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ABSTRACT
We generalize Witten's calculation of the photon structure function FZY to
the next to the leading order of asymptotic freedom. Except for the second
moment of F2Y the result is independent of the unknown matrix elements of quark

and gluon operators between the photon states. The non-leading corrections turn

out to be large.
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I. INTRODUCTION
It is well known by now that asymptotic freedom ;:»redictionsl’2 as calculated
in the leading order of the effective coupling constant are consistent3 with the
scaling violations observed in deep-inelastic data. The theoretical calculations
needed to obtain these leading order predictions are rather straightforward and

have been obtained already several years ago.l’2

On the other hand, the
calculations of the next to the leading order asymptotic freedom effects are much
more involved and have only been studied during the past two years.u"9 These next
to the leading order effects are now theoretically well understood although their
detailed confrontation with the data remains to be done.

So far the calculations of higher order corrections have concentrated on
deep-inelastic scattering off hadronic targets. In spite of the fact that corrections
in question are not small they can be absorbed to a large extent in the redefinition
of the parameter A, the sole free parameter of the theory.6 The phenomenological
study of higher order corrections is complicated by the fact that any asymptotic
freedom expression for the hadronic deep inelastic structure functions involves
matrix elements of local operators between hadronic states which are uncalculable
by present methods. These matrix elements must be treated as free parameters in
fitting data. Since the magnitude of higher order corrections varies only slowly
with Q2 some of the higher order effects can be absorbed (in the range of Q2
available experimentally) in the unknown matrix elements in quesﬂ:ion.6 It is
therefore of interest to look for processes which at least in the first few orders in
the effective coupling constant are free of the unknown matrix elements of locat
operators.

One such process is the deep-inelastic scattering off photon targets. This
process can be studied in e*e” collisions!? as shown in Fig. | where one of the
virtual photons is very far off-shell {large Qz) and the other one is close to the

-

mass-shell (small pz).
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In QCD the process of Fig. 1 has been analyzed by ‘Witten11 using operator
product expansion and renormalization grc;up methods. He has obtained definite
predictions for the photon structure functions which in the leading order of
asymptotic freedom are independent of the unknown hadronic matrix elements.
The asymptotic freedom result for the shape of the photon structure function FZY,

differs substantiaily from simple parton model predictions.lz’u Witten's result has

been recently rederived by I.le'i.ve:llyn-Smith“‘I in the framework of the perturbative

QCD and by de Witt et al.l’ 16

and Brodsky et al.”” in the framework of Altarelli-
Parisi approac:h.” For a recent review of the phenomenological impiications of

these resuits we refer the interested reader to refs. 14 and 1é6.

If we write generally the moments of FZY(x, QZ)
b oon2n v, A2 Q% - Q? 1
[ dxx F (x, Q%) = a In*5 +3 Inln>5 +b +O 5 y (L)
0 A A Q*
in >

A

then what Witten has calculated are the coefficients a,.
In this paper we shall extend Witten's calculation to higher orders and

evaluate the constants En and b . As observed by Witten! |

the constants b_anda_
do not depend on the unknown matrix elements of local operators except for b2. In
other words for the first three terms in the expansion in equation (l.1) we obtain
for n >2 definite asymptotic freedom predictions in terms of a single free
parameter A. For n = 2 there is an additional free parameter in b2 which involves
the photon matrix element of the hadronic energy momentum tensor.

It is obvious from the above that the process under consideration is, from a
theoretical point of view, an excellent place to study properties of higher order

corrections. Unfortunately experimental tests of our results may prove to be

difficult.
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Our paper is organized as follows. In Section II and following Witten we
derive a formal expression for the moments of F2Y valid to any order in the
effective quark gluon coupling "g'2 and to first order in the electromagnetic coupling
e?. Using this expression we find in Section Ill the parameters a, b, and En of
equation (1.1) in terms of one loop and two-loop anomalous dimensions, one loop
and two loop contributions to the B-function and one-loop corrections to the Wilson
coefficient functions, Section IV contains all information needed for the numerical

evaluation of the parameters a. a_ and bn' Numerical results and their discussion

n
are presented in Section V. For completeness we include formulae for the
longitudinal photon structure function in Section VI. Section VII contains a brief

summary of our paper.

