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ABSTRACT

The guantum mechanical implications of the inverse scattering
transform method and its relationship to the structure of Bethe's ansatz
are discussed in the context of the non-linear Schroedinger equation
(many-body problem) associated with the classical (quantum) field theory
< =;52- qb>::§-;¢ - Biti) | z. cl|d |4. We review the transformation of the
classical problem to action and angle variables and the derivation of an
infinite number of polynomial conservation laws, The values of the
conserved constants are given by the moments of the classical action
variable. It is suggested that there exists a corresponding set of conserved
polynomial operators in the quantum field theory and that they reflect the
conservation of velocity content which characterizes the solution of the
many-body scattering problem (Bethe's ansatz). This implies that the
quantized action variable is just the occupation number density operator
in the asymptotic momentum (velocity)-parameter space of Bethe's ansatz,
and that Bethe's wave functions are eigenstates of all conserved operators
with eigenvalues given by the moments of the N-particle distribution in
asymptotic momentum space. These statements are verified for the first

four operators, including one which has not previously been studied.
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I. INTRODUCTION
The study of exactly solvable models has long been a valuable aid
to mathematical and physical infuition about non-linear systems, In this
paper we discuss a connection between two powerful techniques which have
been central to the developments in different areas of exact {1 + 1)-
dimensional physics. The method known as Bethe's amsa’cz1 has among
its applications a variety of one-dimensional spin chains,” ~ certain

4=
two-dimensional lattice models, > and a many-body problem with

particles in one space dimension interacting via a delta-function two-body
potential. 6-10 It also provided the initial impetus in the study of the Thirring
model.i 1 The inverse scattering transform method of Gardner, Green, Kruskal,
and M?’Lura1 2Was discovered as ameans of solving the Korteweg-DeVries
equation. It was subsequently shown that a generalized inverse scattering trans-
form1 -4 provided an exact treatment of a number of non-linear partial differ-
ential equations with one space and one time coordinate ({1 +1)-dimensional
classical field theories). This methodhas been particularly valuable in expos-
ingthe profound role and remarkable properties of solitons in the se theories. 15
Experience with both of these methods suggests that they and the phenomena
which they expose are intimately related in a way which may be surmised
intuitively but remains mathematically obscure.

A natural laboratory is available for studying this question: the

Galilean invariant theory of a complex scalar field ¢ with quartic self-

interaction, described by the Lagrangian
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L= L6 T8 ,61% -cs]” . (1.1)

As a classical field theory, the equation of motion obtained from (4.1)

is the "non-linear Schroedinger equation, "

0,6 = -9,%8+2c] 6|7 . (1. 2)

This equation may be exactly treated via the inverse problem of Zakharov
13
and Shabaf. On the other hand, we may consider the same Lagrangian

for a quantum field &,

F - L5 3-(0.8)03)-cd & 0 ) (1. 3)
2 0 1 1
which has canonical commutation relations
[<1>(x, t), & (v, t)] = ox -y) . (1. 4)

It is easy fo show16 that (1. 3) is the field theoretic formulation of a
many-body problem with the last term corresponding to a delta-function
two-body potential, 17 In this form the quantized theory can be treated
exactly by Bethets ansatz,

The intuitive connection between the motion of particies embodied
in Bethe's ansatz and the behavior of fields which emerges from the
inverse method can be illustrated by considering the case ¢ < 0 (attractive
coupling) and comparing the solitons of (1. 1) with the many-particle bound

states of (1.3), Using Bethe's ansatz it can be showng that a collision
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of two bound states never results in redistribution or break up of the
particles, e.g. if a 3-particle bound state with velocity vy collides with a
5-particle bound state with velocity Vo they always emerge as a 3-particle
bound state with velocity v1 and a 5-particle bound state with velocity vz,
having suffered only a phase shift or time-delay. This can clearly be
identified with the remarkable properties of celliding solitons in the
classical field theory. 21 More generally the form of Bethe's ansatz
can be understood by simply imagining a system of colliding billiard
balls moving in one spatial dimension. 19 common experience tells us
that such a system exhibits a profound simplicity: the distribution of
velocities is preserved in time, This conservation of velocity content is
also a property of the quantum mechanical many body system (4. 3) and
is the essence of Bethe's ansatz. We will find that this is closely related
to the infinite number of conservation laws which are obtained in the
classical field theory as a by-product of the inverse method. 22

