-loop
‘anomalous dimensions and the one-loop contributions to the Wilson coefficient
functions, in addition to the renormalization group parameters on which En and a,
depend. Analytic expressions for a, "én and En and their detailed derivations can
be found in the original papers. The numerical values for these parameters are
collec%ed in Table v. The numerical values of En depend on the definitions of the
scale parameter A. The En in Table V are for the MS of Section VII. Notice that
we do not give the values of b2’ which involves the perturbatively uncalculable
photon matrix element of the hadronic energy momentum tensor.

Remembering lesson b) of Section C we take for 1 the value of 0.5 GeV which

we have extracted from deep-inelastic scattering in Section VII using the same

definition for A. Equation (9.25) is plotted in Fig. 40 for various values of n on Qz.
In Fig. 40 L.O. stands for the first term in Eq. (9.26) and PM stands for the parton
model result of Eq. (9.15). We conclude that asymptotic freedom effects suppress
the photon-structure function at large values of n or equivalently large x and that
this suppression is enhanced by higher order corrections as compared to the leading
order result. A similar result for the higher order corrections to the moments of
F;(x, Qz) is obtained if _g'z(Qz) is defined by momentum subtraction. In that case

the parameters Bn are replaced (Celemaster and Gonsalves, 1979) by

bnm°m = En +a_[1.54] (9.26)
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and 1 =0.5GeV by Am = 0.85 GeV as extracted in this scheme from deep-

om
inelastic scattering (see Section VIL.LH), More elaborate comparison of higher order
corrections with the leading order result and the higher order corrections in deep-
inleastic scattering can be found in the paper by (Bardeen and Buras, 1979a).

For recent reviews of the photon-photon physics in connection with QCD
ideas we refer the interested reader to the papers by (Llewellyn-Smith, 1978c;
Brodsky, et al., 1978; Brodsky, 1978; Kajantie, 1979; Koller, Walsh and Zerwas,
1979; Hill and Ross, 1979). In particular Hill and Ross discuss heavy quark mass
effects in photon-photon scattering which turn out to be important.

F. Semi-inclusive Processes in QCD
l. Preliminaries

We shall now turn to the presentation of the basic structure of QCD formulae
for semi-inclusive processes. To this end it will be useful to introduce certain
notation which we shall illustrate with the familiar deep-inelastic scattering.
Consider a photon of momentum q which scatters off a parton of momentum p. If

P is the momentum of the hadron to which the parton in question belongs then we

can introduce the following variables

2

- Q.
X = zp_q ’ (9-27)

. 2
X = % oq ’ (9.28)

and &, the fraction of the hadron momentum carried by the struck parton.

The deep-inelastic photon-hadron cross-section can then be written in QCD as

fo]lowsFL;5



-201- FERMILAB-Pub-79/17-THY

2y . v 6% [ &2 8 (x - %€)0 5, Q) [e1E, QD))

J

(o) H(x’ Q
Lde jx 2y 10 H o 2
= 1 J ol Q) 18175 Q9] : 9.29)
© € UPE j
Hereoj is the photon-parton cross-section and fjH is the distribution of partons of
type j in the hadron. The sum runs over all types of partons, i.e. quarks and gluons.

Eq. (9.29) just represents Egs. (8.77) and (8.83). Eq. (9.29) is illustrated in Fig. 1.

In the leading order of asymptotic freedom

28 (1 -%) i=q,79
i~ A2
Ufb(x’Q) = (9.30)
0 i=G
and
e, Q) = £q(5,Q7) or £5,€, Q) (9.31)

with Q2 dependence given by Egs. (2.52-2.54). Inserting Egs. (9.30) and (9.31) into

(9.29) we obtain the standard result
oy Q% = ] ¢f [xqx, @) +xax, QO] . (9.32)
J

which is also true in the simple parton model if Q2 is neglected. If next-to-the-
leading order corrections are taken into account the following things happen

i) there are EZ(QZ) corrections to the photon-quark cross-sections of Eq.

(9.30);
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ii) the Q2 dependence of quark distributions is modified (see Eqs. 2.137-2.139);

iii) the photon-gluon cross-section, which is of order EZ(QZ), also enters the
final formula for g (x, QZ).
As discussed extensively in Section VIII the points i)-iii) are related to each other.
For instance the explicit 'g'z(Qz) corrections to various parton cross-sections depend
on the definition of parton distributions beyond the leading order.

In what follows we shall briefly discuss QCD formulae for semi-inclusive
processes, which will turn out to have a structure similar to that of Eq. (9.29).

2. Fragmentation functions

In addition to quark distributions, extensively discussed in previous sections,
important quantities in the study of semi-inclusive processes are the fragmentation
functions (Feynman, 1972; Field and Feynman, 1977 ) which describe how a parton
decays into a final hadron. The best process (at least from a theoretical point of

view) to study these functions is the semi-inclusive e*e” annihilation in which a

single hadron is detected in the final state:
e'e” » h(P) + anything . (9.33)

This process is shown in Fig. 42.

The relevant variables are, in analogy with Egs. (9.27) and (9.28),

z = 2_39‘2 (9.34)
Q
and
§ = Z_M‘Z ) (9.35)
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One also introduces & which this time measures the fraction of the parton

momentum carried by the hadron in the final state.

2
4o
The cross-section for process (9.33) can be written in QCD (in units of 3[ E ] )

3Q?
as follows (Georgi and Politzer, 1978b)
54z Q) = [ [dzfese-2003, QArE DN, Q2
)
1 .
- 1J %£51E,Q) 1£D €, QD) : (9.36)
i 2 & PE J

Here & Jp is the cross-section for the production of the parton j and Djh € ,QZ) is the
fragmentation function which measures the probability for a parton j to decay into
a hadron h carrying the fraction £ of the parton momentum. Let us recall that in

the simple parton model (PM)

p (9.37)
0 i=G
and the fragmentation functions do not depend on QZ. Consequently one obtains
= 2 h h
ch(z) IPM = Z, e [Zqu(Z) + zDaj(z)] (9.38)

In QCD the fragmentation functions acquire a Q2 dependence which has been
studied by various authors (Georgi and Politzer, 1978b; Sachrajda, 1978b, Dokshitzer,
Dyakanov and Troyan, 1978; Owens, 1978; Uematsu, 1978; Mueller, 1978; Ellis et

F46
al., 1978). We quote only the results of these studies and refer the reader to the
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papers above for details. In the leading order of asymptotic freedom, or

F47

equivalently by summing the leading logarithms to all orders in g2 formula (9.38) is

unchanged except that the fragmentation functions depend on QZ. The following

integro-differential equations analogous to Egs. (2.52-2.54) determine the Q2

evolution of the fragmentation functions

h

dD, .. = 2 1
A
R ] AR I
dD} QY 11 dy (phy, p_ @ 4 210lsy, O B
() = 2m 5 Ty Y Phaqy GY* "FGqly
dDg 0792) Ly h z h z
G- @t = =5 [ 5 (D0, 9P ) + DLy, PG

Z

where t = In Qz/ uz. Here

D".(z,1) = DM (z,1)-D" (g, 1)
q; q.