II. BASIC FORMALISM

In the short distance analysis the moments of the photon structure function

FZY(x, Qz) are given as follows '3
Lo onezo v, 2 i (Q% 2 n
I ax xR, (%, Q) = ) cn( z,g,a) <] O |v> (2.1)
0 i u
where Q2 = —q2, X is the Bjorken variable, g2 is the renormalized strong coupling
2
constant, L? is the subtraction scale at which the theory is renormalized and o = _e?

is the electromagnetic coupling constant. The sum on the r.h.s. of equation (2.1)
runs over spin n, twist 2 operators such as fermion non-singlet operator ONS’
singlet fermion and gluon operators O " and O, and photon operator Oy' The latter
operator which is not present in the deep-inelastic scattering off hadronic targets,
is the analog of the gluon operator OG with the non-abelian field strength tensor
GaB replaced by the electromagnetic tensor FaB . As noted by Witten,“ O., must

‘Y
be included in the analysis of photon-photon scattering. The reason is that although

the Wilson coefficients CnY are O(a) the matrix elements <Y|O$ ly>are O(1).
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Therefore the photon contribution in equation (2.1} is of the same order ing as the
contributions of quark and gluon operators. The latter have Wilson coefficients
O(1) but matrix elements in photon states O(c). We want to evaluate equation (2.1)
to lowest order in o but to all orders in g.

In what follows it will be useful to work with matrix notation. The

coefficient functions are described by the column vector

) -
’— an(Q'z' s 82:0)

Oy
I~
%

] 82! a ) = . (2-2)

The renormalization group equation which governs the Q2 dependence of En can be

then to lowest order in & written as follows

2 2

3 3 <> >

(v &80 &) cn(%, g’ a) = v &% a¢, (% : gz,u) (2.3)
u H

where Yn(gza ) is the anomalous dimension matrix whose elements are egual to the

elements of the transposed anomalous dimension matrix as defined by Gross and

Wilc:zek.2 To lowest order in @ this matrix has the form

Y n(gz) 0
Y 84a) = (2.4)
[zn(gz, a) 0

with "?n(gz) being the standard hadronic anemalous dimension matrix
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2 2

n n
ThED = | vpgl)  vigEd 0 (2.5)

and Iz(gz, a) standing for the three component row vector
r 2 2 2 n ,?2
K g% a) = [K;(g ya), Kelgha) KRl ,a)] , (2.6)

-
The vector Kn represents the mixing between the photon operator and the
remaining three operators. In the notation of equation {(2.5), its components are
n n n . L
Y‘P‘Y R YGY and y NSy’ We prefer however to use separate notation for the mixing in
question because it depends on both g and . It is also the notation of Witten. !

The solution of (2.3) is given byl’z

2
2 8 Yalghad) 1, _
ﬁn(%z’gz’“) : [T “® Jad dg'ﬁrégr] Gtgha @)

with Ez being the effective strong interaction coupling constant which satisfies the

following equation

-2
%:EB(@ ; Blt=0 =g . (2.8)
QE
Here t=In 5. The T ordering in equation (2.7) is necessary because [Y(Qf),
!

Y(Qg)] £0 and is defined as follows
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g ( |2) g l2)
T oexp | [ dgfBst|= 1+ [ dg'-gjfg.)—
8 8
24 g' ( !2) ,,2)
g [ g L&Y MR L . 2.9)
g 8

Writing the T ordered exponential as

M 0
Y& n
T exp l:f di] = . {2.10)

=
where Mn is a 3 by 3 matrix and X, is a three component row vector we find from

(2.4) and (2.10)

~ 2
2 g Y,
Mn(Q2 ,gz) = T exp [f_ dg'wngr ] (2.11)

and

-

12 > K (g ,a ) g' Yn(g" )
Xn 5180 ) = f dg WT exp f dg"—B@)—' . (2.12)

u
On the other hand equations (2.1), (2.7) and (2.10) give

Loon2e v, o2y . 3§ n Q® 2\2, -
fodxx F,'(x, Q%) = ) <Y|Oi [y> M| %58 JC (1,8 a) ,
1 H

+Xn(3_2,823 C£) Cn(lsg ’G)+EHY(l!g » ) (2.13)

where i now runs over {, G and NS and
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C}!Jl(ls gz,a)

ct, g o) : (2.14)
cNoq, 22 a)

6n(l, gz, a)

In addition we have used the fact that

<~,}oyly> = 1 . (2.15)

Equation (2.13) is valid to any order in the effective coupling constant gz and to the
first order in a. The only unknown quantities in equation (2.13) are the matrix
elements <y | O?Iyz Fortunately due to asymptotic freedom the sum Z in

i
equation (2.13}, except for n = 2, goes to zero for large Q2 as in the case of deep

inelastic scattering on hadronic targets. It then follows!!

that the parameters a
and Sn for all n and b for n > 2 can be found by evaluating the last two terms of

equation (2.13). We shall now evaluate these terms and consequently a, En and b .

