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ABSTRACT

In this paper, the new gauge formulation of the electromagnetic interaction
theory, containing the "fundamental length" £ as a universal scale like h and ¢, is
worked out. If an interaction is switching off, the resulting free theory, written in
terms of momenta, happens to be formulated in the 4-dimensional de Sitter p-
space, with the curvature radius Wec. On one hand, it means that the configu-
rational space of one particle can be treated as a guantized manifold, the size of
granularities being w2. On the other hand, due to 3-dimensionality of the mass
shell p2 = mz, such a scheme is equivalent to the conventional free theory, based on
the concept of the Minkowskian 4-momentum.

In the new approach the electromagnetic potential becomes a 5-vector
associated with de Sitter group O(%,1). The extra fifth component, called the T -
photon, similar to scalar and longitudinal photons, does not correspond to an
independent dynamical dcgree of freedom. Respectively, the new local gauge
group is larger than the ordinary one and depends intrinsically on the fundamental
length f.

The gauge invariant equations of motion, replacing the Dirac-Maxwell
equations, are set up in the framework of an appropriate Lagrangian formalism.
The new formulation is minimal with respect to the 5-potential but is not so in
terms of the usual 4-potential. As a result, the underlying physics looks much

richer than the ordinary electromagnetic phenomena. The new scheme predicts the
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existence of the electric dipole moments for charged particles, leading to a direct

violation of P- and CP-symmetries, and the new universal correction to the (g - 2)-
anomaly. Further, some new group of internal symmetry, SUT (2), arises that can

be used to describe the pe-symmetry of the electromagnetic interactions. It turns

out that SU_(2)-symmetry is violated by the &4-fermion type interaction, induced by
T -photons, with assoclated coupling constant ra22. This novel interaction might
give rise to the pe-mass difference and processes like p- 3e, u-+ ey, etc.

In the limit 2+ 0, the new field equations turn into the Dirac-Maxwell
equations for the electron, muon, and electromagnetic fields. So, one may consider
our approach as a generalization in a profound way of the standard theory of
electromagnetic interactions at small distances <& (high energies > 1/%).

The upper bound for the fundamental length £ is discussed taking into account

the various experimental data.

I. INTRODUCTION
In this paper we shall discuss a generalization of the theory of electromag-
netic interactions which is based on a concept of fundamental length. This new
hypothetical constant we denote as £. Together with #l and c it is expected to

regulate all microscopic phenomena. The quantity

M = Wic {1.1)

is called the fundamental mass.

The idea of the existence of a new universal length, and therefore mass, that
would fix a scale in #&-dimensional space-time, and therefore #4-dimensional
momentum-energy space, was discussed in the literature of the last four decades in

different ccn')texts.l_“'L
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Most of the people who tried to introduce a fundamental length into field
theory, pursued a quite clear and practical goal: to cure the theory from the
ultraviolet divergences. But it turned out that a theory can survive with this
chronic disease, and work as a quantitative scheme, if it possesses genetically a
renormalizability property. Nowadays, the principle of renormalizability has imper-
ceptibly becomne one of the corner stores of the quantum field theory. As a result,
interest in a fur Jamental length has almost died out (see, however, [15-18] ).

The greatest triumph of the renormalization approach to the formulation of
the quantum field theory is certainly quantum electrodynamics (QED). The
predictions of QED agree with a number of highly precise experiments. An upper
bound for the magnitude of the fundamental length, established in experiments on

the test of QED at high energies, now is given by

L < 1071 em . (1.2)

The harmony and elegance of QED makes an impression which cannot be
darkened even by the obviously algorithmic character of the renormalization
procedure. It should be clear that the fundamental length hypothesis is first of all
a challenge to contemporary QED. In other words, this hypothesis can survive only
if it will lead naturally to modifying QED in a profound way. This would, of course,
preserve or enhance its aesthetic appeal.

The crucial advantage of QED is that the form of the interaction in this
theory is dictated by gauge symmetry arguments. It is called the minimal

interaction principle and is symbolized by the following substitution law:

Py Py~ eoAu(x) . (1.3)
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This substitution leads one to the inhomogeneous Dirac-Maxwell equations for

"bare" fields

(i - eoiﬁ(x)-mo)lp(x) =0 : (1.ta)
uv _
i:—x-;,—(-)-()- = eow(x)yutp(x) (1.4b)

where the field strengths are defined as

nv.y . 3AM(x) aA (x) '
F(x) = 3"\, - axu . (1.5)

Let us mention, to be complete, that local gauge transformations of the fields

¥(x), ¥(x) and A(x) leaving Eqgs. (1.4a)-(1.4b) invariant are given by:

ieok(x)
Pix) > e Pbx)

-ie A(x}
Px) + e ot Bix) (1.6a)
> _AAMx) _ ot '
Au(") Au(x) el Ax) = AT(x) . (1.6b)

The rule (1.3) does not contain any scale like & or M and for this reason is
universally applied to all space-time intervals and to all values of 4-momeata.*
Therefore, if one adopts the fundamental length hypothesis it means that in the

domains

*In p-representation the hermiticity condition of A-function, evidently, becomes
A @) = Aep) : (1.6¢)
Excluding the constraint (1.6c), the function Alp) is completely arbitrary in the

Minkowskian p-space.
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x| < & (1.7a)

lp| > M (1.7b)

the substitution law (1.3) and its consequences are probably invalid or incomplete.

Let us consider just one consequence of (1.3). Choosing e A A =const=k  we

u H
obtain, obviously, zero field strengths: Fuv = 0. But the corresponding substitution
(1.3) is not yet an identity transformation, namely
o> - . i.8
Py ™ Py-ky (1.3)

This is a pseudoeuclidean parallel shift transformation of the 4-dimensional p-
space, testifying that a geometry of this space iIs a Minkowskian one.”

One may conclude now that our fundamental length hypothesis challenges the
Minkowskian structure of the momentum 4-space in the region (1.7b). But if the

momentum 4-space is not everywhere pseudoeuclidean, then what is a reasonable

*
Let us point out in this connection, that the condition eoAu = const., due to (1.6b),

admits only those functions A(x) that are linear in x:

Ax) = A+ (gx) .
It gives for P (x) and Yx):

ie A .
V) » e 09 Py

1e0}\o

T > e e J(x)

Up to an unimportant phase factor this is the transformation law of the wave

functions under translations (1.8) with k11 =q,
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alternative? According to a general geometrical classification, the (pseudo)-
euclidean spaces are those with zero curvature. Their closest neighbors are spaces

with nonzero constant curvature. In the present 4-dimensional case, these curved

spaces are so-called "de Sitter spaces."
Let us try to impose on 4-momentum space the de Sitter geometry realized

on the one-sheeted 5-hyperboloid

2 2.2 2 .2 2 2
Po ~Py -Py -Py -Mp,~ = -M . (1.9

The curvature radius M we identify with the fundamental mass (1.!), assuming that
this quantity is large enough (cf. (1.2)). Note that Eq. {1.9) places no constraint on
timelike 4-momenta, and it is therefore not in conflict with the construction of
Fock space and Poincaré invariance of the S-matrix.*

Since the mass shell hyperboloids

*Besides (1.9), there exist only one more de Sitter space satisfying the

correspondence principle at M +e« , namely

2 2 2 2 2 2 2
Po "pl "P2 "P3 +M pq = M .

But in this geometry we are faced with the universal upper bound for time-like

momenta

which is inconsistent with the implementation of a unitary representation of the

Poincaré group on Fock space.



-7~ FERMILAB-Pub-78/70-THY

can be equally well embedded into de Sitter p-space (1.9} or in flat Minkowskian p-
space, free physical particles cannot distinguish these two geometries. Actually,
only virtual (interacting) particles can probe the geometrical structure of 4~
momentum space.

In the "flat limit," i.e., in the region of small virtual momenta

lp| << M , (1.10)

one can neglect the curvature of de Sitter p-space, and therefore the new
formalism reduces to the ordinary theory. In this domain the parallel shift (1.8) is,
up to terms of order 1/M2, a symmetry transformation of .de Sitter momentum
space (1.9).

For virtual momenta belonging to the region (1.7b), the curvature bf de Sitter
p-space becomes a crucial factor. It means that the old (Minkowskian) and new (de
Sitterian) formalisms should lead to quite different descriptions of particle

interactions at small space-time intervals.
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A general approach to the construction of quantum field theory on the basis
of de Sitter p-space has been put forward and investigated in the papers [19-29] X
Now we are interested in the QED case and therefore we would like to point out
that in the region (1.7b) the p-space (1.9} does not possess even an. approximate
symmetry under the shift (1.8). This indicates indirectly that the standard local
gauge theory techniques based on the relations (l.6a), (1.6b) and (1.3}, should be
given up in a new (de Sitterian) version of QED.