Ai
1} j

is a non-singlet fragmentation function and

h : h h
Dz, 1) = g[in(z, t)+Dai(z, t)]

(9.39a)

(9.39b)

(9.39¢)

(9.40)

(9.41)

is the singlet fragmentation function. Furthermore, DE measures the probability

for a gluon to decay into a hadron h carrying a fraction z of gluon momentum. The

functions Pij are exactly the "splitting functions" of Eq. (2.56)-(2.59).

however that PGq and P

Notice

e have been interchanged relative to Egs. (2.53) and (2.54).
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The structure of Egs. (9.39) can be easily understood (see Fig.43). The process of

obtaining hadrons from a given quark can proceed in three ways. The quark can frag-
ment directly into hadrons or fragment into them after emission of a gluon. These
two processes correspond to the first term in Eq. (9.39b). The second term in Eq.
(9.39b) corresponds to the situation in which the gquark emits a gluon, which

subsequently fragments into hadrons. Similarly one can interpret Eq. (9.39¢).

FromEgs. (9.39) it is a simple matter to derive the equations for the moments
of the fragmentation functions, which are defined analogously to the moments of
quark distributions, e.g.

1

" dz2"'Dlz, @) (9.42)
0

<o,

The moment equations for the fragmentation functions are obtained from Egs.

(2.84)-(2.86) by making there the following replacements

N 2f Y8’$
a - = 2f€n (9.43)
AN D
- +
and
0,n ~
Y, ) a
A_¥G _ n 9.44
€n—)2f>\n_>\n—2f ( )

- "+

o remain unchanged and the anomalous dimension matrix is, as before, given by
Eq. (2.79). One can check that due to the properties (5.10) of the splitting

functions the momentum sum rule

Ly, 2 -
Yy zDy (z, Q%) =1 (9.45)
h 0 i

and an analogous sum rule for the gluon fragmentation function are satisfied.
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In order to solve Egs. (9.39) the values of the fragmentation functions at some
value of Q2 = Q(Z) are needed. As in the case of quark distributions, they have to be
taken from the data. Once they are given one can find fragmentation functions at
other values of Q2 by solving (9.39) numerically. Such an exercise can be found in
the paper by (Field, 1979).  The pattern of scaling violations in fragmentation
functions is predicted to be very similar to that found in quark distributions in spite
of the interchange of the "non-diagonal" splitting functions qu’ PGq or
equivalently vy woén and YC(}) ;pn. This is not surprising since for n > 2 mixing between
quark and gluons is very weak and the interchange of the functions in question
irrelevant. It should be of course kept in mind that, although the patterns of
scaling violations in fragmentation functions and parton distributions are very
similar, the boundary conditions to Egs. (2.53-2.5%4) and (9.39) as determined from
the data are different and so are the-functional forms of the Q2 dependent parton
distributions and fragmentation functions. Before presenting the structure of next-
to-leading order QCD corrections to process (9.33) let us briefly discuss the
question of factorization of mass singularities.

2 to the cross-

Consider the diagrams of Fig. 44 which contribute in order g
section Gh(z, Qz).F #ﬁs in the example of Section IX.B the quarks are assumed to be
massless and slightly off-shell. For the moments of c?h(z, Q2) defined by

5% = )

1
i | 2"25, (2, Q (9.46)

we obtain

2 2
~Ne~2y _ O 1.0,n,  Q
Oh(Q) - \/nl:1+_g__2_ (-ZYN’S ]n—pz +un)] (9.47)
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where Vg stands for the empty ("bare") blob in Fig. 44, 7[8’5'] is the standard non-
singlet anomalous dimension and u. are constant numbers analogous to the rn's of
Eq. (9.1). As in Eq. (9.1) also here there is a mass singularity for p2 + 0 and u_
depends on the assumption about the quarks. For m2 £0 and p2 = 0 a different up,

would be obtained. Equation (9.47) can be rewritten as follows

2 2 2 2
~h~2y 0 1.0, _-p (D 1_0,n_Q° (2
GD(Q)_vn[l+;§?(7YN’SJn u2+un )] [1+—g—2(—2YNSIn uz Ul (9.48)

léy

where pz is a scale and

FONC I (9.49)

Combining the first two factors on the r.h.s. of Eq. (9.48) we obtain

2 2

~h, 2 2 1.0, Q° (2

5 (Q)=V(u)[l —8—-(-—y In u )] . (9.50)
n n +161r2 NS 2t

In the parton language we can interpret Vn(uz) as the moments of the

fragmentation function at Q2 = uz.

In the formal language of (Mueller, 1978),
Vn(uz) is an analogue of the matrix element of local operator and is called the

time-like cut vertex. In the same language the matrix elements of local operators

are called space-like cut vertices. The second factor on the r.h.s. of Eq. (9.50)

which is free of any singularity as p2-> 0 is the analogue of the coefficient
function. This time a coefficient function of the time-like cut vertex in an expansion
similar to the operator product expansion.

This factorization of singular (non-perturbative) terms from well behaved

terms which can be calculated in perturbation theory can be proven to all orders in
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g2 and in all logarithms (Ellis et al., 1978, 1979; Amati et al., 1978a, b; Mueller,
1978).
Notice that through Eq. (9.49) US]Z) depends on Ux('xl) or equivalently on the

normalization of the cut vertex at p2 = uz. Different renormalization schemes will

(2)

therefore lead to different values of u: As in the case of deep-inelastic
scattering, also here this renormalization prescription dependence will be cancelled
by that of the two-loop anomalous dimensions of the cut vertices when the full Q2
evolution of the fragmentation function to all order in gz and in the first two
orders in §2 is calculated. We observe, therefore, that the study of the next-to-
leading order corrections to the Q2 evolution of the fragmentation functions
proceeds in an analogous way to that for quark distributions. The structure of the
formal and intuitive formulae (beyond the leading order approximation) for the
process (9.33) is very similar to that presented in the previous sections for deep-
inelastic scattering. Questions of definitions of fragmentation functions, of the
definition of EZ(QZ) and of the cancellation of renormalization-prescription
dependences also arise here. Consequently also the comments i)-iii) made after Eq.

(9.32) also apply to T (@ QZ) as given in Eq. (9.36).