For simplicity we will restrict our discussion to the case ¢ > 0
(repulsive coupling) and ’ ¢ [ ~+0as x —x o, Thus we consider classical
systems consisting of pure ''radiation” (no solitons) and quantum systems
composed entirely of elementary quanta. For c < 0, similar considerations
can be applied to classical (quantum) systems containing solitons (bound
states), but we will not do so here, The work of Zakharov and Manakov23

has shown that the inverse method for (1, 1) can be formulated as a

canonical transformation from the field variables ¢(x)and ¢ (x)to a
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set of action and angle variables P ) and Q(§). Here £ parametrizes the
scattering data for an eigenvalue problem in which the canonical field
configuration ¢(x) plays the role of scattering potential. We will find

that £ can be associated with the asymptotic momentum parameters ki
which appear in Bethe's ansatz, When written in terms of action and
angle variables, the classical Hamiltonian corresponding to {1, 1) is

found to be independent of the angle variable Q(§). Therefore the conjugate
momenta P(£) are conserved. The infinite number of constants of motion
for the classical theory are just the moments of the time independent
function P(§) which characterizes the system. By such considerations and
by the results of a calculation described in Sec, III-D, we are led to
propose that the quantum mechanical generalization of the Zakharov-
Manakov action variable P(f) is the occupation number in the space of the
momentum parameters of Bethe's ansatz, This will be clarified and
explored in Sec. III. As we will see, the assumption that the quantized
action variables P(£) can be identified with the distribution of particles

in the momentum parameter space of Bethe's ansatz implies some

remarkable propertfies of Bethe's wave functions which can be studied

directly. If this interpretation of P(£) is correct, ittells us that Bethe's
wave functions are eigenstates not only of the Hamiltonian, but of the

eantire infinite set of operators I\A/IE (£ =0, 1, 2, ...) obtained by writing
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the conserved quantities MJZ of the classical theory in terms of the fields
¢ and ¢* and then replacing these by the quantized fields @ and & with an
appropriate ordering prescription., We will study explicitly the first

/N L)
four classically conserved quantities M£ . The operators MO and 1\/11 are

particle number and momenfum.

f & ddx

G- R
MO—

i = P ifc‘;@dx
1 X

]

(Here and elsewhere a subscript x denotes differentiation on the space

coordinate.) The N-particle Bethe wave functions ]\I’N(k

are eigenstates of both, trivially,

8, % 0> = N |g()>

A N

AR N DA A E
i=1

A
The operator M2 is the Hamiltonian

P ] ERI
M =H=f{@¢+c@@<b@dx}
2 X X

In Sec. III-C we review the seminal property of Bethe's wave functions,

N

fal ~ 2
M, g ()> = H{g k)> = z k. | g, k)>

i=1

Our derivation of (1. 10¢) differs from the usual in that it is carried out in

1}

(1. 5)

(1.6)

e kS !qu(k)>

(1. 7)

(1. 8)

(1. 9)

{1. 10}
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momentum space, It is inspired by the graphical .aLppJ:-oac:lrl19 to the
Lagrangian (1. 3), and is more easily generalized to the higher moments

-~

MJZ , £z 3. Finally, in Sec, III-D we consider the simplest operator

moment which has not been previously studied,

A ~ . 3 Sk _ s B
M, = (i) f{q)xxx@ CLL I dx} . (1.11)

Using a method which resembles the derivation of (1.10), we find that

N

A 3

M| g k)> = Zki g > , (1.12)
i=1

The combination of the familiar properties (1,7), (1.8), and (1. 10), with
the result (1,12} provides consid‘erable evidence for our interpretation
of the quantized action variables and for the conjecture that Bethe's wave

A
functions are eigenstates of all the Mﬂ_'s with eigenvalues ( Z kf)
1

1=
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II., CONSTANTS OF MOTION IN THE CLASSICAL
NON-LINEAR SCHROEDINGER EQUATION
We will first review the relevant results from the inverse scattering
transform (IST) analysis of the classical theory (1.1). For more detailed
discussion we refer to the original papers of Zakharov and coworkers. 13,23
The IST for (1.4)is based on the scolutions to the Zakharov-Shabat
eigenvalue problem associated with the canonical field configuration ¢(x, t)

(t = time plays a passive role in this discussion and will hereafter be

suppressed),

(i%*‘%&)ﬁ& = -f\fc-qﬁﬂz (2.1a)
{18—8};-% £re, - »\/Eqﬁ*ﬁri . (2. 1b)