It is clear, of course, independently of arguments connected with p-space
geometry, that, in a theory that is based on a concept of a fundamental length, the
notion of a local gauge group should be revised or generalized in some nontrivial
manner. However, geometrical or group theoretical arguments allow it to be done
ih an essentially unique way.

Indeed, one can easily realize that, in de Sitter p-space (1.9}, A-functions

parametrizing the gauge transformation in question, may be written as follows:

- ~
Mog bypy) = 8 (po-B7 - M7+ W75 (b B, by (L11)

with the hermiticity condition inherited from (1.6¢):

*The use of such a momentum space in a field theory was pioneered in Refs. & and
8. The list of other papers on this subject can be found in Ref. 20. In Ref. 10, the
field theory with the momentum space of variable curvature was discussed. We
should point out that in all previous attempts to employ a non-euclidian p-space,
Poincaré invariance of the theory was not maintained. The concept of nonlocal
electromagnetic field based on ideas which were close to a non-euclidean
momentum space hypothesis, holding Poincaré invariance, was developed many

years ago in Ref. 3.
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;\Jr(p, Py) = A {(-p, Pq) . (1.12)

The next step is connected with the following observation: if

-ipx - ipq'r

Mpipy) = 5= [ e Ax, )d*xdr (1.13)

then

2
(cx.-Mz—a—i -MZ)A(X,T) -0
' T

J\(X,T).f = A, -1) . (1.1%)

So, in the new scheme, the gauge functions A may be treated as local functions of
five variables (xM, 1), with the obligatory constriants (1.14). The extra space-like
variable T can be interpreted, due to its commutativity with the Poincaré group
generators, as some internal parameter of the theory.

All A-functions which parametrize the conventional gauge transformations
(1.6a)-(1.6b), can be found among the functions

1 px+ipyT 9 4p 2 2 27 5 ;
p le 8(p,“ - P - Mp, T+ MINp, p )P ) g =

Ax, 0) =
{ (2m

. |

= [ PX ap)dp , (1.15)
i

where
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~ 7 ~ 2
A lp, /1+—P-2— +J\(p,— 1+—P—i
M M

Ap) =

The inverse statement is not true: knowing A(p) one cannot reconstruct
entirely the function R(p, pq) and, respectively, A(x, ). Hence, the class of A -
functions designed to describe new gauge group transformations is larger than the
conventional one.

Since the localization of the new gauge group happéns to be connected with
the dependence of its parameters on the five coordinates (xu, T), the relevant
gauge vector field, i.e., the electromagnetic potential, has to be a 5-vector as well.

The concept of electromagnetic 5-potential, local gauge transformations in

terms of Ax, T) with the constraints (1.4) and appropriate gauge invariant theory of

free electromagnetic field, were worked out in Ref. 30. The goal of the present

paper is to transfer to the new geometrical arena the principle of the minimal
electromagnetic interaction and to derive, along these lines, the appropriate
generalization of the Dirac-Maxwell equations (1.#a)-(1.4b}. Since the ordinary 4-
dimensional space-time is embedded in our 5-dimensional manifold and new gauge
- group parameters remain local functions of (xo, ;), one may expect that the
conceived theory can be projected on the 4-dimensional space-time and turned into
some sort of a local field theory containing the fundamental length & as a
parameter.

Later on we shall employ, as a rule, units in which
ﬁ:c:ﬂ,:M:l . (1.16)

The following 5-dimensional notations will also be applied:
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1. Metric 5-tensor

g - @ ) = -1 s LM=0,1,2,3,4 . - (1.17)

2. 5-dimensional momentum

A
6D = 6% % = &5 Y - (gLMpM) . (1.18)
3. The de Sitter surface (1.9)
LM L M
g PLPM = gLMP P = "'1 . (1-19}

. 5-dimensional radius-vector

oM = 68 = % = @M . (1.20)
Relevant differential operators:
3, = 3 L = 0,1,2,3,%4
- L] - Ly
L BxL
LM 32
g 3 3y = O- 2 O : (1.21)

5. The 5-vector corresponding to the origin of a coordinate system in de

*
Sitter p-space (1.19) ("vacuum momentum" )

*
This very useful "spurious" 5-vector was introduced in the field theory with the de

Sitter p-space by LE. Tarm,20
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b = (0,0, 0,0, 1) . (1.22)
6. 5-dimensional electromagnetic potential
AMx, ) = (At 1), A%, ) : (1.23)

The more fundamental object, having a clear geometrical meaning in the

fiber bundle theory* context, turns out to be the following 5-vector
Blx, 1) = el al(x, 1) = e1TAl(x, o
= g"MB (x, 1) : (1.24)

This quantity also will be referred to as the 5-potential. The extra
component Bl‘t(x, 1) {or A!’t(x, T)) is called the T -photon.

7. 5-dimensional field strengths3o

3 BL(x, T) BBM(x, T)

l_? (x T ) = - =
LA™ a xM Bx]"
RS
= By pBMS r_g {x,7) L,MR,S=0,1,2,3,4 . (1.25)

The strategy that will be followed further on is based on transferring the new
features of the free electromagnetic theory developed in Ref. 30 to the theory of

massive particles. This is prompted by past experience.

*
Another name for this formalism: layered space theory.
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Indeed, let us give a retrospective look to the relatively recent history of the
fundamental theory of matter. The Maxwell equations for a free electromagnetic
field are relativistically invariant and gauge invariant by their nature. Both of
these invariance properties were transferred to the theory of particles with mass.
The first one led to the special theory of relativity. The second gave rise to the
minimal interaction principle which we discussed above.

The quantum theory of electromagnetic radiation and the concept of the |
photon itself were the first signs of the contemporary quantum theory. Let us
recall also what heuristic meaning the wave properties of light quanta had for de
Brogle's hypothesis. And, of course, the expression "optical-mechanical analogy"
speaks eloquently for itself.

What can this historical excursion teach us? It shows that a careful study of
the pure electromagnetic field seems to be very instructive preparation before
Qenturing to take the next step in the development of a massive particle theory.

Therefore, in Section II we summarize the most important concepts related to
photons in our approach, based on the De Sitter p-space. The rest of the paper is
arranged as follows. Section Il is devoted to the formulation of the free Dirac
theory' in new terms. In Section IV, we discuss the interaction between
electromagnetic and charged fields governed by the new generalized gauge
principle. Section V contains the physical analysis of the picture obtained. In

Section VI we make concluding remarks.
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II. THE FREE ELECTROMAGNETIC FIELD

As we already mentioned, the equations of motion for all five components of

electromagnetic potential in a free case have been set up in Ref. 30:

T
2(A“(x,x)+1a§ +iaAa("’”) =0
T Xu

y v,
2(A‘*(x,r)-i A L. T) ;A ("\;T)) = 0
ox

() - na¥x,t) = 0 5 wv =0,1,2,3 .

It is easy to see that Eqs. (2.1) can also be written as follows:

i “q(x,“l.') =0
3 an(x, T)
2B,(x,T) -1 5T B, (%, 1) +1T = 0
.7 WWix, 1) 0
5 =
ax

From Egs. (2.1a)~(2.1b) or Egs. (2.2a)-(2.2b), one obtains automatically

(Y- DA%, 0 = () - DE B, ) = 0

(2.1a)

(2.1b)

(2.1c)

(2.2a)

(2.2b)

(2.2¢c)

(2.3)

Further, one can verify that Eqs. (2.2) are invariant under the common gauge

transformation

BM(x, 11 » BM(x, 1) -g-xa-)-—(e"n Mx, 1)) 5 M = 0,1,2,3,b
M

(2.4)
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with the following constraint on functions A(x, T):

(O -Drxt) =0 (2.5a)
(c.f. (1.14)). The second condition from (1.14)

A, T = A, -T) (2.5b)

together with (2.4) leads to the relation:

T
BM (x,7) = (B Hx, -1), -B¥(x, -1)) (2.6)

that can be given two-fold interpretation, namely:
i) generalized neutratity condition of the electromagnetic field;

ii) transformation law of the 5-potential BM(x, T) under T-inversion.
T+ -1 . (2.7)

Further, it is easy to check using (2.6) that all new equations of motion (2.2)-(2.3)

are invariant with respect to (2.7). Observing that

3
IxX

CRECADEE -~ (a‘% ) 770, 7) (2.8)

where

ie ewi Tax, 1)
Qx,T) = e ° , (2.9)
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one can consider (2.9} as a "matrix" form of new gauge group transformation. Due

to (2.5b}, the plane

T=20 7 - (2.10)
is remarkable in that the quantities
ie ok(x, 0)

Q(x,0 = e (2.11)

are unitary and describe the conventional U(1) gauge transformations {c.f. (1.15)).