Eq. (9.50) can be rewritten as follows

2
~h 2 g (2)
o =<D(Q%)> [:1 + u (9.51)
n nL™ jgq2 D
where
0,n
2 Yarr 2
<D(QH)> = V(1)) [1 - £ 2 n< ] (9.52)
T i

are the moments of the fragmentation functions and
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2
[1 T uff)] =60 (9.53)

are the moments of the cross-section for quark production calculated to order gz.
When all orders in g2 and the two first orders in EZ(QZ) are taken into account,
<D(Q2) >n acquires the full Q2 dependence with two-loop anomalous dimensions of the
cut vertices and the two-loop B function included. Furthermore, in Eq. (9.53) g2 is

2). h

replaced by §2(Q n

We recall once more that, although G _ is unambiguous, the
separation of & 2 into the fragmentation function and the cross-section for parton
production is arbitrary beyond the leading order.

The full study of EZ(QZ) corrections to the process e*e™ + h + anything has not
yet been discussed in the literature. In particular, it is not known whether the two-
loop anomalous dimensions for time-like cut vertices are the same as those for
space-like cut vertices (local operators).

3. Drell-Yan and semi-inclusive deep-inelastic scattering

In the simple parton model, parton distributions and parton fragmentation
functions are the building blocks of any expression for inclusive and semi-inclusive
processes. These building blocks do not depend on the process, although in
different processes they enter in different well-defined ways. Thus if we can
extract all parton distributions from deep-inelastic processes and fragmentation
functions from e'e” annihilation, then the cross-sections for other processes such
as the Drell-Yan process (Drell and Yan, 1971), semi-inclusive deep-inelastic scat-
tering, etc. can be predicted.

We have seen that, in QCD, parton distributions and fragmentation functions

acquire a Q2 dependence, and it is of interest to ask whether the QCD predictions

for semi-inclusive processes amount to using these Q2 dependent functions in the
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parton model formulae for the processes in question. This has been studied by
many authors during the last year, in particular by (Politzer, 1977a; Sachrajda,
1978a, b; Dokshitser, Dyakanov and Troyan, 1978; Llewllyn-Smith, 1978b; Amati et
al., 1978a, b, c; Ellis, Georgi, Machacek, Politzer and Ross, 1978, 1979; Gupta and Mueller,

1979; Buras, 1979). In what follows we shall present the formulae for the two processes

eH » e+ h + anything , (9.54)

and
H/H, > u*u” + anything (9.55)

in the leading order and next-to-leading order of asymptotic freedom. Subse-
quently, we shall briefly discuss the basic features of these formulae which are
characteristic for all QCD expressions for semi-inclusive cross-sections.

The cross-sections for the processes (9.54) and (9.55) are given in QCD as

follows:

& g0 2, QD) = ,- ] I daaide dep (x - 558tz - 32))

5%, 2, Q) 5,581, @4 1 [,D0(E5, Q7]

bdo 1ok zZ o2 H 2 h 2
= ,H = _[z g—zog, (E—"I,E—Z,Q ) [£)£7(8}, QO 11 £,D)(E5, QT 1 (9.56)

for process (9.54) and
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2
ymal  dx,  dx
do E o & . 95 2
dQZ = 3Q2 i le %, ngHz(xl,xz, X120 Q) (9.57)
with
O, 1O o X1 QD = ﬂzf d%| d%ydE | dE8 (x; - |6 )8(x, - K,E.)

. H H

o W&, %5, %5 QZ)[glfj Y, Qz)] [g Sty A Qz)] (9.58)

1de, 1de, . ,x; X H

1 2 k{1 2 T 2 2 2

=17 = ——o’( ,Q)[af (E,Q)][Ef(E,Q)]
ik x; Bk, B2 PAELTER L ! 2k 72

for process (9.55). In Eq. (9.57) ap is the electromagnetic coupling constant. The

processes are shown schematically in Figs. 45 and 46. Variables X;s 3(1, E_;i in Egs.

(9.57) and (9.58) are obvious generalizations of the variables of Egs. (9.27) and

(9.28). The new variable x 12 is given as follows

Q4P,- P,

X12 ©
and )"(12 is obtained from Xy2 by replacing Pi by P;- Furthermore T = QZ/S, where
_ 2
S = (P1 + PZ) .
In Eq. (9.56) ijk stands for the photon-parton j cross-section with the parton
k in the final state. The parton j belongs to the incoming hadron H and its
distribution is given by g1 J (51, Qz) with £, being the momentum fraction of H
carried by parton j. The parton k, on the other hand, fragments into the hadron h,
and this process is described by the fragmentation function EZDE(E 2 Qz). The

sums in Eq. (9.56) run over all types of partons i.e. quarks and gluons. Similar
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comments apply to Eq. (9.58) with o jk being the cross-section for parton j-parton k
P

scattering or annihilation with a 1" 1~ pair in the final state.

Formulae (9.56) and (9.58) are obtained by summing various QCD diagrams to
all orders in gz. Keeping leading logarithms in each order corresponds to the
leading order in EZ(QZ). Summing next-to-leading logarithms corresponds to next-
to-leading order in EZ(QZ) and so on. As in deep-inelastic scattering and semi-
inclusive ee” annihilation, one encounters mass singularities which must be

factored out and absorbed in the incalculable (in perturbation theory) wave

functions of the incoming and outgoing hadrons: parton distributions and
fragmentation functions or in more formal language space-like and time-like cut
vertices. The structure of mass singularities (anomalous dimensions) turns out to
be the same for incoming hadrons as in deep-inelastic scattering and for outgoing
hadrons as in e¥e” annihilation. Therefore the parton distributions and parton
fragmentation functions can be defined universally independent of the process
considered. We write "can" because, due to ambiguities in the definition of parton
distributions and parton fragmentation functions beyond the leading order of
asymptotic freedom, one could in principle define parton distributions in a different
way for different processes. This of course would not be a very useful thing to do.
Let us discuss Egs. (9.56) and (9.58) in slightly more detail. In the leading

order of asymptotic freedom

~ ik ~ 2 - -
ag,k(x, z,Q% = e 81 - DS(L - %) (9.59)
and
1 2 ~ ~ I o~ - e j=q
-3-ej6(1-x1)5(1-xz)5(;-1—2--x1 -x2+x1x2) for k=3

. . . 9.
oll?k&l’ X9y X192y Q%) =

0 otherwise

. 19.60)
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where 1/3 is the color factor. Therefore, inserting Egs. (9.59) and (9.60) into Egs.