[ll. PHOTON STRUCTURE FUNCTION BEYOND THE LEADING ORDER
We begin with the evaluation of the Tg ordered exponential which enters

equation (2.12). We {first expand the anomalous dimension matrix ?n(gz) in powers

of g
n 0,n g2 (1)yn gq -

Yij(g) = Yij’ 7 Y Yy 5 teeb] =0, G (3.1)

lem 2

(l6m*)

n 0,n 2 (1),n 4
YNs® = WS T YN By v : (3.2)
l1am (16“2)

Then writing in an obvious notation
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¥.E) = ¥2eh + W2 s . (3.3)

and using equation (2.9) we obtain neglecting terms O(E“t)

EERAS g e
Tep [ dg Sy = op | [_og gy | -
g g

g g ¥ ?S)(g'z) g g
+ .J._g dg' exp f 'dg" BgM B(E) exp Ig dg" —m . (3.4)
g

To proceed further we evaluate

g ?g(g'z)
exp f dg"‘m (3.5)
8
which appears three times in equation (3.4). This is easily done by writing
2002 _ g2 npn
Yg?) = L X7P! (3.6)

16%° |

where )‘i are the eigenvalues of the matrix ?g and P? are the corresponding

projection operators. Explicitly

r O,n A’n O,n R
Ty E ey °
n 1 0,n ag,n n
+~ 7F
L 0 0 0 |

(3.8)

g

=3
[ N o T s

o
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z
o,n . ( On) 0,n On
Y + Y, z -Y +i}(;, Y
D W GG / wJ» G (3.9)

and

n 0,n

Using the known properties of the projection operators

0 i#j
p}‘p}‘ - (3.11)
P? I=j
and expanding B(g) as follows
5
Bg) = -B-p .—B _3 (3.12)
lenl © 2.2 1
(16T°)
we obtain to the desired order
A28
i o}
A0y 2 2 2
rjgld n®) pn | 52 1 M 5, L %2 (3.13)
exp g 7 = . + . (3.
J- g sigi i gl2 2802 l 161_[2
Inserting (3.13) into (3.4) we finally obtain
A28
~ 1 () n
T exp dg'Tr, = z pP? | B 1+ g, B8
% 8 it g2 2802 l 162

n
g2 E p??g)Pj gz Aj/ZBO 1 EE :‘ 280 (3.14)
2 j.,] 2 BO + }Li - A.j 82 2 ) )
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We next expand the components of R*n as follows

2 2.2
K?(gz, @D = -2 5 Kjo’”- iﬁ-i k{0 ;s j =1 NS (3.15)
Lém (16 B

and

2 2
Kg(gzy al = - =B 3 Kél)’n . (3.16)
(167%)

Inserting egs. (3.14)-(3.16) into (2.12) we obtain, after dropping terms which

vanish for Q2+ o,

2 2 k0
> n n 1
X (G.gba) = 50 Je0 L
“(uZ’ ) Bo g &
1+ 2—--*—
0
>0 n n~ (1)yn
- e’ _If_n 28, ) Pi + ) Fivn PJ
2 2 1 n n
lem o by 1] A
Lese A T
0 n J Bo
2 ph
g Eg) ] (3.17)
lén i )\i
where we have defined two row vectors
I?:*SP) - [Kg’“, 0, Krg’sn (3.12)

and



-12- FERMILAB-Pub-78/91-THY

p(l) _ [K(-é)n’ & (Dn K(l)n:’

n ¢ 0 Kns (3.18)
Equation (3.17) is valid for n > 2, We next write
2 22 . n
e” & ) 1+ —g_z B | )= ‘P
16n°
2 22 n
e 8 *g‘—z B ] = G
. Vg2 C
cl1, g% a) - (3.19)
=2
2 n _
e GNS(1+16 ZBNS) j = NS
m
e n
(S B J = ‘Y
e Y Y
where 6} depend on the quark charges and are given in Section 4.
Inserting (3.17) and (3.19) into equation (2.13) we finally obtain for n » 2
1 n-2 . vy 2 2 16"rr2
[ dx x Fy (%, Q%) = a —a +b
0 =207 "n
B o8
2 2
- flan® cannE b : (3.20)
n A2 n A2 n

In order to obtain the last formula we have expanded EZ(QZ), the solution of
equation (2.8) with B(g) given by (3.12), in powers of Eg(QZ), the effective coupling

constant calculated in the one loop approximation, with the result

2202 - 252 . A 8o Q> 6
g Q%) = Q%) - —— Inl + Olg,) {(3.21)
S0 Bo 167 | 42 0

where
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2
gg(Qz) __lem”

5 . (3.22)
Bo In %

The parameters 3., 'én and b are given as follows

0O,n 0,n
Y (el Kns Sns
an = 2 d l+ 28 + On y (3.23)
o Y pre
+ T
Z
o
. B
an = —'é an s n>=2 (3.24)
Bo
and
{1),n 0,n (1),n 0,n (1),n
s oS0 8 Y6eE Kg TSy . Sns” Ons
n - n.n n.n O,n
Ay A ALAL YN’S