Further,
Bh(x, 0) > BHx, 0) - 22060 (2.12)
u
and therefore one can treat B”(x, 0) as an ordinary electromagnetic 4-potential:

B¥x, 0) = AM(x) . (2.13)

Correspondingly, the &4-tensor jiu\)(x, t) on the plane (2.10) should be identified

with the Maxwell field strengths (1.5):
F Wy, 0) = F*Vx) . (2.14)

But as a matter of fact, owing to the identity

a?”v+3/ 4 +8/ s
ax

=0 (2.15)
y ax " ax\)
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and Eq. (2.2a), the quantity‘%I Y(x, 1) does not depend on T at all:

3. F PV (1) _

Hence,

F Wx,1) = FMVy, 0) (2.16b)

and Eq. (2.2¢) is just the free Maxwell equation for the field strengths (2.14):

oF" ¥x) -0

R (2.17)
3 xv

Later on we shall call (2.10) the physical plane. The gauge transformation (2.12),

attached to (2.10), together with the T -independent Maxwell equation (2.17) will be
referred to as the 4-sector, and the general gauge transformation (2.4), together
with Egs. (2.2a)-(2.2b), as the 5-sector, respectively. One may say that 4-sector
Eq. (2.17) plays the role of a "boundary condition"™ at 1= 0 that completes the 5-
sector Egs. (2.2a)-(2.2b).

Note that, due to (2.16)-(2.17), we actually can weaken the de Sitterian

constraint (2.1¢) and require its maintenance on the physical plane t= 0 only:

() - DA (x, 1)) =0 . (2.18)
L T=0
As was shown in Ref. 30, the T-photon component Bl;(x,'r ), like the scalar and
longitudinal components, does not correspond to an independent dynamical degree
of freedom and can be excluded by an appropriate gauge transformation (2.%4). The

new gauge group turns out to be large enough to carry out such a procedure,



~18- FERMILAB-Pub-78/70-THY

To make this statement clearer let us decompose Bu(x, T) in terms of its

transverse and longitudinal 4-parts

B “(x, T) = Bu‘L(x, T) + Bu”(x’ T)

1 I

B “(x, T) 3B, (x, 1) aB. (x, T)
] : =0 , "“B'a"'_"‘_ - — ’ . (2.19)
xu X ax

Then the 5-sector equations (2.2a)-(2.2b) become:

=0 (2.20)
and

aB u”(x, T) ) 384()() T)
T

=0
Bxu

B, x,t) Bl 1)
284(}{, T) -1 a,l. + j. axv = 0 . (2.21)

We can see now that the spin one components Bul(x, 1) actually do not
depend on T (c.f. Eq. (2.16a)). All T -dependence is concentrated in Egs. (2.21) des- [
cribing simultaneously spin zero photons and T-photons. These equations look like a |
gauge constraint imposed on the 5-potential BM(x, T). It is readily verified using
the gauge transformations (2.4), that the components Bu“ and B, can be
eliminated, so each of Egs. (2.21) converts into the identity 0 = 0.

The following question seems to be relevant now: why is a consideration of

the 5-sector necessary? The 4-sector evidently provides us with the conventional
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description of the free electromagnetic field. Therefore, the 5-sector appears to
overdescribe this field and looks superfluous.

The existence of two or more mathematical formulations of the same free
field theory is familiar. A deviation of one approach from another may be revealed
when one begins to describe interactions. It is usually connected with a difference
in symmetry properties embodied in the free equations.

Obviously, if we ignore the 5-sector completely, then we will deal with the
standard 4-dimensional gauge transformation (2.12) and finally be led to the
Maxwell-Dirac theory of electromagnetic interactions based on Egs. (1.4}, On the
other hand, as one already knows, 5-sector Egs. (2.2a)-(2.2b} possess the new
symmetry properties in which our fundamental length hypothesis Is essentially
'r'eﬂected, namely:

i) They are invarjant under the more general gauge transformations (2.4);

ii) They are invariant under T-inversion (2.7).

Therefore, keeping in mind our general strategy (see the end of Section I), we

adopt the formalism of a 5—component* free electromagnetic field, described by

the whole set of Eqs. (2.2a), (2.2b) and (2.17), as a pattern for a construction of a
general theory of electromagnetic interactions. 5o the new local gauge transfor-
mations (2.4} for the 5-potential Byi(x, T} and those with the "matrix" (2.9) for
charged particle fields and the t-inversion transformation are destined to play a
fundamental role in the new approach. Further, one may expect that the theory in
question should be split, as in the just considered free case, in 3-sector and 4-

sector. The 5-sector equations of motion have to be set up in all 5-space and be

*By analyzing interacting fields, we shall see that the 1-photon degree of freedom,
like other pseudophoton components, will revive to play an important mediating

role in an interaction.
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invariant under new gauge transformations and the 7t-inversion. The #4-sector
equations, ascribed to the physical plane t = 0 where the conventional gauge group
is operating (see (2.11) and (2.12)), have to be consistent with the 5-sector
equations and serve as a specific "boundary condition" for them at 1t = 0. It is also
crucial to realize that the 4-sector equations should play the role of a
generalization of the Dirac-Maxwell equations (1.4a)-(1.4b).

Coming back to the theory of free electromagnetic field, we may observe
that the 5-sector Eqgs. (2.2a)-(2.2b) are the Euler-Lagrange equations for the 5-
dimensional action integral

2y

AxWELLT) dxdt (2.22)

. ; ¢ .. *
where the lagrangian 5-density £ M AXWELL(X’ T) is given by

*
Note that due to (2.6)

s 8 s N
aau*(x, 0 SB&-D T sk o) sB*(x, -1)

The increments of the field derivatives are defined in a usual way

§ ( Eﬁ-;(,ﬁi)) = —%—(68“()(, 19) AN {2.23a)
X ax

Y 4
5 ( aBa(;(,'r)) ) a"a'f (s8Mx, 1)), G(El_i”__%_ll) - %(55‘*(;(, D) 5o (2.23b)
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Z

- T 4 F ol
MaxweLL 9 =% MAXWELLX: T =-2(B7(x, 1)) BY(x, 1) +

- 1
. + aB . (x, 7 9B, (x, D
+% |_Bu x, © ua_[ - ua_[ Bu(x, T) +

4 t ot 4 (a B¥(x T))+
_(B (x, 7)) T -B(x,T) s +

I\J] 5

b 4 +
+ i [(BM(X,T))T B &, 1) (xll 1) - BY(x, 1)(—-——-—2-—-—-85 x T)) ]

-IJ - (2024)
9X ax
Since
> LyaxweLL®t) ) (2.26)
B (x, T) - :
g —u
ax°

we are dealing with a so-called singular J.‘:1gr.a;ngia.n.3l'3 6 This circumstance will be

essential for the quantization procedure.3 /

Let us consider now the &4-sector, i.e. the Maxwell equation (2.17). The

relevant action integral is well known:

- I %Fuv(x)va(x)dx = [ L

M AXWELL(x)dx . (2.27)

In contrast to (2.22), the increments that we should give here to the

functional arguments AH(X) = Bu(x, 0) do not depend on 1

d
T (6Au(x)) =0 . (2.28)

As a result, due to (2.23b),
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3B (x, 0)
s (_“%“E“—) = 0 . (2.29)

Projecting the 5-sector Egs. {2.2a)~(2.2b) onto the physical plane T= 0, one

finds
aB (x, 0 3BR,{(x, 0
| T Y s A ) _
ik 0) = 1( T =0 (2.30a)
B,(x, 0  3A_(x)
\ g+ . v
2By, (%, 0) ~ i — 1 T 0 . (2.30b)

The relation (2.30b) just fixes a gauge of electromagnetic 4-potential Au(x)*

and evidently does not conflict with Eq. (2.1). Owing to (2.29)

9B, (x, 0)
— in (2.30b) are completely arbitrary functions of x.