(9.56) and (9.58) we obtain

& 2 Q?) = JZ ejz [xfjH(x, QZ)] [szh(z, Qz)] (9.61)

and

1 2

oH, H,*1» X2 Q 3 [" ', Q )] [ X)t; %%,y Q Z)J (1 -—T—) (9.62)
. - . H 2 H 2 .

where j runs over all flavors, ] denotes antiquarks and fj (x, Q) (fj (x, Q%)) are just

the quark (antiquark) distributions of Section V. f .H(x, QZ) and D.h(z, Qz) satisfy

Egs. (2. 53-2 54) and (9.39), respectively. There is no explicit gluon contribution to

the cross-sections G and © to this order in g (Q ). Gluons, however,
Hh H H2

contribute indirectly in this oréer through the scaling violations in the quark
distributions and quark fragmentation functions. The formulae (9.61) and (9.62)
are, except for the Q2 dependence, exactly the same as in the simple parton model.
Notice in particular the factorization between the x and z dependence for EJ'Hh and
(except for the § function).

H
12
If next-to-leading order corrections are taken into account the Q depen-

between the Xy and X5 dependence for 0,

dence of parton distributions and parton fragmentation is modified, and there are
EZ(QZ) corrections to the parton cross-sections of Eqgs. (9.59) and (9.60). In addition
there are explicit contributions involving gluons. For instance, there is an explicit
contribution of quark-gluon scattering to the u-pair production and an explicit
appearance of the gluon fragmentation function in the semi-inclusive deep-inelastic
cross-sections. Furthermore the factorization property shown in Egs. (9.61) and
(9.62) is broken through the §2(Q2) corrections to the parton cross-sections.

For explicit calculations of next-to-leading order corrections to u-pair

production, we refer the reader to the interesting papers by (Altarelli, Ellis,
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Martinelli, 1978, 1979a; Kubar-Andre and Paige, 1979; Harada, Kaneko and Sakali,
1979; Contogouris and Kripfganz, 1979b; Abad and Humpert, 1979). As discussed

in particular by (Altarelli et al., 1979a) and (Kubar-Andre and Paige, 1979) the
EZ(Q2 ) corrections to the qq annihilation are very large. Unfortunately the authors
of these two papers used in their calculations the leading order predictions for the
Qz evolution of the quark distributions whereas, consistently to this order, one
should include the next-to-leading order corrections to the quark distributions in
addition to the EZ(QZ) corrections to the parton cross-sections. If the parton
distributions are defined as in Eq. (2.136) the next-to-leading order corrections to
their Qz evolution are small. However, the definitions of quark distributions
(beyond the leading order) in the two papers above differ from ours and it would be
interesting to check how the author's conclusions about the size of the 'g'z(Qz)
corrections are changed when the Q2 dependence of parton distributions is properly

taken into account.

In summary: since the §2(Q2) corrections to the elementary parton cross-
sections depend on the definition of parton distribution (or fragmentation functions)
beyond the leading order approximation, both _g'z(Qz) corrections to the parton
cross-sections and to the parton distributions (fragmentation functions) must be
consistently included in a phenomenological analysis. Only then can a physical
answer independent of a particular definition of parton distributions (fragmentation
functions) be obtained.

The explicit calculations of §2(Q2) corrections to semi-inclusive deep-
inelastic scattering have been done by (Sakai, 1979; Altarelli et al., 1979b; Baier and
Fey, 1979) who find breakdown of factorization between z and x at the 10% to 20% level for
intermediate z and x values and larger breakdown of factorization for higher z and x values.

The comparisons of these predictions with the data are now in progress. Altarelli et al.
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(1979b) have also calculated EZ(QZ) corrections to ete” h; + h, + anything which turn
out to be large only at the kinematical boundaries. Furthermore the qq contribution
(order EQ(QZ)) to massive p-pair production has been calculated by Contogouris and
Kripfganz, 1979a; Schellekens and Van Neerven, 1979). This contribution turns out to

be small in presently accessible kinematic range of T.
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G. Miscellaneous Remarks

There are quite a few applications of perturbative QCD which we have not
discussed in this review. These include jets, large P, Pprocesses, p; distributions in
massive u-pair production etc. These topics have been nicely discussed for
instance in the papers by Ellis, Gaillard and Ross, 1976; Sterman and Weinberg,
1977; Farhi, 1977; Georgi and Machacek, 1977; Cutler and Sivers, 1977; Combridge,
Kripfganz and Ranft, 1977; Floratos, 1978; Furmanski, 1978, 1979; Ellis, 1978b;
Brodsky, 1978; Field, 1978, 1979; Llewellyn-Smith, 1978b; Sachrajda, 1978c;
Dokshitser, Dyakonov and Troyan, 1978a; Berger, 1979; Hwa, 1978; Halzen, 1979;
Veneziano, 1979; Politzer, 1979; Brown, 1979; De Rujula, Ellis, Floratos and
Gaillard, 1978; Einhorn and Weeks, 1978; Fox and Wolfram, 1979; Koller and Walsh,
1978; Shizuya and Tye, 1979; Fritzsch and Streng, 1978; Altarelli, 1978b; Furmanski
and Pokorski, 1979a; Konishi, Ukawa and Veneziano, 1978; Contogouris, Gaskell and
Papadopoulos, 1978) where the interested reader may find further references.

The study of non-perturbative effects in the inclusive and semi-inclusive
processes can be found in the papers by (Andrei and Gross, 1978; Appelquist and
Shankar, 1978; Baulieu et al., 1978; Ellis, Gaillard and Zakrzewski, 1979; Carlitz

and Lee, 1978; Shifman, Vainshtein and Zaharov, 1979).
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X. SUMMARY

In this review we have presented in detail asymptotic freedom predictions for
inclusive deep-inelastic scattering. We have also briefly discussed the structure of
QCD formulae for other inclusive and semi-inclusive processes such as massive
u—pair production, semi-inclusive deep-inelastic scattering, ete” annihilation, and
yy scattering. We have presented confrontations of asymptotic freedom
predictions with the deep-inelastic data, and we may conclude that asymptotic
freedom survives these confrontations very well with the possible exception of the
longitudinal structure function where the situation is still unclear. The disagree-
ment between theoretical predictions and the data for FL might not be a problem
for QCD, however, and could be due to our neglect of higher twist operators, non-
perturbative effects, etc., which are present in QCD but are difficult to calculate.

We have devoted a considerable part of this review to a discussion of higher
order corrections, the study of which began only two years ago. We have seen that
the structure of QCD formulae with higher order corrections taken into account is
fairly complicated and involves many features not encountered in the leading order.
These new features include:

i) gauge and renormalization-prescription dependences of separate elements
of the physical expressions;

ii) well-defined dependence of the functional form of the explicit higher order
corrections on the definition of EZ(QZ) or, equivalently, on A;

iii) freedom in the definition of parton distributions and parton fragmentation
functions beyond the leading order approximation.

These features have to be kept in mind when carrying out calculations to

make sure that various parts of the higher order calculations are compatible with
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each other. Only then can a physical result be obtained which is independent of
gauge, renormalization scheme, particular definition of §2(Q2), and particular
definition of the parton distributions.