When the eigenvalue ¢ is real, we can define the scattering data in

terms of the solution ¥(x, € ) with asymptotic behavior

wx, ) = o7 (é) . (2.2)

If we write
w6, £) = e Pag, ) (2.3)
0,(x, ) = e_igxlzB(x, &) , (2.4)

then the scattering data are defined by
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alf) = lim A(x, §) (2.5)
x—m

b(€) = lim Bx, §) (2.6)
el

By writing (2. 1) as an integral equation and iterating in powers of ~Nc,

we can obtain A and B in explicit series form. Defining, for a given §,
g{x, y} = o{x - y}e—lg‘y (2,7}

(where § = step function), we get

Al
35

Alx, £y = 1 +0fdy1d}’2g(x, y1)¢(y1)g*(yi, yz)qb (y,)

+c? [y, dy,dy,dy,ele, 7,007, )8 (7,.5,)¢ (7,807,500, )8 (757,46 (y,)

... (2.8)

B(x, £) = -iNc fdyig*(x, yi)ril (yi)

+c[dy1dy2dy3g‘¥(x, yi)q.‘r's(m1 gy, yz)(b(yz)ga:(yz, y3)¢>'=(y3)
+ ... % . (2.9}

The scattering data can be written in a similar form by letting x - o,
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iy

-igy

alf) = 1 +c [dy.dy.e Yoy e (v, v.06 (3.)
12 1 1 2 2

5 —igyi
+c fdyidyzdy3dy4€‘ ¢’(Y1 g

L o

+ - L] -

i'gy B

iy, .
. 1, *
b() = -nfggfdyie i (y1)+<:fdyidy2dy3e 1¢ (yi)

gy, yz)é(yz)gm(yz, y3)¢m(y3} + ... f

Eqgs. {2.410) and (2.11) map the fields ¢(x)and cb*(x) into a set of
scattering data a(f) and b(£). An important aspect of the inverse method
is that this mapping can be inverted. The fields ¢(x) and qﬁ*(x) can be
constructed from the solution to a Gelfand-Levitan-Marchenko integral
equation whose kernel depends only on a(f)and b€ ). 13 For our purposes,
we need only note that the scattering data describe the system at a given
time just as completely as the original fields. (Recall that we are only
discussing the case ¢ > 0 with l ¢ l —® ags x ~z2o, For c < 0 we would
need additional variables to describe the soliton sector. )

The Poisson bracket of any two functionals « and P of the fields
4and ¢ is defined by

o ba 50 - op Sa
fo, pt =i fd"[wx) o | Sem M*(X)]

From this it can be shown that

(v, yz)tb-"('yz)g(yz, )80y, )e "(y3, y4)¢>'c(y4)

(2.10)

(2.11)

(2.12)
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c
fae), bE")} - (E_?;—_JE) albED . (2.13)
This is most easily derived from Wronskian relations for the eigenfunctions
of (2.1 ).231’5 is also instructive to check it for low orders directly from
the series expansions (2.40) and (2. 11), From (2. 413) and the similar
relations
Ee -C P
latg), b (€} = ('g_—g,_—le—) alEb (E') (2.14)
O N T L (2. 15)
N R e AL 2. 16)
we find that the functions
PE) = —=1n |a@)]
NG nila (2.47)
QE) = —=argb(f) (2.18)
have canonical Poisson brackets
{PE), QEN} = &€ - &) . (2.19)
For ¢ > 0 the function a(f) is analytic and non-vanishing in the lower
half € -plane and hence we may write
Ina) - e [PENE : (2. 20)

™ E' -§ +ie
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The constants of motion can be obtained by comparing (2. 20) with another

expression for In a{ ), Writing

A
Ax, £) = &M &) , (2. 24)
we can eliminate \3?2 from (2.1) and obtain an equation for A' = dA/dx,
d (M 2 . 2
¢a;(?)+h' U 1 LA S (2. 22)
The solution of (2, 22) can be expanded in inverse powers of £,
(s8]
. -f-1
Mix,§) = -ic Z%E £, . (2.23)
£ =0
The functions f£ are given by fo = { ¢ [2 and the recursion formula
d (fﬂ +1)
f£+2 = ld)E 3 +c Z fjfk . (2. 24)
jtk=g
Integrating (2. 23) and noting that lim M(x, £) =1n a(f), we obtain
x>
expressions for the moments of P(£) which are polynomial in ¢ and its
derivatives,
2 [&EP(EJdé - f f (x)dx =M (2. 25)
LINE £ I ’ :

We list the first five,
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1
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, = @ f{ee” e le ]t ax
, =@ [Lee”  -3es” s]e|?)