- }
Actually Bg(x, 0) and

Putting

_ i ipx &
BQ(X’ 0) = m f CI(P)E d’p

. 0 _ i ipx 4#
B, 0) -1 3= B,(x, 0) = ST JZ' c (Pl d p (2.31)

l+p >0

with ¢ IT(p) = c,(-p) and c; (p) = c2(~p), one can express in terms (2.31) any solution
of Eqgs. (2.3):

s ipx
ie /, 2 b
B#(x, ) = . ,g e c¢;(plcos V1 +p°dp +

1+p© >0
. N4 2
vi [ P pSinTrlep” g4y . (2.32)
14p? >0 vI+p

We shall see in Sec. 4 that the T-photon field Bq(x, T) continues to satisfy Eq. (2.3)

in the presence of interactions as well.
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6?] u(xs O)

(SA\J(X) =0 (2.33)

and therefore (2.30a) is consistent with Eq. (2.17) as well.
IlI. THE FREE DIRAC FIELD

Let us consider first a scalar field of massive particles just to acquiré some

terminology and notations. In the de Sitter p-space (1.19), the mass shell equation

p--m~ = 0 (3.1}

can be factorized in the following way

p2 ~m? = (p4 - cosh u)(pa + cosh 1) (3.2)
where
coshy = v/1+ m? . (3.3}
Due to the relation
cosh = |g e VM | 5 LM =0,1,2,3,8 | (3.4)

U is just the "noneuclidean" #-distance between the point p and the ¢ -igin of the
coordinate system (1.22), i.e. the exact geometrical analog of m. In the flat limit,

correspondingly,
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B =m . (3.5)

The factorization formula (3.2) and evident symmetry of the de Sitter p-space

(1.19) under the inversion

p = -pP (3.6)

lead to a possibility of an existence in the new scheme of two "Klein-Gordon type"

equations:2 1,24,25

2p* - cosh 1) 1P pt'L) =0 (3.7a)

2(—pq - cosh 1} ¢,(p, p#) =0 . (3.7b)

After the 5-dimensional Fourier transformation one obtains from (3.7a)-(3.7b):

2(-ia—a_[—coshu)¢l(x,'r) =0 (3.8a)
2 (1 53-% - cosh u) 9506,1) = 0 . (3.8b)
So
¢1(x’ 1) = ei'c cosh U ¢1(x, 0)
¢2(x, T) = "1 T cosh u ¢,(x, 0) . (3.9)
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We call ¢1 and ¢2 the normal and abnormal fields, respectively. This "flavor"

clearly has no analog in the ordinary theory with £ = G and is of a great importance
for the present approac:h.*
To specify ¢,(x, 0) and cbz(x, 0) we need to take into account the de Sitterian

constraint (c.f. (2.1c))

(O -Dd qt) =0 , a=12 : (3.10)
Since
1 €1 coshy
(O—l)¢a(x,'r) e 2 (o +m2) tba(x, 0) ,

Eq. (3.10) is equivalent to the "weakened" de Sitterian constraint (c.f. (2.18))

[(-Dox D] -0 , a=1.2 G.11)
T

Qr
(o +m2)¢a(x, 0=0 , a=1,2 i (3.12)

Thus, in our terms, the conventional Klein-Gordon equations (3.12) for

¢{x, 0) and ¢,(x, 0) play the role of the 4-sector of the free scalar theory.

IA,x,T)

"It follows from Egs. {2.1a)-(2.1b) that in the Lorentz gauge, 5
AV

= D, the I""'
potential ALI(X’T} and T-photon component A4(x, 1) satisfy, correspondingly, the

normal Eq. (3.8a) and abnormal Eq. (3.8b), with M= 0 in both cases.
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Correspondingly, Egs. (3.8a)-(3.8b) are the 5-sector in this case, with ¢ ;(x, T) and

q>2(x, T) replacing each other under the T-inversion (2.7) by definition:

¢1(X, T) 0 1 ¢1(x,—'t)

¢ox, T) L0/ o,x-1) . (3.13)

Proceeding to a spinor field case, one might think that the corresponding 5-
sector equations can be found as a result of the "extraction of the square root"
from each bracket in the right-hand side of (3.2). To carry out such an operation,
note, first, that the following identities

2(pl’L ~-cosh W = B (P - V)K(p - V)L - 4 sinh? u/2
-2 (pz‘L +coshy) = gKL(P + V)K(p + V)I‘ .y sinh2 u/f2 y (3.14)
are held in the de Sitter p-space (1.19). Second, let us introduce the five matrices

rt - o, i, g 3,

with properties

*
It turns out if ¢ Is a neutral scalar field then within the framework of

electromagnetic interaction theory
6;(x) = ¢5(x)

and the transformation law under T -inversion is given by ¢+ {x, 1) = (%, -1) (c.L.

(2.6)).
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K_ L LK

pRpl pLpK o KL

T = °f P 5 KL=0,1,2,3, : (3.15)
The minimal order of such I'-matrices is equal to four. This corresponds to
the fundamental (spinor) representation of the de Sitter group SO(4, 1). As is
krown, this representation is simultaneously an irreducible spinor representation of
the improper Lorentz group O(3, 1). Therefore, we choose
r- %)

= (v°y 1:Y 2 73, iy (3.16)

where Y)“ = (Yo,'\: ) and Yj are ordinary y-matrices:
E 0 0 ¢ 0 E
o _ + 5 _
*r—( ),Y—(_, ),*r—( ) . (.17
Using the identity

K,L K L
B A AT = (AKI' )(ALr ) ‘ (3.18)

that is valid for an arbitrary 5-vector AL, one can obtain from {3.13) the pair of

"Dirac type' equations

1
[}

(p- (- DT* - 2 sinh /21, (p, p*) (3.192)

1]
(]

[P+ (pu + r¥ - 2 sinh w2 . (p, Pu) , (3.19b)
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29-30

normal and abnormal, respectively. In (x, 1)-representation Egs. (3.19a)-

(3.19b) become

. 9 - 4 .

[1 = tilg- P +T ~ 2 sinh /2 q,l(x,r) =0 (3.20a)
.3 .3 & 4 .

Pag - 3= r +F -2sinh LL/Z]\!JZ(X,T) =0 (3.20b)

As for the de Sitterian constraint that should be imposed on l!Jl(X,T) and wz(x, 1),

we shall use at once its "weakened" form that is tied to the physical plane T = 0:

(O- Dy x, 1)) =0 5 a=1,2 (3.21)

=0

(c.f. (2.18) and(3.11)).% Combining Egs. (3.19a)-(3.19b} and (3.21} leads one to the

following equation of motion on the plane 1 = 0
(i7 - iv(cosh y - 1) - 2 sinh /2 ) VU (x,0 = 0; a=1,2 (3.23)

Evidently, we should adopt Eq. (3.23) as the 4-sector equation for the Dirac

free field in our approach. With the notation

It is easy to check that solutions of Eqs. (3.202)-(3.20b), subjected to (3.21), satisfy

automatically the exact de Sitterian constraint

@ -y, =0 5 oa=12 - (3.22)

As we have seen, a similar situation takes place in the theories of electromagnetic

and scalar fields.
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tanhp /2 = sin 8 s (3.24)

Eq. (3.23) may be rewritten as follows:
Onr D
(wf—me“le“f )q;a(x,0)=o ; a=1,2 .

This equation is clearly equivalent to the ordinary Dirac equation for the wave

function

V(x) = e 2 V. (x, 0 , a=1,2 . (3.25)

Thus, our 4-sector is nothing more than the conventional theory of two Dirac free
fields \!Ja(x) (a = 1,2) with equal masses, where a is a label of the flavor distin-
guishing the normal and abnormal fields. The corresponding lagrangian density can

be written in terms of lba(x) and Ea(x) simply as

Lorac® = 19,0007~ m)y, () : (3.26)
a=1,2

Actually we are dealing here with a new kind of internal symmetry described
by SU(2)-group, that will be further denoted as SU (2). It should be rather clear
that the SU_(2)-symmetry is one of the direct consequences of our fundamental
length hypothesis.

Coming back to Eqs. {3.20a)~(3.20b), one can guess that they represent the 5-
sector of the free Dirac theory in our formalism. The key point here is a question
of an invariance under t-inversion (2.7). Each of these equations taken separately
is not invariant under (2.7) (c.f. Eqgs. (3.8a)-(3.8b)). As a matter of fact &4-

dimensional de Sitterian spinors like ¢1(X,T) and l}Jz(x, T} do not possess linear
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transformation properties with respect to the inversion of the t-axis. It is
qualitatively the same situation which occurs in the 2-component Lorentz spinor
formalism when a space inversion operation is introduced. In that case, one needs
to construct bispinors from 2-component wave functions. Here, we have to go to 8-
component spinors which will transform linearly with respect to the improper de
Sitter group O(4, 1).

