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INTRODUCTION� 

Let us assume that we measure a quantity x which has a frequency~ 
distribution f(x) by using a measuring instrument with resolution 

D(XO,x). The resolution D(xo'X) is the differential probability dP/dxo, 
where Xo is the apparent value of the quantity x. The apparent (9bserved) 

frequency distribution will be given by the following convolution 

integral in the proper domain xl<x~x2, 

)(.1 

f o (xo)= ff(X) D(xo,x) dx� 
X1. ~ (1)� 

with JD (x•• X/ dXo"l� 

Xi� 

In practice one measures f o (xo) and D(xo'x) and wants to determine 

f(x). This is a Fredholm integral equation of the first kind. It could 

be solved, in general, by numerical methods. 1, 2 

The inverse problem is of interest too, namely by knowing D(xo'x) and 

f(x) to determine f o (xo). 
We will concentrate on cases where the parametrization of the 

frequency distribution and the resolution are such that the above probLero 

can be solved analytically. For a different parametrization leading 

to analytic solution see ref. 3. 

We will assume that fo(xo)' or f(x), and D(xo'X) are precisely 

known wherever it is necessary. To determine the effects of errors on 

f o (x ), or f(x), and D(xo'X) one could specify the errors on the parameter 

of the above functions and determine the error of the final result 

in a straightforward way. 

Parametrizations for high transverse momentum distribution calculations 

In the case where a high transverse momentum (high-P spectrumT) 
of final particle(s) in an elementary particle interaction is measured 

with a calorimeter, one has the definitions, x:P xo:PTO and f(x)=dN/dPT, T, 
f o (X(" )::dN/dP Where P PT O are transverse momenta, N is number of

Tci T, 
events. First we deal with the problem of the production of single 

particles with high-PT. Their distribution f(x)=dN/dx(=dN/dP can be ~ T) 
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parametrized for small ranges of P by the equation,T 

dN -B xCIX:: A . e (2) 

A) Let us first take a resolution which is in general a Gaussian 

without tails, 

D (Xl), x):: 0 

( 3") 

(erf (~)­. rx 

g is a constant. Its meaning becomes obvious if one puts xo:x-gS 

and x o-:: x + g$ into Dl (xo' x), then Dl (xo' x) becomes zero sc1that g is 

a measure of where the Gaussian tails are cut. 

are obtained by requiring Dl(XO'X) O.x l,x2 
This D (xo' x) resolution becomes Gaussian if g= (i) • 

The choice of the above form was made in order to examine the effects 

of Gaussian tails. 

The variance s; of D{Xo'X) is given by, 

_1..7­
S 2..: s2. . rerf (.!.) - ~'~e ~ 

2) L tr fInZ 

(4 ) 

--f 2.~A :erf (..1.) e ._ 
~2 

V2.11 



-4­

The Full Width at Half Maximum, FWliMb, for D(xo'x) is given by, 

F~=.2'S.J~-2:tn~(1+e~9~)J" (5) 

For large values of g, s1> ~ s , 

The convolution integral equ. (1) with the parametrizations Qf 

equations (2) and (3) becomes, 
cA. 
.... 1..1.. b'l.. 

f o (xd::.- 2,~fe ~lfdu (e_e.t '" - tea. 

'iti4\l 
I~ U, 

(6 )ul=Vxl ' ui='ifX; 

a::'{B + ~'c2. 
XQ

b:--­re·C 
It is easy using reference 4a to estimate this integral up to 

error functions. The result is, 
X.o 

A·e~ 1 
f o (x o) =-----­

. 'iZ'. c At. ~ t:(, 

·fea.~b re r f (a. u2+~) -erf (aul+!.~te-~«~[erf(au 1.) -erf (au f )1'_ c;L' • u2. (A1'j 2- L4.z. l- 1 IJj 
A e~~ ~ - -;:-r~ ,r::.;;t. (erf (ij'u2) -erf ({8ul)J� 

C 111 y~'&
 

For g...~ and one gets for the Gaussian case,u l:. 0, u2~ 6:1 (A2...,.l) 
with s var~ing with x as s~ c.~ 

A - (VI +2.'g~':C" -1)' ~2. • )(0
ft) (xo)= ·e (8)� 

'{I+2.BCZo
'� 

This result could be obtained directly, without going through (7), 

using reference 4b and initially taking xl=O, x 2= ()() . 