Although the structure of higher order corrections to the Qz-dependence of
parton distributions and fragmentation functions is fairly complicated, the
formulae for inclusive and semi-inclusive processes expressed in terms of these
effective Qz-dependent functions are simple and have intuitive interpretations
similar to that of the standard parton model.

We have seen that the higher order corrections are quite large and, moreover,
that there are some indications for their presence in the deep-inelastic scattering
data. This is most clearly seen in the n-dependence of the parameter A extracted
from the data on the basis of the leading order formulae. This n-dependence agrees
well with that obtained from higher order calculations.

We think it is important to calculate higher order QCD corrections for other
than deep-inelastic processes. This has been already done for massive wu-pair
production, photon-photon scattering and e"e” annihilation. In the near future
results for the higher order corrections to fragmentation functions and large p i
processes should be available. At this point we would like to re-emphasize that
without the higher order calculations a meaningful detailed comparison of QCD
effects in various processes cannot be made. This again shows the importance of
the calculations in question.

Besides higher order corrections there are other effects which deserve

further study. These are target mass effects, heavy quark mass effects, higher

twist operator effects and non-perturbative effects.
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In spite of the fact that there is still much to be done, both theoretically and
phenomenologically, we believe that a lot of progress has been made in the past
few years in the calculations of QCD predictions and in their confrontation with

newer and more statistically significant data.
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Appendix A: Basic Formulae of the Dimensional Regularization

a) D-dimensional integrals

D

D, pN T(N-3)
/ (sn)D 2 M21+i€)N i ‘(4;)11%/2 T (N) (MZ_;)N'% (A.1)
[ 4Pk K2 i (_l)N-l r(N-1-9) 5 .
(2m)° &2 - M2 + ie)N ?@nP? T M2 - is)N -1- %
O k ky i eV IN-1-3) » -
e (2 2,y T e T a2
) (;’;“D k0D = B J (;1_:)% 280D "

where f(kz) is a function of k2 and M

k's in the numerator are zero.

2

is a parameter. Integrals with odd number of

b) Expansions of Euler-Gamma and Euler-Beta Functions

T'(N - ;) = I‘(N)(l-%\b(N)) +O(e?)

where

\D(N) = SN-l - 'YE

and

(A.5)

(A.6)



-220- FERMILAB-Pub-79/17-THY

Here ¢=4 - D and yg = 0.5772... Since

(A) = fil-/-;—’f‘-)

and

r(A)NAY
B(A}, Ay = A+ A)

we have for instance

c) Feynman Parametrization

1 Mo+ B) [ a &L - xp -l

= d
aabB m)P(B) 0 [ ax + b(l - X) ](1-}-6

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

Generalization of (A.13) to more factors can be found in ('t Hooft and Veltman,

1972).
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d) Dirac Algebra in D dimensions

gyu=D ’

AY] ~
oy} =g :
Y*H < pe1 ,

yHpyY = 2-Dp ,
Y'Bb, v = 4p) py+ (D - WBB, :

Y BBoby ! = 2656, - (D - 1B BBy

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)
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Appendix B: Parton Distributions and Matrix Elements
of Local Operators. Charge Factors
In the course of our review we have denoted the matrix elements of any non-
singlet operator by Ass. AES depends in fact on the process and the structure

function considered. This dependence can be read from the parton model formulae

of Section Il. We give now a few examples. If AN(x) is defined by

i

ANS = a1 AN (B.1)
o ‘
then.

A%P(x) for ng
eN eN =V,V, .

NS A7 () for F5 ', Fy’ lNC

A (X)) = N - (B.2)

- A8

V() F A%V (x) for F} ce
- v
Vix) for F;“’ } NC

where 4°N(x) and A®P(x) are defined in Egs. (2.22) and (2.23) respectively..
Next we give examples of the charge factors Si(k) which appeared in our

formulae. For the non-singlet charge factors, 5(:'[)5 we have;

1 e eN
z for FZP, F5
' ; vy
" 1 for Fy' o
Sns = 2 2 2 .ﬁ“c (B.3)
G+85-8-6  for  Fllye
2 .2 g2 vV
6}4,62-63-6” for Fy' Inc
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For the singlet charge factors, S(k) we have:

‘I) ?
'128' for F;P, F;N
(K v,V
53 1 for Fpllce - (B
2. .2 .2 .2 v,V
8] +85+83+8), for F)’ INC

The formulae above are for the case of four flavors but it is a simple matter to
generalize them to any number of flavors.
The relations between Af‘(Qg) and parton distributions are given in Eqgs.
{5.29) and (5.30). Combining these equations with Table IT and the expectation
P2 G/~2 § 2 Fy I
A QD) > A NQQ) for n > & we observe that A (Q7) > A (Q7) for n > 4.
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FOOTNOTES

Fl The fact that QCD is asymptotically free was first presented (but not published)
by *t Hooft at the 1972 Marseille Conference on Yang-Mills Fields.

F2 goe also Novikov et al. (1977).
F3 See also Zaharov (1976), Novikov et al. (1978) and Field (1979).

F4 In this review we restrict our discussions to spin-avéraged processes. Asymi:totic
freedom effects in deep—inelastic scattering on polarized targets have been
discussed by (Ahmed and Ross, 1975b, 1976; A.ltare.ﬂi‘ and Parisi, 1977; Kodﬁira,
Matsuda, Muta, Sasaki and Uematsu, 1978). -

F5 Early discussions of QCD prior to thevdiscovery of asymptotic freedom can be found

in particular in the papers by Nambu (1966), Fritzsch and. Gell-Mann (1971),
Bardeen, Fritzsch and Ge{l-Mann (1972), Fritzsch and Geil-Mann (1972), Fritzsch,
Gel)-Mann, and Leutwyler (1973) and Weinberg (1973a, b).

Fé We neglect mass effects for the moment.

F7 This intuitive approach applies to all renormalizable field theories (Polyakov,
19713 Kogut and Susskind, 1976). '

F8 Twist = dimension - spin.  Here we neglect contributions of higher twist
operators whose coefficient functions are suppressed relative to the twist 2

operators by powers of Qz.

F9 For k = 1 and 3 the power n - 2 on the L.h.s. of Eq. (2.69) l,should be replaced by
n-1. Dependent on the structure function and process considered, Eq. (2.69a) and
the following equations in this s?ctibn -apply either for even'ér odd values of n.
The situation is summarized in Eq. (2.124) and explained in Section VILE.3. In

order to obtain predictions for all moments of n (odd and even) analytic



-225- FERMILAB-Pub-79/17-THY

continuation in n has to be made. This is trivial in the leading order but non~

trivial in the next-to—leading order (see F33).