Putting

¥ 1():,1:)
= Wx, 1) ) (3.27)
one can combine Eqgs. (3.20a)-(3.20b) as one equation for the 8-component object
(3.27):
. M ) .
(JBMG +0 xI" - 2 sinh p/Z) Wx, 1) = 0 (3.28)
where
(, )
g =
© 0 1
u
Y 0
Gu = on "{u =
0 Tu
i A I‘q 0 75 0
G = GBXF = f{- = =1 5
0 -T 0 -Y
GMcN 4 NGM - o MN
Mt - Mg : (3.29)
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Eq. (3.28) will remain invariant under the 1-inversion (2.7) if one defines the

following linear transformation law for the wave function ¥x,t ) (c.f. (2.13)):
Yx, t) = TY(x, - 1) (3.30)
where T is the following 8 x 8matrix
0 E
T = o, xE = ( ) . (3.3}
It is easily seen that
DT2 =1 , T =1y
i) oy x T ™T = o x1r™M; M=0,1,2,3,5
i) T6*r = - G* : (3.32)
Later on it will be convenient for us to use a special notation
?(x, 1) = T¥x, -T) (3.33)

and to write, in addition to Eq. (3.28),

(i3 G™ +o_ xT* -2 sinh u/2)0(x, 1) = 0 . (3.34)
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It is clear now that either of the two equations, Eq. (3.28) or Eq. (3.33), can be
referred to as the 5-sector equation of the free Dirac theory in our terms. Intro-

ducing the conjugated 8-component spinors

Vx, 0 = ¥ (x, 1)G°

F(xy1) = 27 (x, )G° (3.35)

one can construct the appropriate lagrangian 5-density:

A%

-l-
pIRAC® V) =2 prrack T) =

= £ 306 D60 ¥ 00 ) - (3, T, T NGMo G, 1) ¢
+ T, 7)GM a2, 1)) - (aM'EI?(x,T))GM ¥ix, 'r)] +
+ %3¢, U)o x I - 2 sinh W/2)¥(x,1) +
+ % Wx, oy x T* - 2 sinh /2) &x, 1) . (3.36)

Note, that, due to Eq. (3.28) and Eq. (3.34), we have a conserving 5-current:

JM(X, T) = ﬂx’ T)GM'@(X, T) H M= 0,1;2,3,4 (3-373)
M
8 Let) . g . (3.37b)

Ix
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Further (c.f. (2.6)),
@M, T = @M, -1), - 3¥x, T p=0,1,2,3 . (3.37¢)

Thus, we have reformulated the free Dirac theory along our lines. The new
description is based on the set of equations for the 8-component wave function
{(x, T) in which all components of the 5-gradient 3 g = (@ " 3,) are presented on an

equal footing:
- M 4 .
(J.BMG + ¢ xTI"- 2sinh p/2¥{x, 1) = 0

O - D¥x, 1) ) =0 . (3.38)
T =0
The physical plane 1t = 0 in Egs. (3.38} is singled out. It indicates that the
largest group of continuous symmetry transformations admitted by Egs. (3.38) is

the standard Poincaré group in the 4-dimensional configurational space:
L]
A : (3.39)

As one knows, on the plane T= 0, due to Egs. (3.38), the 4-sector Eq. (3.23) for the
wave function

b (%, 0)

"P(){’ 0) = (3-#0)
¥ 5(x,0)

is held. Further, this equation is equivalent to the conventional Dirac equation for

each component of the SU. (2)-doublet
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llJl(X) e Y l(x’ 0)

1])2()() . 0 e P 2(x, 0

sin 8 = tanh p/2 (3.41)

(see (3.25)). It is of primary importance that the equivalency transformation (3.41)
turned out to be a chiral one. Let us note also that the SUT (2)-symmetry of the
free 4-sector happens to be the direct consequence of the invariance of the free 5-
sector under the t-inversion. This is why we use the subscript v in denoting the

group considered.

IV. NEW GAUGE SYMMETRY GROUP AND INTERACTING FIELDS

According to our general conception {see Secs. I and II) within the 5-sector
the Dirac field has to share the new symmetry properties with the electromagnetic
field. One such a symmetry connected with the t-inversion has been transferred to
Dirac particles in the previous section. As a result we have the SU_ (2)-symmetry
of the free Dirac #-sector.

Now we turn to the new gauge symmetry properties related to the
transformation (2.4). As was pointed out already (2.4) is associated with a gauge
group element (2.9). Therefore, let us require that the general theory of
electromagnetic interactions be invariant under the following sim.ultaneous local

gauge transformations:
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ie et (x, )

¥(x, 1) *e O ¥(x,T )

ieoen AT (x,7)

olx, 1) + e o x, T)

_ -ie oelTl+ (%, T)
¥x, 1) > e W(x,T)

_ e e Tatx, 1)
olx, 1) > e Hx, 1)

Byg(x, D > Byylx, T) - a-f—m— € Talx, ) 5 M=0,1,2,3 x.1)

where, as before (see (2.5a)-(2.5b)),
(5 - DMx,T) = ©
+
Alx, 1) = Alx, -T) . (4.2)

Further, to make our approach as unambiguous as the conventional theory of
electromagnetic interactions, we should generalize the minimal interaction
principle. It is clear that the new formulation of this principle, adeq-uate to the
local gauge transformations {4.1), can be associated with the following substitution
law [c.f. (1.3)]

. . d
i ___.?_ > 1 i " eo BM(X’ T) . (4-3)

axM ax

Applying (4.3) to Egs. (3.38) leads one to the following gauge invariant set of

equations:
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[Ga,, -e B (x,1)GW+ g xI?-2sinh u/2] ¥x, 1) = 0 (4.4a)
M ‘Yo M 0

LM

{ (g (3L + ie By (x, 7K 3 +ig Byt~ 1] ¥ix, 1) } = 0 {&#.4b)

=0

Due to (2.6), (3.32) and (3.33), we have also
G Tx, 1 )eM “ 2 sinh p/2] 0lx,1) = 0
oy -e By (o1 +ogxT " -2sinh /2] olx,1) = (4.5a)

{[ gLM(BL + ieOBJ &, Ny + ieOBMT(x, o)-17 dx, 1) }Tzo = 0 . (4.5b)

Egs. (%.4a) and (4.5a) can be derived from the S5-dimensional action integral

with the lagrangian 5-density

€
=2 pirRacto T - *‘29' [JM(x, T)BMJr (%, 1)+ JM*(x, )M, T):‘ (4.6)

where %IRAC(X’ T) is given by (3.36) and JM(X, 1) is the 5-current (3.37a).
Adding to (4.6) the 5-dimensional lagrangian density (2.24) that corresponds to

a free electromagnetic field, one obtains

< ToraL® © = 7

MAXWELLO T) *+ F DR acts T -

e
2 [ M e s oY 0] L )

This lagrangian density is obviously invariant under the new gauge transfor-

mations (4.1) and the t-inversion. The variation of the action integral
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I & ot Tdxdt (4.8)

with respect to BM+ (x,7) and (BBMT.(X, ) (ax™) leads to the inhomogeneous first-

order equations for the 5-potential Byi(x, )

e
i%(x, T) = -49 Ju(x, T) (4.9a)

b (x, 1) e,

2By(x, 1) =1 2= Bylx, T) + i
Egs. (4.4a), (4.5a), (#.9a) and (4.9b), being invariant to the new gauge
transformations and to the T-inversion, play the role of the 5-sector equations in
our description of interacting electromagnetic and charged spinor fields. It is
easily seen from Egs. {#.#a) and (4.5a) that the 5-current (3.37a) satisfies, as in a
iree case, the continuity equation {3.37b) and generalized hermiticity condition
(3.37¢). Due to (2.6) the condition (3.37¢) follows automatically from Eqs. (4.9a)-
(4.9b). In order that Eq. (3.37b) be consistent with Egs. (4.9a)-(4.9b) we have to
require a validity of Eq. (2.3). Hence, the T-photon field permanently satisfies the
exact de Sitterian constraint regardless of a presence or an absence of an
interaction (see also the footnote on page 22 ).
Let us proceed now to a derivation of the 4-sector equations attached to the
physical plane 1= 0. First we project Eq. (4.4a) onto this plane using Eq. {(4.4b), It

gives:
e
[(i au - eoA 11(x)(}u) - (cosh y - 1)00 x T# + _.[!.9, (go x r‘i‘)(zLM’_}@;M(x, ) -
_ 2 sinh u/z] ¥x, 0) = 0 , (4.10)

where
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-cMely (4.11)

Au(x) is the electromagnetic 4-potential (2.13), and ‘?;M(x, 0) are the 5-
dimensional field strengths (1.25) at v = 0.