R R LT I NI P

XX

- se(s” 1 9% -eclo [Flo]Fr2c® o °Fax .

The Poisson bracket befween any pair of moments vanishes,

{Mi, Mj} =0 foralli, j ,

by virtue of the first expression in (2.25). In particular, since M3 is

the Hamiltonian, all of the M

£

's are constants of motion,

(2. 26)

{2.27)

(2.28)

(2. 29)

{(2.30)

(2.31)
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III., THE QUANTIZED NON-LINEAR SCHROEDINGER
EQUATION AS A MANY BODY PROBLEM
A, Many Body Wave Functions
To construct eigenstates of the quantized Hamiltonian, we divide

it into free and interacting parts,

Fa'

A sk A 3k ~
7 = [d::{@ ®+ch><I>'I>¢>}EH v (3.1)
XX 0

At t = 0 the momentum space creation and annihilation operators aTk

and a are defined in the usual way,

&i{x) %%eikx ay s (3.2}
and the N-particle plane wave eigenstates of ﬁo are given by
[ys Ky voes Ryg™ = aTkiaTkz aTkN[o> . (3.3)
The states (3.3) will often be abbreviated as |k>. Next, define the
Moeller wave operator
U0, -=) = lim e fe ot | (3. 4)

trmco

-

The N-particle in scattering states are obtained by applying this operator

to the plane wave (3. 3),

| o (k)> = U, -=)[k> . (3.5)
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We can now summarize the relevant results of Ref, 19, By writing
the perturbation series for (3.5) and summing graphs, it can be shown that
the states obtained are just those of Bethe's ansatz, When computed from
(3.5), the wave functions [ EJN(k)> are obfained naturally in a cluster-
decomposed form of Bethe's ansatz whose terms can be associated with
a set of dressed skeleton graphs. A skeleton graph contains N' quasiparticle'
lines drawn vertically without intersection and some number of "phonon
lines connecting pairs of quasiparticle lines. ( An example of a four-
particle graph is shown in Fig. 1.) In the billiard ball analog of the
many-particle system, a quasiparticle is an entity which travels through
the system at a constant velocity except for the small jumps (time advances
or delays) caused by collision with other particles, The value of an
undressed skeleton graph is given by the following rules:
(a) 2 momentum pole (-i)(q - '16)_1 for each phonon of momentum g, (3. 6a)
(b) an integration Idﬂ / 2m over the momentum in each closed loop. (3. 6b)

We will choose a particular ordering for the asymptotic momenta of the

plane wave in (3, 5),

< <
k1 kz <kN ; (3.7)

and draw the graphs so that these momenta read from left to right across
the bottom of the graph. The phonon lines will then all proceed from

left to right. I we define the set of integer pairs
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&y = {6 )i <y =Ny (3.8)

we can associated a distincet pair of quasiparticles with each member of
the set gN' In a skeleton graph, a given pair is connected either by
no phonons or by one phonon. We can therefore designate a skeleton by
its "collision set”"” % which is a subset of gN containing a pair for
each phonon in the graph., For example, Fig. 1 is denoted by the set
% = {11, 2), (4, 3), (2, 3), (2, 4), (3, 4)}. A skeleton graph for the

wave function <p [ ¥ __(k)> will be written %p; %). The dressing

N

function of a skeleton graph contains a factor

2ic

i T -k -ic B3.9)
1 J

for each pair (i, j)e€ & , i.e., for each phonon in the graph. Finally,
for notational convenience we absorb an overall 27 X (momentum conserving
6 ~function)inour definition of j{/(p; & ). Thus, in comparison with the

notation of Ref. 19, we make the replacement

N N
21 6 zpi-Zki Fo, )~ Hp &) . (3. 10)
i=1 i=1

With these definitions and preliminaries, we can write the many-body

wave function as

<plwlk)> = Z Ko &) " T : (3.11)
e &Y Li)e ¥
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Here, @(%N) denotes the power set of gN,
L@(gN) contains ZN(N_“/ 2 elements each corresponding to a distinct
skeleton graph. The connection between (3. 11) and the more familiar
form of Bethe's ansatz is discussed in Ref. 19,