If we write f (xo)=Ao.e- 'So,XO t h e n from (8) we get,o 

Ao=-AI fi -I.- 2BC2.· 
(9) 

Bo=(Vl+2BC-z! -1) Ic 2.. 
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These are the folding relations for the case of Gaussian resolution 

for the distribution f (x)= A 'e- B·)(. We observe that the apparent distri­

bution is still exponential with a different decay constant, Bo. By 

solving equations (9) for A and B one gets the unfolding relations, 

A-=(ltBo·C:2. )·Ao 
l.. 2. (10)� 

B::: B + 80 . C� 
o :2­

A useful relation which gives the value of x(:xm) where the inte­

grand of the integral in equ. (6) becomes maximum, for the case of the 

Gaussian resolution function, is, 

)/ (1+2BC~ ) (II) 

B) We consider now the case where equ. (2) is still valid but the 

resolution is given by, 

ex" - xl ~ 

:4'54 s:constant,independent of x (12) 

For X14X~X2 one easily obtains for the convolution integral of 

equ. (1), 

'B~ $'2. 
- t X2. 'B'S x, x, ~-S Xo J -B' X.,fo(xo )= Ae ~ erf(-+---)-erf(- ..... ---)·e (13)

.t 'I.i' .$ fi! if· C; rss Vi ~' s 

(14) 

(15) 

In this case the distribution is just multiplied by a factor without 

change in its decay constant. We will not make use of this result because 

we think the resolutions of the calorimeters, so far reported, are 

better approximated with the formulae used in case A. 



-6­

Comments on the resolution function 

Let us concentrate on the Gaussian case of A. The constant c def:.,d 

by s-::c.fX', is measured by calibrating the calorimeter with particles 

of known momentum (we ignore any differences between momentum and 

energy of the measured particles). One then obtains a relation sp:cp~ 

for the momenta instead of the transverse momenta, assuming that the 

calorimeter response behaves in this way. If the calorimeter is placed 

such that the measured particle has a polar angle ewith respect to the 

beam direction,_then obviously p?,p.sinO and s:cp·Vsin9 ·Vp;:c.fP';-::.e.v;i. 
A problem occurs when xO(PTO) is small enough that the resolution 

function has significant values even' for x(O and the question arises 

with the normalization condition of equ. (1). In fact, for small x 

the resolution is not as simple as our parametrization indicates. One 

could imagine one of the following, either apply our formulae for large 

values of x such that there is no problem or imagine that the side 

of the resolution function near x=o is modified such that the normali­

zation condition of equ. (1) holds. This will not affect our results. 

Jet measurements with a calorimeter 
~ 

When measuring a jet of many particles determining c becomes a lit: 

more involved. One approach is to use c:c sine where () is the jetp. 
vector polar angle and c is an average of the hadronic and electromagn~~·p 
tic contributions to the jet properly weighted. Notice that c p for the 

electromagnetic contribution is much smaller than the corresponding 

c of the hadronic component of the jet. A better approach to dealingp 
with the problem is disribed below. 

We can write for the momentum of the jet, PJ-::: r.o P .. cos a.,
.L ~ ~ 

where P. are the momenta of the fragments of the jet (we assume they
a. 

are massless) and a. are their angles with respect to the jet direction. 
a 

For Gaussian resolutions one could w:r:ite, 

2. "2­s. • cos a. 
~ ~ 

S 'a.. _ C 2- • Pwhere (16) 
~- pi i 



-7­

cpo 
~ 

could be assumed 
. 
to vary with the location on the face of the 

calorimeter where the particles hit. c . depend also on the type of 
P~ 

particle entering the calorimeter. Photons and electrons have smaller 

c than pions. On an event by event basis one could calculate c and
Pi J 

then calculate c from c::cJ.~ sin9J~ B is the polar angle of the jet.
J 

Although slightly different methods could be implemented wh~ch 

give results which differ slightly, the above could be chosen for simpli­

city. It is clear that c will, in general, vary from event to event. 

If c is plotted for a high-P spectrum one will obtain a distribution
T 

with finite width. The correct way to solve the unfolding problem is 

to take events having similar values of c and unfold them together. 

Then add the results of the different c intervals •. The approach for 

folding a jet spectrum is quite similar. A cruder approximation would 

be to take as c the average value of c and do only one unfolding (foldinS 

It is easy to see from equ. (16) that sJ for a jet could be smaller 

or larger than the respective s.for the same value of momentum dependins 
a 

on how s. varies with momentum. 
a 

Applications, results, conclusions 

An attempt to use equ. (7) with algebraic approximations for the 

error function from reference 4c proved not to be very useful. due to 

inaccuracies in the approximations. In order to compare the analytical 

result of equ. (8) with Gaussian tails in the resolution, to the case 

where Gaussian tails do not exist, we calculated the integral of equ. (6) 

for different cuts (g) of the gaussian tail, by using the 20-point 

Gaussian integration from reference 4d. 

A typical result is displayed in fig. 1. B is taken to have typical 

values consistent with the results of references 5,6 and 7. c is typical 
8for calorimeters. The conclusion from fig. 1 is that as long as the 

ratio of the apparent (observed) rate of events to the real rate is 

approximately below 3 the two methods (with Gaussian tailor without) 

give results within 10% of each other. The resolution with the Gaussian 

tail gives higher rates. Notice that we consider for the two cases that 

at each momentum the variances are the same (s~,s). 