NS
Here, we have defined
( 5 ) ( )\2
dz [1+== 1+ == , (3.26)
2R 250
n O,n n 0,n
R0 . E’_tl_)(l+YGC,; ) 26 Gy am
4 d 280 d 280 d)\rjkr_l
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n (1),n
Bns [YNS’ *? Bl]

n
Rys TR (3.28)
|, NS onf . YNS
28 YNS 28
and
AT {(1}n _(M,n {1y,n _ O)n
Yoy e T Yw Yaa
(1),n (1,n _O0n__Gn_ (1),n_ 0O (1),n o,n
"Gw Y& Yol + Yel v8 o Yl " Yod Yad YGu ol Ty VGG (3.29)
28 - .
0

Equations (3.20) and (3.23)-(3.25) are the main results of our paper. Equation
(3.23) has been previously obtained by Witten.! ] On the other hand equations (3.24)
and (3.25) are new.

Equations above are valid for n >2. For completeness we quote the result for
n = 2, Since this moment depends on the unknown photon matrix element of the
hadronic energy momentum tensor, we shall not use it in the numerical
calculations.

For n = 2 we have

L
[ dx FZY(x, Qz) - o [ 161'; a, +a5'In Ez + bz':l (3.30)
0 8
o2
2 2
= o? {az In % +d,Inln % " b2:| (3.31)
A A
where a, is evaluated from (3.23) and
. By
32 = ——— az - 3,2' (3-32)
Bo

with d2* given as follows
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s, v° 8
v, . __U'GG () (0 _ L
a2 = - T}:-Bi.— [K‘.;) + KG - 30 Klp ] . (3-33)

The index n = 2 has been dropped on the r.h.s. of the equation {3.33).
We finally quote for comparison the asymptotic behavior of the moments of

the photon structure function as obtained in the simple parton model (PM)

£ 2
[ dx P2 FZYI = aan In QT (3.34)
0 PM A PM
where
P - 46 n2+n+2 (3.35)
n - "y nln+ Dh+2) ’ )

Notice that Pn can be obtained from a. by putting there all anomalous dimensions

g,n
v

for the numerical evaluation of an,'é

but K and KNg’n equal to zero. We shall now give all the information needed

n and bn.
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V. MAGIC NUMBERS OF ASYMPTOTIC FREEDOM

All the quantities necessary to evaluate a En and bn have been already
calculated in the literature. It has been recognized5 in the past year that
anomalous dimensions in two loops and the g2 corrections to Ci}(l, Ez), L.e, B?, are
renormalization prescription dependent. Any physical quantity cannot of course
depend on renormalization scheme and the renormalization prescription depen-
dences of B? and of two-loop anomalous dimensions cancel in the expressions for
physical quantities. However in order for the cancellation to occur both B?and Y&l)
have to be calculated in the same scheme. In what follows all the expressions
listed in this section correspond to 't Hooft's minimal subtraction scheme.19 In
fact this is the only scheme at present in which all the quantities relevant for our

5,6

calculation are known. A nice property of this scheme is that all quantities

below are gauge independent.20
The formulae of this section are for SU(3) color gauge theory with f flavors.
Quarks may have arbitrary charges although our results depend only on the average

2, and the average of the fourth power of the charge < e4>.

charge squared <e
4.1. Anomalous Dimensions in One Loop
For the pure hadronic sector anomalous dimensions in one loop approxima-

tions have been calculated in refs. 1 and 2. They are?

On _ _On _ 8 2 2o
Y'-IJLP = YNS *j[l—m +4]§2T] (4.1)
On _ _ 44 (n%+n+2) (.2)
Yq;G T T nln+ Dn+ 2) )
YO,n - _16(r12+n+2) (4.3)
Gy El n(n? - 1)
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O,n

1 4 4 T 4
oG =6 [3" Mn-1) M+ IXn<+2) * 4 j§2 T:I +3i . (4.4)

The anomalous dimensions Kg’n and KI?I,Sn are obtained from (4.2) by changing

group theory factors. They are

2
K_O’n _g_n +n+2" 3i<-_2> (4.5)
o An+ 10 + 2) VEe
and
kOm 8n2+n+2 3f[<eq'>-<e2>2] (4.6)
NS ~ °nln+ Din+ 2) : ‘

4.2 Two-Loop Anomalous Dimensions
For the hadronic secter the two-loop anomalous dimensions have been
calculated in ref. 5. We give only their numerical values in Table I since the
corresponding analytic expressions of ref. 5 are rather complicated. The

nondiagonal elements differ by a sign from those of ref. 5 as we use the definitions