B. Constants of Motion

Now that we have an explicit form for the N-body wave functions,

A
we can study the operators M£ obtained by replacing the polynomial

expressions of the classical theory, Eqgs. (2. 26)-(2,29), by their normal

ordered counterparts,

Fa ”~~ e

MO = N = f@ ddx

Fa ~ 3

M, = P = if@ $dx
1 X

A ~ . 2 s Hosk

A =H=(1)f{¢ cp-ccpq:.m}dx
2 XX

Fat 3 S e e

M, = (i) f{q: ® - 3cd @ @@}dx, etc,
3 XXX X

By particle number and fotal momentum conservation, it is obvious that

s
[‘I‘N(kb is an eigenstate of M and ﬁi with eigenvalues equal to the

0

zeroth and first moments of the ki distribution,

M, | % k)> = o k)] oglk)>

N
M, [gk)> = @, k)| g (k)> ,

where

i, e. the set of all its subsets,

(3, 12)

(3,13}

(3.14)

(3.15)

(3. 16)

(3.17)
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A well-known but less obvious property of Bethe's wave functions is that

they are eigenstates of the Hamiltonian,
A > _
M, [ g k)> = w0, (k)] o (k)> .

Before discussing this property further, we note the obvious conjecture

based on (3.16), (3.17), and (3.19),
- _
M, [ o k)> = o) )] g k)>

To make this conjecture completely definite, we should specify the

FaY
ordering prescription by which IVI£ is defined. We will verify (3. 20) for

£ =3 and find that normal ordering is the correct prescription, as was
the case for ¢ = 2, TFor £ > 3 the validity of (3. 20) and the correct

A
ordering prescription for M  remain open questions,

£
If we assume (3, 20) for all ¢, it provides a basic link between the

classical action variables P(£) and the occupation number density in the

k-space of Bethe's ansatz states ’ ifN(k)>. Let us define the operator

f 1

pk) = Ua' a U~

k'k

where U = U(0, -=) is the Moeller wave operator. Then from (3. 5),

Ve tpene f] wr = o, 0] e 00>

{3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Thus (3. 20) is just the statement that when the classical IST action variable
P }is quantized by replacing the polynomial (in ¢ ) expressions for its
moments by their quantum field counterparts, one obtains BE), up to a
numerical factor =c,
C. The Hamiltonian

Tt is instructive to verify (3. 19) in momentum space, using the
language of skeleton graphs. We begin with the skeleton expansion (3.11)
and consider the application of the interaction Hamiltonian V to the wave
function. This contracts together a pair of quasiparticle lines in a vertex
which will be denoted graphically by a dashed line (see Fig. 2). Summing

over pairs, we obtain an expression of the form

a, (B
z 2¢(3) 1 T, toi Zote.ih T w62

<prl\lf {k)» = z
: %’eﬁ(é‘j\]) (£, m)e?

ie &y

Here, '?{ij is a skeleton graph with the phonon (i, j) replaced by a dashed
line, as in Fig, 2. More specifically, we can write a skeleton graph as

Hw®) - [22 L 11 (q;) (3. 24)
J &

2w 2T II’]-.- ie
(E,m)eg

where L is the number of closed loops and qu is the momentum of the
phonon (£, m). Then for each (i, j) € %’, the contracted skeleton graph

j{lj is defined by
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dz ds .
F 0 E) = [—1 . '" (—-—'—‘—) : (3.25)
ij 2w 2w qf -ie
(ﬂ,m)e%ﬁ m
(£, m)#(,])

Also, in (3.23) we have introduced the quantity

1 if i,j)e &

@, .(%)
1]

0 if (i,j) ¢ B : (3. 26)

Thus, an extra factor of 1/2 appears in the terms of (3.23) for which the
dashed-line vertex (i, j)}resulting from the interaction V contracts two
lines which were already connected by a phonon., This factor emerges
from the loop integration thus obtained, as discussed after Eq, (3.1) of
Ref., 19,

Next we observe that, in the sum over collision sets % in (3.23)
there are ZN(N-“/z terms which fall into Z[NUL\T-“/ZJ—J'l pairs. In
each pair of terms, one collision set contains (i, j) and the other does

not, and they are otherwise identical, Thus each pair gives a sum of

the form

1 (ki - k., )
+ - =
15 -——-—-LZic i3 . (3.27)
The sum over such pairs can therefore be conveniently written as a

sum over only those collision sets which contain (i, j), giving

<pl Vo k)> = z z (—i)(ki-kj)%i/j(p;%’) T[ T
(i,j)e% %’e@(é@N) (£, m)e?