We fitted the result for pp-+~t+x from reference 5 with two expo­

nentials (clN/cl.PT·~<r;: .P 'rhe fit was done graphically and had devLa t i.ons 
~v T). ~ 

of the order of 5%. Then we took c to be 0.919 (GeV/c) 2 and sin8=O.057p 
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folded the fit with equ .. (8). Fig. 2 indicates that the ratio of observ 

events to real events is approximately 2 at ~T =. 7GeV/c. If one consi' r~ 

reference 9 and scales the distributions to fixed target experiments~ 
with an approximately 400 GeV beam, our exponential parametrization 

for the higher P points of reference 5 also seems to be resonable
T 

beyond P of 7 GeV/c.T 
Fig. 3 shows different resolutions with the same FWHMD or the same 

~. ,obtained by adding two Gaussian resolutions with proper weighting, 

thus simulating the case of-worse than Gaussian tails but still keeping 

sp or F~ resonable. The results are displayed in fig. 4. It is clear 

that the effect is worse than that for single Gaussian tails. 

Table I gives some characteristics of the various resolutions used 

to emphasize the fact that small changes in the tail have large effects 

as displayed in fig. 4. 

We comment on the parametrizations of reference 3 and ours, and 

apparent differences in the two results. Reference 3, which also deriveb 

analytical formula, uses as parametrization for f{x):A/pn and the 

same parametrization as this present work for sr{S{~fP). The conclusion 

of reference 3 is that as P (or P increases the ratio of apparent ~ T) 
events to real events decreases. In our case where we selected parame­

triza tion of the form A· e- 'S·X the oposi te is true. In reality neither 

parametrization is correct to fit the data for a l~rge range of PT. 

To illuminate this fact we give the following numbers. The local power 

n of a local l/P~ fit to the 400 GeV PP~1T"'+X data -(fit to invariant 

cross section multiplied by P of reference 5 for P GeV/c is 8.4,
T) T:2. 

while for P : 6 . GeV/c it is 11.2. We mention that the,values of B for
T

the exponentials that fit the low and high PT part of the same spectrum 

are 3.8 (Gev/c)-l and 2.4 {Gev/c)-l respectively. The correct approach 

is to fit the global P data (as we did for the result of fig. 2). OneT 
probably should be careful for the contributions of P~ to the convolu­

tion integral of reference 3. 

In conclusion we remark that a) for resonable calorimeter resolution: 

of Gaussian type with s varying as cp~ our analytic f9rmula of-equ~ (8) 

is useful, and b) one sh~d be careful not to have large tails in a ca­

lorimeter to be used for measuring high~PT spectra, because 

they worsen the spectrum (of particles) due to a contamination of hi~~ 

P events from events of lower PT·T 
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FIGURE CAPTIONS� 

Figure 1:� R (apparent rate)/ (real rate) versus PT· ..- ,£,' 

The continuous line is the result of folding a distribution f 
~ 

of the form exp (-3.0 P with a Gaussian resolution with 'i-
T) 

sp=, o. 8·fF and sine =0.07. 

The dotted line is the result of folding the same distri­

bution with a Gaussian resolution without tails (g=0.6), 

and the same standard deviatio~ dependence and same sine ~ 

as above. The numbers on the top of the figure show the ratios'lil 

of R;)s of the two cases at each PT· f-

Figure 2: R (apparent rate)/ (real rate) versus P obtained by fitting Ii
T 

the result of reference 5 with two exponentials and folding k ~ 
them with a Gaussian resolution (sine = 0.057,c =- 0.845 (GeV/c)':,r 

Figure 3:� Resolution function D versus P for X o (P ) 5 Gev/c,.
T TO

sin 9= 0.07. 

a) Line --- is the case of a single Gaussian with I 
~:0.85 (Gev/c)~L • t ,.,� l4!' 

b) Line~, is the sum of two Gaussians with cp-=O. 85 (Gev./r' .' . 

and 2.55(Gev/c)~with weights 0.9 and 0.1 respectively. ~ 
c) Line--- is one Gaussian with c~ the average of the 

squares of the two Gaussians o~ case b), ~=(0.9-(0.85f+ 
2. ~ '1z.� r

0.1-(2.55)� .) ::1.14 (GeV/c) . 

d) . Line - - is the sum of two Gaussians with 

CfO.85(Gev/C)~ and 3.4(Gev/cr~ with weights 0.9 and 0.1 

respectively. 

Figure 4:� R (apparent rate)/(real rate) versus ~T for the different 

resolutions of figure 3. 'B=~5 C~/c). 
Line - - - is for case a). of figure 3. Line - is case c), 

line - - is case b) and line - __ is case d). 
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TABLE I 

FWHM 
GeV/c 

A 

a) 

b) 

c) 

d) 

0.85 

1.14 

1.14 

1.31 

1.20 

1.20 

1.60 

1.20 

1.31 

1.48 

1.41 

1.57 

0.991 

0.971 

0.991 

0.964 

,.,. 

The letters a),b),c) and d) refer to the cases of resolutions 

of figure 3. P~PTO is the ratio of the P where the resolutionT 
function has a value equal to 1/100 its peak value, to PTO wich is 

the P of the peak (5 GeV/c). The value of P the larger than PTo has
T T 

being chosen. A is the "area" of the resolution function between 

PTO -FWHM and PTO+FWHM. 
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