(1),n (I}n
v KNS and

by picking in the relevant formulae

of Gross and Wilczek.? The two-loop anomalous dimensions K

(,n
G

(1),n : (D),n
KG *" can be obtained from Y\L! AG’

and Ys
of ref. 5 the terms proportional to CF T(R), removing T(R) and inserting relevant
charge factors as in equations (4.5) and (4.6). As the result of this procedure we

obtain

K‘,\j“‘ -4 BI8 37<e? > (4.7)
Krflls)’“ - %Big 3t [ <e? > - <252 ] (4.8)

(I _ 4 .gg 2
KG = -3 Bn 3f <e™> (4.9)
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where the values of Bfg and B88 can be found in ref. 5. Numerical values for
1 t 1)n : :
KEJ))’“, Kl&S)’n and Ké » are given in Table 2.
4.3. One Loop Corrections to C (1, EZ)

These corrections have been calculated in ref. 6 and recalculated in ref. 3.

We have
(.% ; 0 2 B
S I P L
NS 5 Py T30 2D L
n s
1 T 1.3 4 2 ! 1 _0n
+ U = R eV B -9 3+ vy 2 ln4dm-v.) 4.10
,¢.lei=zl‘]+n+rn'1 n? ; z2 Yy e 10
gh _ ¢ % __& 1 _ n’+n+2 nE_l. 1
G ~ n+l "n+2 7 2 “nln+0)n+2) j:1i+
1 _0
t5 ch’;n(ln b1 -y g) (t.11)

where Yg Is the Euler-Macheroni constanty g = 0.5772... We shall comment on the
terms {In 47 -y E) at the end of this section.

B: is given in terms of BS as follows

n
BY = —3 (4.12)
4.4, Parameters Bo’ Bl’ Sw, GNS’ GY

B function parameters Bo and E.1 have been calculated in refs. 1, 2 and ref.

21 respectively and are given as follows

2
BO = 11-§f (4.13)



-19- FERMILAB-Pub-78/9{-THY

and

38

Bl = IOZ—Tf . (4.14)
For S\V GNS and 6Y we have
4
§ = 3f<e'> (4.15)
¥
2
8 =< > .
v e (4.16)
Sns = 1 : (“.17)

This completes the list of parameters needed to evaluate a, bn and En.
4.5. Commentson{ln4 n- YE)

The terms (In 4 7 - YE) which occur in Br‘L ’ BR,S, Bg and B: are artifacts of
the dimensional regularization scheme and it should be possible to absorb them
through a redefinition of the scale parameter A as discussed in ref. 6. In fact as
can be shown by means of the formulae of the present section

bn = bn'an (In 41T-YE) (4.18)

where En is free of the (In &7 - YE) terms. Therefore equation (3.20) can be written

as

1

2 2
[ dx <12 F2Y (x, QZ) = o2 l:a 1n_c_)-—2 +a_Inln % + En] (4.19)
0 A A

where
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%B(in 4 -YE)
I = Ae . (Q-ZO)

In other words we can absorb all {In 47 - YE) terms by redefining the parameter 4.

Numerical values for a, En and En are given in Table 3.

In this section we shall evaluvate the moments of the photon structure
function as given by the formulae (3.20-3.29) and compare the results to the leading
order and parton model predictions. We shall also invert moment equations and
present approximate analytic expressions for the photon structure functions as
given by the parton model, asymptotic freedom in the leading order and asymptotic
freedom with higher order corrections. Finally we shall make a comparison of next
to the leading order effects calculated here with those present in deep inelastic
scattering off hadronic targets.

First however we make a few comments. Our formulae for the structure
functions are only exact up to the terms of O(Ez) which we have not calculated.
Generally the formula (3.20) can be written as

: (
1 2 . i . d
fo dx xn-zFZY(x, Qz) - o2 [ 161[2 a, +b + ) r&)[gz] + i::Zl hgl)[ g2] n ] (5.1)

B i=1

O

(B

n can be calculated in perturbation theory. The

The parameters 3 bn and r
coefficients hg) are on the other hand uncalculable by present methods as they
require the values of photon matrix elements of gluon and quark operators. Since
the dg) are positive the first two terms In equation (5.1) will dominate at
sufficiently large values of Qz. At small values of Q;2 of 0 (few Gevz) it is
conceivable that the remaining terms will not be negligible. The study of the latter
terms is beyond the scope of this paper and we shall only present the results for the

first two terms.
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Qur second comment concerns the heavy quark mass effects which are not
taken into account in our formulae. These mass effects occur in the Wilson
coefficient functions, in the anomalous dimensions and in the B function. These

effects have been studied by Hill and Rossz2

in the leading order and we shall
comment on this paper later. In the case of the next to the leading order
corrections the inclusion of mass effects is a formidable task since this would
require the calculation of renormalization group functions in a mass sensitive
renormalization scheme. In what follows we shall present the results for f = 3 and
f = 4 with the standard charge assignment as in the Weinberg-Salam-GIM model.
We do not present the numerical results for f > 4 although they can be easily
obtained from formulae (3.20-3.23). The reason is that the effect of the b quark
even far above its production threshold is suppressed relative to the charm
contribution by factor 16 due to its charge. On the other hand the t-quark
contribution is not expected to be of any significance below Q?‘ = 100 Gevz.