F10ppe arbitrariness of Qg in Eq. (2.69a) is however restricted to suffiéiently large

values of Qg for which pgrturbative calculations can be trusted. .

Fllyumerical val.ues of higher order corrections to F;p considered in this paper are

" wrong and should be ignored.

Fl?‘l'l'ne' results of these two papers have been recently confirmed by Altarelli, Ellis ’

and Martinelli (1979), and Harada, Kaneko and Sakai (1979).

l=13‘rhese calculations have been done in the minimal subtraction scheme of 't Hooft
(1973) and are the only existing calculations which can be combined with the
two-loop anomalous dimensions calculated by (Flora;os, Rosé and Sachrajda,
1977, 1979). See discussions below.

l=‘u‘l'h:.e first calculations of QCD corrections to the sum rules (2.41) and (2.43) have
been done by Célvo (1977). There are however discrepancies between his results

and results presented here,

Floas discussed in Section VILE the structure function F; does not depend on gluon

contributions and Eq. (2.90) is therefore the full result. '

FlsAs discussed in Section VIII care must be taken when cont};\:ing Eq. (2.101b) to
non-integer values of n.
Fl7Exc¢.ept for k = L. Also corrections to various sum rules are, in. this order in gz,

automatically renormalization prescription independent.

le'his cancellation of renormalization prescription dependence is a particular

example of a general theorem of (Stueckelberg and Peterman, 1953).



-226- FERMILAB-Pub-79/17-THY

1:19'1'he results of these calculations should not be combined with the results for

y&ls) N and Y_('l),n of (Floratos, Ross and Sachrajda, 1977, 1979).

1
onThe numerical values for higher order parameters in Tables I and II correspond to
so-called MS scheme for the effective coupling constant (see Section VII). In this
scheme the terms (In &7 - YE) in Egs. (2.96) and (2.120) are dropped.

l:211='or further discussions of mass effects and heavy quark contributions to deep-

inelastic scattering we refer the reader to the papers by Witten (1976) and Close,
Scott and Sivers (1976).

F22For a review see (Leibrandt, 1974%) and references therein. Basic formulae of

dimensional regularization are collected in Appendix A. Useful calculations can be

found in the paper by Marciano, 1975.

F23Prior to the discovery of asymptotic freedom it has been argued that
approximate Bjorken scaling requires an asymptotically free theory (Callan and
Gross, 1973) and it has been shown that only non-Abelian gauge theories can be
asymptotically free (Coleman and Gross, 1973). One exception to this is a M)u
theory with X <0 (Symanzik, 1973), but this theory is rejected on the ground that
its spectrum is unbounded from below.

F24 s . . . . .
Anomalous dimensions of local operators considered in this review are gauge

independent in order gz.

I:25Notice that we work with a transposed matrix.

I:‘265'1nce FL vanishes in the leading order we discuss here only F, i.e. k =2. F, is

discussed in Sections VII and VIIL

l:2713henomenological studies of scaling violations without reference to asymptotic

freedom can be found in the papers by (Karliner and Sullivan, 1978; Perkins,

Schreiner and Scott, 1977 and Kirk, 1978).
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I:28For an excellent review of the deep-inelastic muon data we refer the reader to
the paper by (Francis and Kirk, 1979).

FZ9For recent calculations of asymptotic freedom and W boson propagator effects at

very high energies (1 - 100 TeV) see the papers by Halprin and Oakes (1979) and
Oakes and Tung (1978).

1:BOIt should be emphasized that the predictions of scalar theories as presented here
are based on an unproven assumption that perturbative calculations are reliable
for these theories. See discussion in Section VI.C.

F3 1See also Abbott (1979).

F32Generaliza’tion of this proof to all orders in EZ(QZ) has been discussed by Moshe

(1978) and Schellekens (1979). For a very nice discussion of this topic see
Peterman (1979).

F33I1: turns out that Ylslls)’n = Y(:: + (-l)nyg where Yi and Yr81 may be analytically

continued in n. Because of the factor (-1)" the even and odd values of Y[SIIS) M (see

B

nd
n @

F9) must be (in the process of inversion) analytically continued to y?\ +Y

YOrL‘ - YE respectively. The fact that Yi £0 can be related to flavor symmetry

breaking in antiquark distributions (Ross and Sachrajda, 1979).

F34We recall that we have calculated the diagrams of Fig. 8 in Section III in order to

find O,n, the coefficient of In - 2/ uz in Eq. (7.29). This time we are interested
YNS p

in the constant pieces Agz)’NS.

F35rhe parameters B'Esn correspond to the MS scheme of Eq. (7.58) and are obtained
’

from Eq. (7.42) by dropping there (In 47 - Yg) terms. Notice that the n

dependence of Au('xk) is independent of the definition of gz(Qz).
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1236Simi]ar conclusions have been reached by Anderson et al. (1979).

F3 7‘I'he material of subsections VIII.B and VIII.D has been done in a collaboration

with W.A. Bardeen.

P38 or n=2, 4, 6, 8 and 10 the position of the singularity is at f = 5.583, 3.788,
1.627, 0.142 and -0.988 respectively. The corresponding residue in R£ n are equal
H
to -15.43, 1.36, 0.2, 0.007 and -0.02.

F39 O,n

Notice that the diagrams of Fig. 10b enter also the calculation of Yol in which

case one is interested only in the coefficient of In -pz/u2 (see Eq. 8.52). This

time we are interested in the constant pieces Argé) ¢.

F405ee Appendix B.

I:MHWhiJe completing this review we received a paper by (Anderson et al., 1979) where

a comparison of higher order corrections with the measured moments of Flzlp and

F; 9 has been done. The agreement with the data is good with the value of AMS
0.459 £ 0.111. This is consistent with the value obtained from the analysis of

non-singlet structure functions (Eq. 7.59).

l:L‘ZSee Nanopoulos and Ross (1975). For a recent analysis see (Abbott, Atwood and
Barnett, 1979).

F435trictly speaking the diagrams of Fig. 36 represent the contribution of the
photon-quark scattering to the photon-proton cross-section. In order to calculate
the full photon-proton cross-section also the contribution of the photon gluon

scattering has to be considered (see Section VIII).

F%see aiso Koller, Walsh and Zerwas (1978) and Kajantie (1979). Gunion and Jones (1979)

have discussed the parameter o in the intuitive approach.

F”See for instance Ellis, Georgi, Machacek, Politzer and Ross (1979) except that we

denote differential cross-sections as do/dx by o(x), do/(dxdz) by o(x, z) etc. For
simplicity and following these authors we consider only the cross-sections which

are projected out by contracting the indices of the virtual photon with the tensor

-g "
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Fl'ts‘ir"revicus studies of the fragmentation functions in the context of QCD can be
found in Callan and Goldberger (1975) and Mueller (1974). Semi-inclusive deep-
inelastic scattering has been discussed previously by many authors, in particular
by Georgi and Politzer (1978 a) and by Mendez (1978).