When the interaction is switching off (eo+ 0) Eq. (4.10) turns into free Eq.
{3.23) with the mass operator containing the pseudoscalar Yj—term. If we want the
conventional Dirac equation to emerge in this limit, then, in advance, we should
subject Eq. (4.10) to the chiral equivalence transformation (3.41). This leads to the

following set of equations, instead of Eq. {4.10):

(Lr-e &-m ), (x) = “377“"9 yoHY Bv () (x) -

e sind

-2g—2HVF (x)ll’l(X)— VI 0u00 (4.12a)

t

(- e f-m M0 = —25—2 v’ HVF | (09,00 -

e,sin 0
- 22 g VF (x)\pz(x) + YN Tl 00 (4.12b)
where o"V=1/2 (y#yY - vV u), y (x) are the Maxwell field strengths (1.5) and
9B (x, 0) 8B, (x, 0}
F o 0 = —H— & (4.13)

at axH

are the components of 5-dimensional field strengths at 7= 0 to which T -photons
directly contribute. The particle mass is denoted as m o to emphasize that we are

still dealing with "bare" fields. Correspondingly (see (3.3) and (3.24}),

sin 60 = tanh uolz =
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cos 6, = S N 2 . (#.13)
Ko 1+ ;1 + M Z
cosh > o

Egs. (4.12a)-(4.12b) look like a nontrivial generalization of the Dirac equation

(1.4a). Let us point out here some evident properties of equations obtained,
postponing a more detailed analysis until the next Section:

1. Eqgs. (4.12a)-(4.12b) are consistent with 5-sector Eq. (¥.4a). They can be
treated simply as a boundary condition at T = 0, completed Eq. (4.4a).

2. Egs. (4.12a)-(4.12b) are invariant under the ordinary gauge transformations
[ c.f. (L.6a)~(1.6b) ]

ie A (x, 0)
LIJa(X) + e °

P, x) H

-le Afx, 0) _

P > e g, , a=1L2 ;
A > Au(x)-?—*—(%@ a0 =T (5.18)
ax

which are a projection of the new gauge group (4.1) onto the physical plane T = 0.
We do not need to consider here the gauge transformation of the t-photon
compoenent B 4(x, Q) because it is involved in the gauge invariant structure (4.13).

3. The left-hand sides of the considered equations contain the conventional
minimal iﬁteraction term, whereas the right-hand sides consist entirely of non-
minimal, namely:

i) electric dipole moment {(EDM) interaction (v Y%H\J Fuv(x»;

ii) magnetic dipole moment (MDM) interaction also called the Pauli

interaction term (» O’U\JFU\)(X));

iii} _t-photon interaction {<ivy “'9“4()(, 0)). Such a name is chosen because

this interaction survives even if there are no "ordinary" photons (AH(X) = 0) and,

therefore, it could be induced only by the t-photons. Note, that the 1 -photon
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interaction terms enter with different signs in Eq. (4.12a) and Eq. (4.12b). This is
the only source for a violation of the SU, (2)-symmetry in the considered equations.,

- The EDM term inevitably leads to the parity (P) violation and CP-violation.
Let us notice that in free Eq. (3.23) one faces the flctifious P- and CP-violations
disappearing after the chiral equivalence transformation (3.41). But applying (3.41)
to Eq. (4.10), that contains an interaction, cannot eliminate the Y5 entirely.

It is crucial to understand that the conventional minimal interaction as all -
new non-minimal interactions in Egs. (4.12a) and (4.12b) are originated by the
minimal interaction in terms of the 5-potential BM(x, T) that was introduced by the
substitution (4.3). One may also think that the P- and CP-violations revealed in
present theory are a "price" for its invariance with respect to the larger gauge

group (4.1).”

*

However, C- and CPT-symmetries are held in our scheme and can be introduced
naturally on a 5-dimensional level. For instance, the charge conjugation C is
defined as follows

‘{/(x, T) hd GZ‘P*(X, _T) L]

BM(x, )Y > - BM(X,T )

(* denotes the complex conjugation). It is readily verified that Egs. (4.4a)-(4.4b)
remain unaltered after this transformation. Note, that all five components of the
electromagnetic 5-potential change their signs under the charge conjugation. On

the physical plane 1= 0 we obtain, obviously, the ordinary C-conjugation rule

b0 > Y, a=12

> .
Au(X) Au(x)
and, in addition,

L?u;(x, a) > - L?;q(x, 0) .

The invariance of Egs, {(4.12a)~(4.12b) under these transformations is evident.
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iv., If Fuv(x] and gr:4(x,0) in Eqs. (4.12a)-(4.12b) are
fixed, then one can consider them as the motion equations of

charged Dirac particles in an external electromagnetic field.The

appropriate lagrangian density is of the form:

LDIRAC(XJ + LINT(X) (4.15})
wheré LDIRAC(X) is given by (3.26) and
LINT(X) = - X [ o”a(X}Y "p (X)A (X) M
a=1,2
% cose (x)\;{j o (OF.. (- 2 in 6 F.006" % (0F () | +
a Hv & oTa a uv : (4.]_6)

22 [0t m- T0v 00 | Ty, 0

Let us proceed now to the general case when the electromagne-
tic field is included in our dynamical system. As dynamical va-
riables describing this field on the physical plane r=0 we choose

the quantities
@, 0, G, 0 (4.17)

which are remaining independent variables if even an interaction

is switched on (cf. (2.33)).
: ' N TRy .
Next, adding the term LMAXWBLL 71-Fu\)(x) FF (x) to (4.15%),

we may write the following action integral for our system:

= [d% [Lyagweis * Lomac +Lnr (91 - (4.18)

a4
=[xl (0
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Further, one should realize that the dynamical variables
g, (), Jabd and.9i4(n0)are not completely independent. They
are subjected to the constraint that appears as a result of pro-

jecting S5-sector equation (4.9a) onto the plane r=0*

'f§?;4(x 0) = f%-Jp(x,U) (4.19)

where, because of (3.37a), (3.332), (3.40) and (3.41)
Jp(x,0)=531 (x)y#wz(x)+-t_ﬁ2(x)y#¢1(x) (4.20)

Now the motion equations for our fields emerge from a sta-

tiorary condition of the functional

| d4x{L

(x)+§”(x)[i%(xﬁ)—%q]#(x,m] (4.21)

where f“(ﬂ are Lagrange multipliers. Thus, one obtains

TOTAL

i Z
(id -e K{x)—mp)uy(x) = 'eojol)ﬁ ot (X {x)-

e sind Y . deg e
_ __12_0_0# F.uv (x)t,’fl(x)m g.l(" 0)uy ( X)J'—‘f# a¢ (x) ;
(4.22a)

*Cf. Eq. (2.30a). Instead of Eq. (2.30b) we have now

.3 .aﬂﬂx) e
284(X,0)“IE—— B4(x,0)+| e = &9-34(:(,0)

Similar to the free case, this relation due to our choice of

independent variables, is not a constraint but just describes an

arbitrary gauge of the electromagnetic 4-potential Aﬂ(x).
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_ ieocose0
(ig~e Alx)=mgy) v (x) =

}’5 ot Fp.u(x) 'r"lg ( x) —

(4.22b)
e sind, ., ie u e. 1 aJ#(x.m
- ZoT0o k(0 (x)+ S22 AL (x, 00, 00+ S0 7,79

L

F (D o3 15, (ke (x)- 22200 2 (g (0y5 0" g (s
Ix¥ a=1,2 x
(4.22c)
Nt %_(ﬁa(xw by (01
©0 17, (x)y™ o (x) = v () y* g ()14 €' ()20 .
oYYy ARy Y (4.23)

These equations, completed by the constraint (4.19), can

be used to determine the functions y,{x) and Agx) . Thus,
altogether these are the 4-sector equations in question that
should play the same reole in our approach as the Dirac-Maxwell
equations {(1.4a)-(1.4b) do in the conventional theory of

electromagnetic interactions. It is instructive to write these
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generalized Dirac-Maxwell equations once more, in terms of
W, (x) ,l,[:a(x) > A.u(x} and va(x) only, introducing explicitly
the fundamental length ¢ :

iel 0
(19-e oK —my oy (x) = 2220 3P0l B (x)yy ()=

. 2,2
e Psin @ v ‘ ey
oS0 Iy, (x) gy (- 22

(¢ (X)V# g ( x) +932 (-x)_yﬂsifl(x))yﬁkffl(x} +

(g (x)y 9y (x) = !Zrz(x)y# By (x) 3 vy (x)); . (4.24a)

(18- 0 K=mo) vy (x) = 23200 350l F (), (x)-

Esin® v 232 - -
- eo:m o F#v(x)!flg(x) + eg [(:;;1(x)y‘u¢2(x)+¢2(x)},‘u¢,1(x))yﬂ¢2(x)_

=09 (N, 8 (0= G, 00y, v, DY 9 (0] (4.24Db)

__..ﬁ_v____=eo[j”(x)+ feos 9 (x) .+E’sin80j‘;dDM (x)1

p
olgpm

(4.24¢)
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where
2,2
: - 2 V1+mgt® -1
S|n60 funhyo/ mOE :
(4.25)
cosf = ]h %, =\/ 2
oS T+ 14 mgoﬁz
and
Py = z 2
R0 = 3 Sty e (0 (4.26)
j;DM(x) = ]_2' aE=1,2 GQ;V(J&(X)YS"G#V Q&a(x)) (4.27)
 H 1 3 7 e
Jyuom K= 3 F gaw Wa(d e 4,00) (4.28)

From Eqs. (4.24a)-(4.24b) one can derive the continuity

equation for the total electromagnetic current (4.26) of normal

and abnormal particles:

3if(x)
——éx,u - =0 (4.29)

Note that the currents (4.27)-(4.28) satisfy Eq. (4.29)

independently of any equation of motion.
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Evidently, as £-0 our equations (4.24a), (4.f4b) and
(4.24¢) turn into Dirac~Maxwell equations (l.4a)-{1l.4b) wup to
an additional degeneracy connected with.SUT(ﬁ—symmetry. Let
us emphasize that the non-linear spinor terms, originated by
the r -photon interaction, violate this symmetry in Egs.
(4.24a)-(4.24b),At. that, the associated coupling consta nts
are relatively small (~e22%).