In Table 3 we have presented the numerical values for the coefficients a En,

En and p, as functions of n. As noted by Witten'!

a, decreases faster to zero than
P for increasing n and therefore the photon structure function as given by the
leading order expression is suppressed at large values of x relative to the parton
model predictions. The parameters Bn are negative and with increasing n decrease
slightly slower than a- Consequently the importance of higher order contributions
increases with n. Their effect is to further suppress the structure function at large
values of x relative to leading order predictions.

In order to calculate the moments of the photon structure function we must
specify the parameter A. In deep inelastic scattering off hadronic targets this

parameter is found by fitting the theory to existing data. As discussed in refs. 23

and 6 the scale parameter A cannot be determined meaningfully from experiment
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without calculating at least next to the leading order effects. In particular the
value of p, if determined on the basis of leading order expressions, can be different
in deep inelastic scattering off hadronic targets and in the photon-photon
scattering discussed here. On the other hand if next to the leading order effects
are included in the phencmenclogical analysis, A can be determined in a
theoretically meaningful way for both processes. Therefore in our analysis we shall
take the value of A which has been obtained in refs. 6 and 24 by fitting the
asymptotic freedom formulae to the moments of F3 as measured by the BEBC
group.zq

As pointed out in ref. 6 even if the next to the leading order corrections are
included in the phenomenological analysis there is some freedom in defining the
parameter j or equivalently the effective coupling constant. As discussed in
Section IV one can redefine the parameter A by absorbing in it the (In 4n —YE)

0,n .
" in

terms. Generally one can absorb into Aany constant term proportional toy
deep-inelastic scattering off hadronic targets and proportional to a, in photon-
photon scattering. Any such redefinition of A will lead to a different numerical
value of A extracted from experiment but the fits to the data will be consistent
with each other up to corrections of O('g4). Here we shall discuss in detail only the
MS scheme for A introduced in ref. 6 which corresponds to the absorption of the
(Inbm- YE) terms as in equation (4.20). In the case of deep-inelastic scattering off
hadronic targets this scheme minimizes next to the leading order corrections for
the n = 2 moment. A similar scheme has been discussed by the authors of ref. 9 in
which the next to the leading order corrections for n = 3 are minimized. The value
of K which we have found® by fitting the asymptotic freedom formulae to the

moments of F3 was A = 0.5. We shall use this value in our formulae for the photon

structure function.
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In Fig. 2 we have plotted the quantity an/(azln QZ/IZ) for the parton
model, asymptotic freedom in the leading order and for the asymptotic freedom
with higher order corrections. The quantity in question is independent of Q2 for

the cases of the parton model and asymptotic freedom in the leading order. Higher

order corrections on the other hand introduce the Q2 dependence as follows

2
Y lnln1 =
l:‘Zn -~ Kz bn
T =3 +ay 2 YT (5.2)
azln% lng_—2 ln%
A A A

Asymptotically the last two terms in Eq. (5.2) will go to zero and the ieading order
result will be obtained. All the effects discussed in connection with Table 2 are

seen in Fig. 2. The formulae (4.19) and (3.34) can be inverted and the result written

as follows
Yo o) L 2 Q- X .5
Folx, Q ) = ol al¥)In = a(x) In In =4 b(x) (5.3)
A A
and

2

Fz(x, Qz) | = azp(x) In < (5.4)
PM

-EZ

for the parton model. The formula (3.34) can be inverted analytically and one

obtains

p(x) = #SY [ %2+ (1 -%2%] x (5.6}
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which is the familiar expression of ref. 17. The formula (4.19) has a complicated n
dependence and must be inverted numerically. We have found however approxi-
mate analytic expressions for the functions a(x), a(x) and b(x) which for certain
ranges of x are good representations of the exact inversion. For f =4 they are

given as follows

ax) = x [L.52x232 1438 (1 -] for0.3<x<0.9 (5.7)
30 = xiL12x!2% 4326 (1-0%%7 1 foros <x < 0.9 (5.8)
bx) = -x[529x1%? 11999 (1 -0*1%1 foros<x<09 . (5.9)

The structure functions F;(x, Qz) as given by the leading order prediction and
higher order calculations are shown in Fig. 3. We observe that the largest effects
of higher order corrections are at large values of x.