F47Some of the order g2 corrections to e' e - h(P) + anything are shown in Fig. 44,

F#Sm this example we do not discuss the gz corrections which arise from gluon

production and its subsequent decay into hadrons.
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n n n NS - +
n NS d d, Ron Ro.n R2.n Ry q
2 0.395 0.000 0.617 1.951 4. 304 3,726 -0.271
4 0.775 0.760 1.638 7.956 9.078 17.07 6.756
6 1.000 0.996 2.203 13.19 12.81 30.43 12.36
3 1.162 1.160 2.587 17.64 17.53 41.72 17.01
10 1.289 1.287 2.882 21.50 21. 44 51.41 20.99
2 0.427 0.000 0.747 2.098 -8.117 4.799 ~0.124
i 0.837 0.817 1.852 8.117 0.811 18.17 6.917
6 1.080 1.074 2.1460 13.34 12.99 31.63 12.52
3 1.255 1.252 2.875 17.78 17.65 43.01 17.15
10 1.392 1.390 3.192 21.63 21.57 52.78 21.12

Table 1. Numerical values of th ters A%, d7, RS R/

al e . umeric vajues o [S] parame ers NS, 4 Z,n, z,n

and ﬁB

N for f =3 and f = 4. The table is from (Bardeen and Buras, 1979b).



0.429
0.429
0.571
2.35
0.00
1.65
0.00
5.90
0.00
-4.42

0.980
0.170
0.113
- 2.14
1.95
2.05
2.79
6.87
- 0.056
-343.0
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0.996
0.091
0.048

2.17
2.16
7.49
0.221
- 0.033
-49.9
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0.998
0.061
0.029
- 3.42
2.27
2.25

0.070
- 0.020

-39.9

10
0.999
0.045
0.020

- 3.62
2.35
2.33
14.7
0.034

- 0.013

-37.0

Table 2. Numerical values of the parameters which enter the formulae for the
Q2 evolution of parton distributions (Egs. (2.85), (2.86), (2.137-2.144) for

f = 4 and MS scheme.
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12
14
16
18
20

77

133.
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204.
219.
232.
243,

253.

262

(1),n

NS

A

.70 71
25 120.
26 147.
.68 166.

5 181
3 194
1 205.
3 215.
3 224.
.3 231.

Table 3. Coefficients of gql(16 nz) in the anomalous dimensions y

.37

00 -

39

.78

.63

Ty
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65.84 35.
132.6 119.
164.1 146.
186.6 166.
204 .4 181
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232.1 205.
243.3 215.
253.3 224,
262.3 231.

(1),n

56
28
82
34

74
.58

-45.25
7.75
16.56
19.47
20.44
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19.22

(1),n
YpG

A

-60.
10.
22.
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27.
27.

27.

26

260

25.

34
34
08
96
25
51
29

.82

25

63

chql;)’n
3 4
-65.84 -55.56
-28.64 -27 .40
-18.46 -18.28
-13.94 -14.08
-11.40 -11.67
- 9.78 -10.11
- 8.65 - 9.00
- 7.81 - 8.17
-7.16 - 7.52
- 6.64 - 7.00
l&ls),n, ij;{p)’n’ Ylb(é})’n’ YG(lu)J’n

o
3 4
45.25 60.34
178.9 151.61
242.9 201.94
287.6 238.16
323.1 267 .48
353.1 292.44
379.0 314.2
402.1 333.7
422.8 351.2
441.6 367.3
and Yéé}),n

as given in 't Hooft's scheme for f = 3 and f = 4. This Table has been calculated on the basis of the

results of (Floratos, Ross and Sachrajda, 1977, 1979).
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Scheme Q%[ Gev?]
5 10 50 200
MS 0.97 0.96 0.95 0.95
MOM 0.68 0.73 0.80 0.83
MS 1.20 1.15 1.09 1.07
MS 1.10 1.05 0.99 0.97
MOM 0.63 0.65 0.71 0.75
MS 1.53 1.42 1.26 1.20
MS 1.24 1.15 1.05 1.01
MOM 0.69 0.68 0.71 0.74
MS 1.79 1.62 1.40 1.30
MS 1.37 1.25 1.11 1.06
MOM 0.79 0.74 0.73 0.75
MS , 2.00 1.79 1.52 1.39
R |
Table 4. The values of the quantity 1 + —1—-7 as a function of n and
Bo In Q7
12

Q? in various schemes: MS (A = 0.5 GeV), MOM (A =0.85GeV)and

MS (A = 0.4 GeV).



10
12

14

16

18
20

0.660
0.276
0.175
0.127
0.0989
0.0806
0.0678
0.0584
0.0511

0.0453

4
1.245
0.504
0.317
0.230
0.179
0.146
0.122
0.105
0.0919

0.0815

3
0.353
0.218
0.138
0.100
0.0781
0.0637
0.0536
0.0461
0.0404
0.0358

[9R]

0

a.

O.

4

.529
.373
.235
.170
132
.108
.0904
.0777

0630
0603

248~

-0.604
-0.418
-0.327
-0.269
-0.228
-0.198
-0.175
-0.157
-0.142
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By

-1.028
-0.716
-0.561
-0.463
-0.394
-0.343
-0.303
-0.271
-0.245

.839
489
.349
274
.226
.193
.168
149
134
.122

Pn

1.679
0.924
0.660
0.513
0.427
0.364
0.318
0.282
0.253
0.230

Table 5. Numerical values of the parameters a, En and En which enter Eq. (9.25)

for f = 3 and 4. p, are the moments of the p(x) which enter Eq. (9.14). The Table

is from (Bardeen and Buras, 1979a).
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FIGURE CAPTIONS
Fig. 1: Deep-inelastic lepton-hadron scattering.
Fig. 2: Deep-inelastic scattering in the parton model.
a) vector boson - parton scattering
b) corresponding virtual Compton amplitude

The indices p and v are the current indices as in Eq. (2.1).

Fig. 3: Basic processes in the intuitive approach.

Fig. 4: Feynman rules for Quantum Chromodynamics.

Fig. 5: g2 and go order contributions to quark self-energy.

Fig. 6: Lowest order corrections to gluon self-energy.

Fig. 7: Lowest order corrections to (a) triple gluon vertex and

(b) fermion-gluon vertex.

Fig. 8: Diagrams entering the calculation of Y\I?\l,)n or Y181’5n°

Fig. 9: Feynman rules for the operator insertions.

Fig. 10: Formal approach versus intuitive approach.