i,j)e?

im

(3, 28)
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To obtain the result (3.19), we consider the difference between the

total energy wz(k) and the free Hamiltonian Ho acting on the wave

function,
N
. 2 2
<p (o, () - H_] |7 (k)> = j; (k[ -p) <p[T()> . (3.29)

Inserting the skeleton expansion {3.11) and factorizing the energy differences

in{3,29), we obtain

<plle, () -H ] [¥ (k> yz Z (kP ) (ke - )
Pi=1 BAEY

x K p:E) n T, (3.30)
(£, m)e%”

The first symbol on the right hand side of (3.30) represents a symmetri-

zation over the momentum variables P, In a skeleton graph, the
momentum difference (pj - kj) is just the net momentum transferred
to the line j by all the phonons which attach to it, Using (3.24) and

(3.25), this gives

d! df

L
(k; - p)%p%-f S e

q., - q..
(2§, 0B (ifipezy I

_";i-"¥>= (-i) z Fy 0:F E jz’/ (p:%7) |, (3.31)

(2], )‘fg} { (L@}
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Inserting this in (3.30) and collecting terms, we get

<pf[m2(k)-Ho]J'wN(k)>=y 2 Z (—i)[ki+pi)-(kj+pj)]

P B AE Y L
H (0B x T T (3.32)
! (4, m)e’

The part of (3.32) involving (pi—pj) vanishes because ‘%fj(p; %) is

symmetric under p.~ pj. Finally, we interchange the order of summation

and obtain
<pl[w2(k)-H011\IfN(k)>= 'Zc, Z (-i)(ki-k.)%(p;g)
(Li)ed  \EePUEY) vooA
(i,i)e%
X (3.33)

Ty
(£, m)e®

This is identical to (3.28}, proving (3.19).

-~
D. The Operator l\r’[3

e
Using similar techniques we can now study the operator M3 which

we divide into free and interacting parts,

R, - 1’\&2“ 4 ﬁf), (3.34)
where w

ﬁgi’ = -if@;xxtﬁdx, (3.35)
and

ﬁ;z) - 3icf<1>;z<11*'~1>¢>dx. (3.36)
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) 1 .
First let us consider the difference ws(k) - Mé ) acting on ]\Ir (k)>,

N
<pltoyt- S0 = D v <plugtios . (3.37)

i=1
Proceeding by the same steps which led to (3.32) and using
3 3 2 2
- = ~ + +

we obtain

<p][m (k) - ﬁ(i I\If k)>-/ Z Z (-i)[(ki2+kipi+p?)f-
GP &y (L

- (& +kaJ+p> J(p%) “ T

eme® ™ (3:39)

Symmetrization in p allows us to make the replacement

2 2
(k, +k;p,tp.) - (k +kaJ+p ) > 5 Uk k)[z(k +kJ) (pi+pj)]. (3.40)

Working somewhat backwards in comparison with the previous section,

2ic 1 |
= - 3.41
Tij (k-l"k-) (1+2 Tij> . { )

Equation (3.39) thus becomes

we write,
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Z cl2{k. + k. )+ (p. +p.)]
wedy Tt

Ry

5§ (F)

T

(Y

S
R

(&) y .
Fwwowon T m( (5.4

(£,m)e

on the wave function is similar to

The action of the operator Mgz)

that of the interaction Hamiltonian V, with an extra factor of 3(pi+p.)/2
]

for the dashed line vertex. This gives a result similar to (3.23),

o AF)
1
<p[ﬁgz){~1rN(k)>= z i 3c(pi+p.)(%)
(i &y | BAEY e
H (0 E UL “ U . (3.42)
ij (ﬂ,m)eg £m

Combining this with (3.41) we get

<p w4 (k) -’1\?131le(1:)> = Z Z 2e((s; k) - (P, ¥ P,)]
@ P & g L& :
a;; (Z)
1y F (0: G
= ;B u{dpnh T . {3.43)
(2) 1] _ (E,lnl‘).eg Im (

The desired result follows from a property of skeleton graphs which is

proven in the Appendix,
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i)
[tk = k) - By + Py (3) H s ultnih = 0. (3.44)