It is easily seen that the lagrangian density correspond-
ing to Eqs. (4.24a), (4.24b) and (4.24c) will coincide with
Lpop(x) from (4.18) if the variable gr;4(L0) in this expression

is substituted using (4.19). So

Loopl® == Flu (0F 700 + B (g - m) ¥ (x) -

ie f

- e, ‘i—‘(x)y‘u ‘{’(x)A#(x) - - ; cosBo‘E’(x) y5 a"w‘l‘(x)FpV(x)}
o Gno W (x) o™ W (x)E,  (x) ezﬁg(@(ﬂ (¥(x)ayy ¥(x)
+—~4~- sinb Yix)o ANV +——8—— X U3Yp@ X C’l}’F X

(4.30)
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where

¥(x) = P0y =
" ¥y (x) !

~ V. DISCUSSION AND INTERPRETATION

Let us start with SUT (Z)fsymmetry. It is clear that the theory developed
here, after an appropriate quantization procedure, has to be applied first to a
description of the electromagnetic interactions of leptons, since this is the arena of
the extremely precise tests of QED. As is well known, the electron and muon have
been found, up to now, to have identical electromagnetic properties, described
univefsa.lly by the Dirac~-Maxwell equations (1.4a)—(1.4b)*), the only difference
being the value of the mass. The origin of this universality is an old puzzle.

But now we seem to be in a position to say something abotjt it. In our.
scheme, the new flavor, connected with the invariance requirement under -
inversion (see Sec. III), is deeply ingrained. In the 5-sector, it is expressed by the
obligatory use of 8-component spinors. On the f-sector level, we have inevitably
equations of motion for the pair of spinor fields ¢1(X) and 1!)2(x). '

Therefore, let us interpret these two fields as follows:

!
Y

‘1" l(x) =

b 5(x) (5.1)

1]
=
»

x
The renormalization technicalities of electron QED coincide with those of muon

QED.
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Now we have a right to say that the new approach is basically ue—universal.*
The theory will be damaged if, for instance, the muon field L!Jz(x) is removed.

In the &4-sector framework pe-universality is extended to SU_E (2)-symmetry
when one neglects the t-photon interaction terms. But even in the presence of
these terms, the interactions of the electron and muon with the ordinary photons
(the conventional minimal coupling, EDM and MDM interactions) remain identical.

If all terms containing the fundamental length in Egs. (4.3%4a), (4.34b) and
(4.34c) are omitted then two copies of the Dirac-Maxwell equations (1.4a)-{1.4b)
emerge, one to provide the conventional QED description of the electron and the
other for the same purpose concerning the muon. In this approximation the masses
of the electron and of the muon are equal.

It is tempting to speculate on the T~photon interaction as a possible origin of
the muon-electron mass difference.” Further, this interaction should give rise to

the decay***

*The recently discovered Tt-lepton needs a partner to complete another SU,[ (2)-
doublet. The neutrinos Ve and \Jualready can be treated as an SUT (2)-doublet. Let
us point out that the new flavor described by SU_(2) is not, of course, a privilege of

leptons only. It is a new universal degree of freedom which is intrinsically

connected with the fundamental length and which is relevant to all particles
including hadrons, hypothetical intermediate W-boson and so on. As for hadrons,
this fiavor has to be introduced on the quark level. So one is now asked to believe

in the existence of electron-type and muon-type quarks, probably with the large

difference in their masses. Perhaps to explain the existence of the T-family, and
possible similar discoveries in the future, one should think along these lines.
Further, we can also expect particles that will be components of SUT (2)-triplets

and so on.
** - . - . -
The author is grateful to Prof. R. Feynman for a valuable discussion of this point.

R . .
Note, that in this reaction, parity is conserving.
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u > 3e (5.2)

and, effectively, to such processes as

u *+ey (5.3a)
u > ew (5.31))
p+Z > e+ Z, etc (5.3¢)

The most accurate experiment on a search for the decay (5.2) gives the following

upper bound for its branching rati03 8:

I{y +3e) -9
Tevey < 19x 10 . (5.4)

If we shall forget for a while that our scheme is not yet secondary quantized,
then we can estimate, with the help of (5.4), the allowed magnitude of the coupling

*
constant in the t-photon interaction, i.e. the upper bound of the fundamental

length:

2 <3x 1078 em . (5.5)

This is consistent with the recent data on the decay (5.32)7

I'( y »ey) -10
Tisa. S 20x10 . (5.6)

* .
Let us pay attention that its magnitude is three orders less than in (1.2).
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In our scheme the considered reaction is described by the graph

It is interesting to notice that the T-photon interaction is characterized by the
finite range although the t-photon field is mass.less.30 One should realize
that, due to this interaction, the picture of the electromagnetic phenomena will
change drastically at super-high energies > Me .

As explained earlier>? our approach to a formulation of the electromagnetic

interaction theory with the de Sitter momentum space in terms of 5-dimensional

quantities (3/( axM), Byyx1) 5'EMN(X,T ), ¥(x, 1), etc.) is an alternative to the

manifestly 4-dimensional formalism based on %4-dimensional Fourier analysis on the

hyperboloid (1.19). The relevant configurational 4-space turns out to be continuous
along the time direction and quantized along any space axis,” +19,20-21 For
instance, the analog of the Yukawa potential, produced by the propagator {c.f. Eq.

(3.7a))

D(p) = 1 , (5.7)

2p[‘t ~ 2 cosh y+io

is of the form

e-p(n+1)
VYUKAWA(H) = const. “——7— ; n=0,1,2,3,.. (5.8)

*
In the euclidean formulation, the curved 4-momentum space becomes compact

and, hence, the configurational 4-space is totally quantized.
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So the space which separates particies possesses some granular structure that
can be treated as one of the novel properties of the vacuum in this version of a
theory. Meanwhile, from the 5-dimensional approach we know that the charged
fields q;l(x) and 1].»2(x), due to the t-photon mediation, are interacting even if
Au (x) =0. Supposing that both approaches are equivalent to each other* we might
figure that the 1-photon interaction is caused by the scattering of our particles on
granularities of the space structure. In other words, the 1-photon may be treate&
as a quasiparticle which, in the framework of the 5-dimensional approach, is a
specific substitute for the granularity of space.

Let us consider now the MDM and EDM interactions emerged in our scheme.
Introducing the standard notation (eozc)/(4m O)Gqup v(x)lpa(x) for Pauli terms in
Eqgs. (4.3%a)-(4.34b) we obtain, using (4.35), the following expression for the

intrinsic anomalous magnetic moment of the charged Dirac particle

K = COSl’l].lo-l = /1+m0222-1 =

= /1y £ 1 . (5.9)

The covariant EDM-term is less familiar, Therefore, we continue our analysis
non-relativistically. Assuming that our Dirac fields interact with an external

electromagnetic field AY(x) such that

*
The mapping between these two formalisms is carried out by the Fourier

transiorms similar to

_ 1 2 2 4 i(px) 45

lbi(x) = m 4£ 5(;) Pq‘ + l)llr’(P: P Je d p s
p >0

1 2 2 4y i(px) ;5 00 =

Yox) = [ 8% -p, %+ Dlp, p)e"Pd’p 5 (px) = p x” -
2 (21:)372 b A

>
X
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A%(x) = ¢(r) = arbitrary

Ao = Vz[ﬁ xT’] ; H - const. ) (5.10)

and expanding Egs. {(4.34a)-(4.34b) in powers of l/c, one finds the following
generalized Pauli equation:

- 32 T o5y e,cos B +
i 'Bi'r 9 1) = ?%o_ -, 0(r) - e L +2grr?())cH = Mc > 8- E):] ¢ ()
(a = 1,2) (5.11)
;vhere
be-ihd; L= (Txp); $-40
r
E- - 52? &) (5.12)
and
2
m
g =20l +x) = 2/1+ 02
M
2M
cos 8_ = . (5.13)
° /M+/M2+m02 :