Fig. 11: FSP as a function of x for (a) Q% = 1.8 GeVZ and (b) Q7 = 22.5

GeV? together with contributions from u d,, non-charmed -

v?
sea and charmed sea (Buras and Gaemers, 1978).

Fig. 12: The Q2 behavior of FSP for various values of x, compared with
the SLAC data of (Riordan et al., 1975). The solid line
corresponds to parametrizations of Egs. 5.46, 5.51, 5.52, 5.53.
The sea contribution is negligible at these values of x.

Fig. 13: Comparison of asymptotic freedom predictions with the up
data of Gordon et al. (1979) (open circles). For compari-
son also the ep data of Riordan et al. (1975) (triangles) are shown.

The curves correspond to the parametrizations of Figs. 12 and

15 with A = 0.4 GeV.
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Fig. 14: Comparison of the QCD predictions for the moments of F,
with the ep, ed, up and pd data (Anderson, Matis and
Myrianthopoulos, 1978).

Fig. 15: The absolute cross-sections ¢” /E and o’ /E as functions of
energy, compared with the high energy data. The calculated
curves are for the free parton model (FPM) and the leading
order of asymptotic freedom (ASF). The parametrizations of
the valence quarks are as in Fig. 12. The input parametri-
zations for the remaining distributions are:
xS(x, Qg) = 0.99(1 - x)s, xC(x, Qg) =0 and  xG(x, Qg) =
2.41(1 — x)5 at Q(z) = 1.8 GeVZ. The increase of the cross-sections
in the parton model is due to charm production.

Fig. 16: The ratio o-\7 /cv as a function of energy, compared with the
high energy data. The curves correspond to the parametri-
zations of Fig. 15.

Fig. 17: <y>v and <y>; as functions of energy. The curves correspond
to asymptotic freedom parametrizations used in Fig. 15.

Fig. 18: <Q2/E> as functions of energy. The curves correspond to
asymptotic freedom parametrizations used in Fig. 15. The
collection of data points is from Tittel (1979).

Fig. 19: Integrals [ 1F‘z(x)dx and J;) ldx xF3(x) as functions of energy.
The curvesohave been obtained on the basis of Eqs. (6.3) and
(6.4) with the values of o and o-\7 as in Fig. 15.

Fig. 20: §F3 and §F2 as functions of energy. The curves correspond to
an asymptotic freedom fit with A = 0.47 GeV. The figure is

from (de Groot et al., 1979a).



Fig. 21:

Fig. 22:

Fig. 23:

Fig. 24:
Fig. 25:
Fig. 26:
Fig. 27:

Fig. 28:

Fig. 29:

Fig. 30:
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Fz(x, Qz) as measured by the CDHS group (de Groot et al.,
1979a) (black points) compared with the leading order asymp-
totic freedom predictions for A = 0.47 GeV. The open points
are from SLAC. The figure is from (de Groot et al., 1979a).

log Mi versus log M. plots as obtained by CDHS and

J
BEBC/GGM. The figure is from (de Groot et al., 1979a).

The measured slopes as defined by the plots of Fig. 22. . The
straight horizontal lines are the predictions of vector gluon
and scalar gluon theories.

Examples of diagrams which enter the calculation of ¥ 15]15) n,
Examples of gl‘t order contributions to quark self energy.
Diagrams entering the calculation of Tl(jr){NS of Eq. (7.31).
Order §2 deviations from the Gross-Llewellyn-Smith and
Bjorken sum rules. The dashed lines (---) are parton model
predictions. The solid (—) lines follow from Egs. (2.99) and
(2.100). The figure is from (Bardeen et al., 1978).

Nachtmann moments of xFB(x, Qz) vs. Qz. The data are from
(Bossetti et al., 1978). The solid lines represent the MS and MS
schemes.

Experimental A values obtained by Duke and Roberts (1979)
using the data of BEBC (open box), CDHS (open diamond) and
the entire SLAC data.

The effective AgZ)(QZ) (—) as defined by Egs. (7.68) and (7.69)
as functions of n for various values of Q2 and A= 0.5 GeV. For

comparison the As]z) as defined by Eq. (7.63) is plotted as

functions of n for A= 0.35 GeV.



Fig.

Fig.

Fig.

Fig.
Fig.

Fig.

Fig.

Fig.

31:

32:

33:

34
35:

36:

37:

38:

Fig.39:

-252- FERMILAB-Pub-79/17-THY

The effective coupling constants 'oT(Qz) as extracted from the
BEBC data for the leading order (L.0.), MS scheme, MS scheme
and momentum subtraction scheme MOM.

Examples of the diagrams which enter the calculation of the
two-loop anomalous dimension matrix Y(l) Na, b), Yq()(l:l)’n(c, d),

W

yc(lqz’n(e, f) and Yélc)’n(g, h).

Examples of the diagrams which enter the calculation of the
anomalous dimension of the gluon field in order g4.
Diagrams entering the calculation of Tl(j:]’c' of Eq. (8.55).

Size of the explicit second order corrections Iiz’n('&) in the MS
scheme for f = 4.

Diagrams contributing to photon(www)-quark(——) scattering
to order gz. The empty ("bare") blob stands for the "bare" (Q2
independent) quark distribution in the proton. 27w denotes
gluon.

The ratio R as given by Eq. (9.9) as a function of /Q—z_ for two

values of A. The heavy lepton contribution (AR = 1) has been
added. The parton model prediction is R = 4.3.

The process e*e” + hadron + e*e™:

a) The dominant two-photon contribution

b) Vector dominance contribution to the photon-photon scat-
tering

c) Contributions to photon-photon scattering in which the
photon behaves like a point-like particle (parton model
diagram).

Typical diagrams contributing to the mixing between hadronic

operators and the photon operator a) K ?p,n b) K(i)’“ c) KC(}I),n‘
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Fig. 42:

Fig. 43:

Fig. 44:

Fig. 45:

Fig. 46:
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Moments of the photon structure function in units of a2 as
predicted by the parton model (a), asymptotic freedom in the
leading order (b), and asymptotic freedom with higher order
corrections (c, d, e). For comparison the same value of A for
all cases has been chosen.

llustration of the r.h.s. of Eq. (9.29). The sum runs over
quarks and gluons.

llustration of the r.h.s. of Eq. (9.36). The sum runs over
quarks and gluons.

Basic processes responsible for the Q2 evolution of the frag-
mentation functions.

Diagrams contributing to quark (———) production in
e*e” » h + anything to order gz. The empty ("bare") blob

stands for the '"bare" Q2

independent quark fragmentation
functions. weeys denotes gluons.

Hlustration of the r.h.s. of Eq. (9.56). The sums run over
quarks and gluons.

Ilustration of the r.h.s. of Eq. (9.57). The sums run over

quarks and gluons.
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