(i,
From this it follows that

<plo, 0 -S| (0> = 0. (3.45)

We have thus showt that the first four conserved quantities
Mﬂ, £ = 3, of the classical theory have normal-ordered operator analogs

ﬁﬂ in the gquantum thecry which are also conserved. Moreover, all
four of these operators are diagonalized by Bethe's ansatz, i.e. they
are diagonal in the basis of in scattering states f\IfN(k)> , with eigenvalues
equal to the first four moments of the ki distfribution. A study of the

higher moment operators M, > 3, is possible, using graphical fech-

EJ
niques similar to those employed here. I seems apparent that a befter
understanding of the quantum mechanical significance of the recursion
formula {2.24) would be desirable. It might be hoped that an investigation

along these lines would lead to a clear physical interpretation of the

inverse scattering transform in the context of quantum field theory.
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APPENDIX

To prove Eq. (3.44) we first recall the decomposition of a skeleton

graph #(p; ¥ into "ordered plane waves, " {(c.f. Eq.(4.15) of Ref. 19),

N-1
2(psP) = NI & (2m) 6 (Z((p) - Z (k) " — (A.1)
P £=1 Zﬂ(p)~2£(Pk)-ie
where

4
z,p) = Z p; » (A.2)

i=1

1l
ZE(PK) = 121 kPi, {A.3)

and (Pi’ PZ' - PN) 1s some permutation of (1, 2, ... N}. A skeleton graph

[%f(p;g) can be written as a sum of ordered plane waves ¢(p;P) where
P ranges over a subset w(%”) of the permutation group SN. This subset
is defined hy

wi) = (Pesy[™h > T 3, (a.4)

and

(&) = m (1,]) - (A.5)

(1,j)e

The decomposition of a skeleton graph is

FpE) = Z 8 (p; P). (A.6)
Pe-rr(g)
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The physical significance of this transcription is discussed in Sec. IV
of Ref. 19, Here we use it to derive a similar relation for the contracted
skeletons j{; defined in (3.25). The latter can be written as a sum of

contracted plane waves, which are defined by

3,; :P) = Ns%(2w> 6 (Z(p) - Z (k)

dp! dp! N1 .
R Py —
X2f o oeitei-ror) W\ Een s mn e |0 @7
=14 Y £
where p:q =P, for £+ i,j. The integrand in (A.7) is understood to be
symmetrized in p'i and pJ'. (this removes the usual spurious divergence

coming from a loop integral with a single phoncmi 9). By contracting

both sides of {A.6), we find

ai;: (%)
(O Hmwotaan-1 2 o @ .5)
! Pen(@)

The result (3.44) follows from the fact that

z [(ki+kj) - (pi+pj)I mij (p;P) = 0, (A.9)

(i,j)eé”N

for any permutation P. We will demonstrate {A.9) for PP=1=identity.
Other permutations are treated in an identical way with trivial notational
changes. By contour integration of (A.7), we find that @ij(p;l) =0 unless

J=i+1, in which case
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N-1
— _ _ __]'_ )
éi,i+ ( (s = @ (ps]) = N {(ZH)B(ZN(P) Zp (kD) l[ [Zﬁ(p) SN RE ie:l (A0
(£ #1)
Next we write
R L Y et AL (A.11.

(where Z:O = 0}, giving
ey 75y 7Py 7Py ) 8 (03D = N (2 (p) - 2 ()

N-1 N-1

X -i _ i ,
(£#1,1+1) (£#1i-1,i)

for i#1 or N-1, and
N-1

R - . -1
(k, Ky =Py ~Py)®, (31 = NI (P) - Zy (D) ;'I,,[zﬂ(p%zﬁtk)-ie] s

(kg F o~ Pygoy Py By (3D =-N %(ZW)a(zN(p)—ZB(k))(i)

N-~3 )
-1
o || [Zf(p)-zﬂ(k)—ie] ' 4.1

£ =1

(Note: for N=3 the products in (A.13) and (A.14) are replaced by unity. )
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From (A.12) - (A.14) it follows that

N-1

+ -p, - ;1) = .
Z (k=P =P, )& (pD=0, (A.15)
i=1

giving (A.9) for the case P=1.
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FIGURE CAPTIONS
Fig. 1: A skeleton graph for the 4-particle wave function.
Fig, 2: A contracted skeleton graph. The dashed line

4
represents an [fb[ Feynman vertex.
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