So far we have used the same value of A in the leading order and higher order
calculations and we have found that the higher order corrections were large. It has
been demonstrated in ref. 6 that in the case of deep inelastic scattering off hadrons
the asymptotic freedom formulae with higher order corrections included and

A = 0.5 GeV could be very well approximated for 2 < sz 30 GeV2

by the leading
order expression with ALO =0.73 GeV and with the unknown hadronic matrix
elements of gluon and quark operators suitably modified relative to the higher
order case. In the photon-photon scattering the modification can be done only in
the value of A and it is of interest to see whether we can find a /A LO defined by

i 2
S dx -2 Fzy(x, Qz) = azanln&- (5.10)
0

3
Ao
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so that the leading order expression is approximately equal to the full expression
(4#.19) which is calculated with £ =0.5. The result of such an exercise is shown in
Fig. 4. The following lessons can be taken from this figure:

i) It is impossible to find £y o which would reproduce the formula (4.19) with
the accuracy found in the case of deep-inelastic scattering off hadronic targets.
For fixed Q2 the formula (4.19) predicts faster drop of the moments with increasing
n that is given by the leading order formula (5.10). Also Q2 dependence is slightly
different in the two cases.

ii) The effects of the next to the leading order corrections in photon-photon
scattering are larger than in the deep-inelastic scattering. ALOZ 1 GeV in the
present case as compared to ALO ~ 0.73 found in refs. 25 and 6. We recall that in
both cases the higher order formulae are calculated with A = 0.5.

iii) If one is interested only in 10-20% accuracy then we can conclude that the
leading order formula (5.10) can mimic the higher order expression (4.19) but ALO

is not the same as the one found in the deep-inelastic scattering off hadronic
23

targets. This illustrates the fact first pointed out by Bace®” that it is incorrect to
use the same value of A in two different processes when next to the leading order
corrections are not explicitly included.

Another way to compare higher order effects in photon-photon scattering and

in the deep inelastic scattering off hadronic targets is to cast the formula (3.20)
and the corresponding formula for the moments of F;’V in the following form

a -2 -1 -2 b
MYQd = 2 | B 1+ B (B =i ) (5.11)
n Bo | 1672 16m2 \ %3,

and
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2 ‘

-0
Yo =2 =2 2
[M(B) e t+A5 (B +P) (5.12)
n n 2 2 n''n n
len™ [6n° vy o
with B_ and P_ given in ref. 6. The plots of the coefficients of g-/(167%) in
equations (5.11) and (5.12) as functions of n are shown in Fig. 5. The n dependence
is similar but the effect of the next to the leading order term in the photon-photon

scattering is significantly larger as already noted in the analysis above.

VI. LONGITUDINAL PHOTON STRUCTURE FUNCTION
So far we have considered only the structure function FzY. Wi‘c*cenll has also
calculated the longitudinal photon structure function FLY and for completeness we

quote his result written in our notation,

In order to derive asymptotic freedom formula for FLY one proceeds along

the steps of Section Il with the only changes being in the coefficient functions

ergl, Ez, a ) which are now replaced by the following expressions

-2
2 g n .
e”§ B ] =lj,l
bign? WL

-2
2 g n .
e 6 B ] = G
. - v 16172 GL
CJL’n(l,g , o = , (6.1)
2 g n -
e8NS 62 Bus,. 0=

y
=6 B |
gt ¥ B

whr—:req’E"25
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n 4
L = BNsL = 3 A3 ’ (6.2)
n af
BGL = TrIie) , (6.3)
2"
n G,L
BY;L :—-.'E_J_F ! (6'4)

and %, Sys and 8, are defined in Section IV.

Y
The moments of the longitudinal photon structure function are then given as

follows
fld -2 F Y(x, Q% = a? 1 sk RD
o X L™ = 78 w%l_ NG NSNSL *
n —2
+ GYBY’L} + O(g%) (6.5)
where
n 0,n n 0,n
B v 9 B
RD =__‘1’5_1: (1+ 2G3G _GaLI;_i , (6.6)
b, \ .
n
B
n NS, L 6
Rus,L = Yf,J,n (6.7)
(l + NS )
280

and d is given by equation (3.26).

Notice that equations (6.5-6.7) can be obtained directly from equations (3.25),
(3.27) and (3.28) by putting there all two-loop contributions to zero and replacing
the parameters B? by B],L'

For comparison we quote the parton model prediction
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J ldx :-(n'ZFLY (x, Q2) | = OLZGY Br; L . (6.8)
G PM !

We observe that both asymptotic freedom and the parton model predict scaling for
the longitudinal structure function although the scaling functions are different in
these two cases. As shown by Witten the renormalization effects as given by the
first two terms in equation (6.5) are small and consequently the longitudinal
structure function as predicted by asymptotic freedom is very similar to that
obtained in the parton model. This is to be contrasted with the predictions for F ZY

where the renormalization effects are large.