Further, writing the EDM-interaction in the canonical form

UEDM = '(a' E) 3 (5-14)
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one obtains the following expression for the intrinsic electric dipole moment of the

charged Dirac particle:
cos 6
° 3 _ - (5.15)

a_ coseog_
= "% Mc = et 2 9

>
Let us point out that EDM d is antiparallel to the particle magnetic moment

(5.16)

Eq. (5.11) holds in the general case of arbitrary ratio between the particle mass m

and the fundamental mass M. For leptons, anyhow,

My
wr << 1 . (5.17)
From here and from (5.13) and (5.16) it follows that
m 2
(g_%__Z_ ) = — (5.18a)
lepton 2M
-+ eog'
19 epton = 3 : (5.18b)

Comparing (5.18a) with the current theoretical and experimental uncertainties in

this quantityq

3(5—53) - @2:6x 10710

electron

A (352—-2—) - (10 #12) x 107 (5.19)
muon
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we obtain one more upper bound for the fundamental Iength*:
-17
L <26x107 cm (5.20)

that is not very far from (5.5).
Using (5.5), (5.20) and (5.18b) we can conclude that the upper bound for lepton

EDM, in order of magnitude, is at least B,

lgl < [(10'17+ lo"lg)cm ]eo . (5.21)

~

This is consistent with the old experimental data on a direct measurement of the

electron and muon EDM,“tl with observed shifts of atomic le'.rels,iltl with parity

42-43 i the recent search for the parity violation in

4

violation effects in atoms,
the polarized electron scattering.q

On the other hand, a number of experiments was performed on indirect
estimation of the electron EDM through the measurements of EDM that it induces

in atoms. The results obtained are the following:

< Gx 1072 empe 42 _ (5.223)
. = [(0.7 £2.2) x 10"%cm]e “©) (5.22b)
| Setecicon” 2 = [(1.9 +3.4) x 10724 cm}eo(‘”) (5.22¢)
= 1812 11.6) x102 cmye #8 (5.224)

The results (5.2251)-(5.22(:)*;‘L lie in the same range of values as the latest measured

upper bound for the neutron EDM*?

* . . .
To our knowledge, it is the first time a highly precise experiment, designed for a

test of a validity of QED, is used to estimate the fundamental length.

* X%
The method employed in Ref. 48 is independent of that used in Refs, 45-47.
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g -24
[ autron | $3 %1077 em | . (5.23)

From (5.18b) and (5.22a)-(5.22¢) one obtains a considerably more restrictive bound

on % than in (5.5):

8 <107%% 210723 em ) (5.24)

-~

Assuming that the electromagnetic interactions of quarks are described by our
equations (4.34a)~(4.34c), a similar estimate for & can be established from (5.23) in -

Ia]
the framework of the relativistic quark model.”%!

As is known,s 1

the existence of non-zero EDM for elementary particles would
be direct evidence of the violation of the CP-symmetry. Thus, according to our
approach, the mechanism of the CP-violation might be purely electromagnetic if
the theory of the electromagnetic interactions is based on the fundamental length
hypothesis.* It does not need any comment that the experimental discovery of the
particle EDM would be of great importance for the present theory. Concerning
leptons which have not undergone strong interactions, one should realize that, due
to (5.18b), the measurement of their EDM is the straight measurement of the
fundamental length.

Since in this approach even "bare" Dirac particles possess EDM and anomalous
MDM, it means that they are extended objects having some structure.** As follows
from (5.15), (5.16) and (5.13), if the ratio m_/M runs from 0 to <, IE | and | 11| vary

in the following limits

* - * - *

As was pointed out?? non-abelian gauge theories can be reformulated in our terms
as well. It would be interesting to see, for instance, new versions of the QCD and
the Salam-Weinberg model, containing the fundamental length. What situation will

finally take place in these theories concerning CP-symmetry?

* ¥
It somehow testifies to the existence of the ultraviclet cut-off in our scheme

(see the next Section).
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e }
(s >
Me > ld] 20
e Ji e}
0 + o
2moc z | H I 2 Z2Mc . - (5.25)
So the quantity
e h e 2
0 0
2Mc = "7 {5.26)

plays the role of a minimal magneton attainable only when

m, > M . (5.27)

- - - - - *
Hence, superheavy Dirac particles, if such objects somewhere exist , should serve

not only as sources of the static Coulomb field but also as sources of the

static magnetic field, produced by the MDM

44
-

ay

(5.28)

N
3]
L)

*
C.1. the "maximon" considered by Markov.52
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VI. CONCLUDING REMARKS

In this paper we derived generalized classical equations of motion for the
interacting electromagnetic and Dirac fields, containing the fundamental length as
a new universal scale. The secondary quantization procedure, the appropriate
diagram techniques, the renormalization, etc. will be worked out separr:t‘cely.3 7
However, in a preliminary manner, we may say that the problem of ultraviolet
divergences seems to lose here its acuteness. Although the non-minimal interac-"
tions in Eqgs. (4.3%a)-(4.34c), conventionally speaking, are non-renormalizable, the

underlying symmetry with respect to larger gauge group leads to a situation which

is similar to what one faces in so-called superrenormalizable theories. As a result,
the renormalization procedure in this case should deal with finite quantities only.
Such things could be expected from the comparison of our 5-dimensional

approach with the #4-dimensional onel®-%?

that we outlined briefly in Sec. V.
Indeed, due to (5.8), the "scalar" Coulomb potential in the #-dimensional framework

reads

const
VCOULOMB G ) 6.1)

This expression is free of singularities at small distances. It is already some
indication of an absence of divergences in the relevant field theory. Furthermore,
in the euclidean forrulation of the 4-dimensional approach one needs to use the

compact p-space (see footnote on p. 50):

2 2
pl "‘Pz +932+P#2+P52 =1

Ps = Ip, . (6.2)



-58- FERMILAB-Pub-78/70-THY

In other words, the theory intrinsically contains a universal cut-off. Formulae like
(5.8) and (6.1) are just one of the manifestations of this cut-off.

Turning back to the 5-dimensional formalism we would like to emphasize that
in the presence of an interaction the de Sitterian constraint of the (O -1)-type
remains true only for the gauge functions X (x, T} and the t-photon field
Aq(x, T) = eiTB#(x, ). The Dirac field ¥{x, 1), for instance, satisfies instead the
constraint (4.4b). As a matter of fact, the relation (4.4b) plays the key role in our ,
approach because it combines three important things altogether:

i) de Sitterian geometry of p-space when an interaction is turned off (eo + 0)

ii) generalized minimal substitution law based on the new gauge group;

iii) preferable role of the physical plane T =0 that originates the correspon-
dence principle. |

Putting

. @ \
HM = 1—ﬁ - eoBM(X,T ) (6.3)
Ix
we can write (4.4b) as
[(n 2-"1’[2-112+1) (x, T)] = 0 . (6.4)
0 4 120

- So the main geometrical point of our fundamental length hypothesis may be
adjusted as follows: the "generalized momentum" Il is declared the de Sitterian
vector in a sense of relation (6.4). If an interaction is switched off then Il coincides
with the ordinary momentum which belongs to the de Sitter space (1.19) as is due to
(3.22). Hence, finally, our 5-scheme is a local gauge theory of elec.romagnetic
interactions based on the assumption that free fields are described in terms of the

de Sitter p-space and the "generalized momentum" Il operates as de Sitterian
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vector on the physical plane 7= 0. As was pointed out in Sec. I, in the free case
the 3-dimensionality of the mass shell screens the difference in a geometrical
structure between 4-dimensional Minkowsky p-space and 4-dimensional de Sitter p-
space. The only de Sitterian attribute that survives and makes one theory different
from another is the flavor labelling the normal {electron-type) and abnormal {muon-
type) fields.

Our last remark concerns a global structure of the de Sitter p-space. As is

known,53

two spaces of constant curvature may possess identical metric properties
but differ by topological ones. For instance, if on the surface (1.19) the
R . . . o T 4 o iy, . . ‘e
diametrically opposite points {p~, p, p' ) and (-p~, -p, -p ') will be identified, we
shall obtain the so-called "pseudoelliptic" de Sitter space that possesses a more
exquisite topology than the initial one, called "pseudospherical" de Sitter space.
Pseudoelliptic p-space was employed in first attempts to use de Sitter

geometry in the field theory.g’g’11

It would be interesting to see what changes will
occur in our formalism if we adopt this new topology. Certainly, the concept of
normal and abnormal fields and definitions of discrete symmetry transformations

(C, P, T and CPT) should be modified in such a scheme.
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