VII. SUMMARY AND CONCLUSIONS

In this paper we have calculated the photon structure function l"‘zY in
asymptotically free gauge theories up to and including next to the leading order
corrections. OQur result is a straightforward generalization of Witten's analysis
where the photon structure function was calculated in the leading order of
asymptotic freedom. The next to the leading order corrections found here are
large at reasonable values of Q2. We have compared our results with the higher
order corrections to deep inelastic structure functions and conciuded that the
higher order corrections calculated here are larger than those found in deep
inelastic scattering.

We have shown that not all of the higher order corrections to photon-photon
scattering can be absorbed by redefining the parameter A, Therefore the shape of
the photon structure function found in the leading order is modified by higher order
effects particularly for large n or correspondingly for large values of x. This is to
be contrasted with deep inelastic scattering off hadronic targets where the higher
order corrections not absorbed into A could be, in the range of Q2 available,
absorbed in the hadronic matrix elements of quark and gluon operators. We do not
have this freedom in the photon-photon —;cattering. This makes the process in

question particularly suitable for the theoretical study of higher order corrections.
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Unfortunately the measurements of the photon structure functions are much more
involved than those needed for hadronic structure functions. However, it is
possible that the ideas discussed in this paper will be tested at PETRA, PEP and
LEP.

In our analysis we have neither included mass effects due to heavy quarks nor
discussed the contributions in which photon behaves similar to a hadron; the last
sum in equation (5.1). Both give small effects at large values of Q2 but at Q2 of O
(few GeV?) both could give non-negligible effect. In particular mass effects due to
charm production could be important. In our paper we have made calculations for
three and four flavors with all quark masses zero. At low values of Qz, 0 {few
GeVz), the massless approximation is probably justified for the light quarks but
certainly not justified for the charm quark contributions.

At these low values of Q2 the charm quark contribution is expected to br
small but for large values of Q2 our predictions for four flavors become valid. ~

study of this transition is beyond the scope of the present paper.

Recently Hill and Ross.22 have studied mass effects in the photon-photon
scattering in the leading order of asymptotic freedom. They find sensitivity of
their results to the small values of p2. In particular Hill and Ross claim that for
pzz 300 Me\f2 Witten's result should hold for light quarks whereas for smaller
values of p2 other (non-leading) contributions could be important. We would like to
remark only that both the matrix element <y| OY1Y> and the coefficient
C"r’](Qzluz, gz,a ), which constitute Witten's and our results, are independent of the

2

value of p“. The p2 dependence which the authors study is related to the

perturbative calculation of the matrix elements of hadronic operators such as

<y OII)[Y> , <Y| OG |Y>, etc. We do not expect these matrix elements to be
sensitive to pz for small p:'2 since this dependence should be dictated by the

appropriate hadronic singularities. If our analysis applies at pzd‘ 300 Mev? it

—
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should also apply at p2 = 0 independent of light quark masses. We agree however
with Hill and Ross that the mass effects due to production of heavy quarks should
be included in a detailed comparison with the experimental data to be obtained in

the future.
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TABLE CAPTIONS

Coefficients of g,#/(l6nz)2 in the anomalous dimensions Y(i)

NS?
(n _w W (1) _ _ :
YW s Y_!)G, YG\IJ and YGG for £ =3 and £ = 4, This table has

been calculated on the basis of the results of ref. 5.

n

qJ’

Coefficients of e2g2/(161r2)2 in the anomalous dimensions K
n n _ _
KNS and K for f = 3andf = 4.

Numerical values of the parameters a. En, En and Py forf =3

and f = 4.
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FIGURE CAPTIONS

Dominant contribution to the process e'e™+ hadrons + e*e .
Moments of the photon structure functions in units of a2 as
predicted by the Parton Model (a), Asymptotic Freedom in the
Leading Order (b), and Asymptotic Freedom with Higher Order
Corrections (c,d,e). The predictions are for A = 0.5 GeV and 4
flavors.

Photon structure function in units of Ct2 as predicted by
Asymptotic Freedom in the Leading Order (dashed lines) and

Asymptotic Freedom with Higher Order Corrections (solid

lines) for A= 0.5 GeV and various values of Qz. The  curves

correspond to the formulae of 5.7-5.9. The curves for leading
order agree within a few percent of those of reference 11 over

the range of x plotted in this figure.

Moments of the photon structure function in units of 32 as

predicted by Asymptotic Freedom in the leading order with
A= 1.0 GeV (dashed lines) and Asymptotic Freedom with
Higher Order Corrections for A = 0.5 GeV (solid lines).

Comparison of the coefficients of §2/16112 in photon-photon
scattering (solid line) and in deep-inelastic scattering (dashed

line).
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