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ABSTRACT
We discuss the construction of instanton solutions to gauge theory
for gauge groups larger than SU(2) and show that this may be done either
by embedding SU(2) in the larger group or by embedding the full O{4)
group. In the latter case Field configurations corresponding to instantons

of positive and negative winding numbers are obtained.
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I. INTRODUCTION

Instanton solutions in gauge groups larger than SU{2) may be obtained
from those in SU(Z)il by considering all inequivalent embeddings of SU(2)
in the desired larger group. z Since the solutions in SU(2} are obtained by
mapping the space time algebra of O(4) onto the internal symmetry algebra
of SU(2) the solutions obtained by the various embeddings are then those
of mapping O(4) onto various SU(Z) subalgebras of the larger algebra.
In all of these cases the field tensors obtained are either self-dual or
antiself-dual corresponding thus to field configurations with positive
or negative winding number only; one does not obtain a mixture of these,
The action integral is then given by the absolute value of the winding number
multiplied by a constant. This procedure of embedding SU(2) into larger
algebras is discussed thoroughly in Ref. 2 to which we refer.

We wish to point out in this paper that a new class of solutions may
be obtained in higher groups by mapping the space time O(4) algebra onto
full O(4) = SU(2) x SU(2) subalgebras of the larger algebra. These solutions
do not lead to self-dual (or antiself-dual) field strength tensors and hence
can accommodate mixtures of positive and negative winding number field
configurations.

In section II we discuss a general form of the solution to the gauge
field equations. The case of the gauge group SU(2) is then briefly discussed

in section III, In section IV we discuss in general the case of gauge groups



larger than SU(2) and in section V we specialize, as an example, to the

group SU(4).

We then discuss the general case further in section VI
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and end with some general remarks in section VII,

Ii. A GENERAL FORM OF THE SOLUTION

Let G be the gauge group with generators represented by the matrices

. n such that

The field sirength tensor then reads

F =28aA —BA-i[A,A
TR "

I_LV

and the equation of motion becomes

As an ansatz we consider the following general form for the solution to

Eq.

(2.4)

DF
"

-8 F -ila,Fr 1 =
M B v - pvJ

]

vy

0

(2. 1)

(2.2)

{2.3)

(2. 4)

(2.5)
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Here ¢ is a scalar function of xp, and npv are a set of six matrices
arranged in the form of a second rank antisymmetric tensor. This is
possible if these six matrices satisfy the algebra of the group O{4), namely

R e ) s .
[npv’ nK)\J 1[5pxnm p}\nVK GVKnp.?\ Gvkn}uc] (2.6)

For in this case their algebra is not changed under space fransformations
over the indices p, v.
Furthermore, if npv satisfy the algebra of O(4} the equation of

motion Eq. (2.4) is satisfied provided that:

either ¢ =0 (2.7a)
or %9 = x> . (2. 7b)
For, using Eaq. (2.5)in Eq. (2. 3) and making use of Eq. (2. 6) we obtain
Fw = nmavaa Ing -n 223 Ing
¥ [éwnaﬁ ) Buﬁnav i ﬁavnuﬁ T 6o43npv]
X (aaln d))(&‘ﬁln o} (2.8}

and the equation of motion becomes after using Eq. (2.6) again:

- - 2 o -
DF,, * nm[cb aa(¢3 9 ¢>J =0 . (2.9)

This is clearly satisfied if either Eq. (2.7a) or (2. 7b) is satisfied. Thus,
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the problem of finding a set of exact solutions to the field equations of a
non-abelian gauge theory is reduced to constructing the matrices n

50LU TSN
satisfying Eq. (2. 6) and solving Egs. (7a)or {7b). A generalito Eq. (7a) is

2

Nog
d = 1+ ,x-—R,Z , x#Ri... (2.10)
i i

where X, R.l are four vectors in Euclidean space; and [31 are arbitrary

parameters, A solution to Eq. (7b) is also known:3
2 21
6 = VX yNB (1 +y°x - a)°) (2. 11)

where y and a are arbitrary parameters,
We turn now to the problem of constructing the matrices nH in G,
v

Let us recall that if we define:

N2 = 93 Moy - By
N3y - I 02 - K (2.12)
N3 = Iy Moz - K3

then Eq. (2.6) becomes

Ji’ J_]] =1 Eijk Jk
_Ji’ Kj] = i Eiijk

B ) T Stk

=
>
1
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Furthermore if we define

8 =30 +K) U = :J-K) . (2.13)
Then :Si’ Sj: = i cijk Sk
:Ui, Ujj - 1€ U (2.14)
s, U] = o

showing the well-known fact that O(4) = SU(2)Q SU(2),

III. THE CASE OF THE GROUP G = 5U(2)
The problem of constructing npv when G = SU(2) is easily solved,
In this case the generators of SU(2) may be identified either with the
matrices éabove and the ’I\lmatrices set to zero, or are identified with
the U matrices and _g‘set to zero, In other words we may have either one

of two possibilities:

i} =of2 U =0 (3, 1a)
ii)U =0o/2 S =0 (3. 1b)
o aad et

where ¢ are the three pauli matrices.

The first choice implies the identification

J =K = g2 (3. 2a)
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whereas the second choice implies the identification

= "‘-Ié- = 2’/2 a (30 Zb)

J
These two mappings of O(4) onto 5U{(2) lead to the t'Hooft instanton

solutions. ¢ For if we denote by n II-LV andﬁpv the matrices of the mappings

(3. 2a) and (3. 2b) respectively then we have

A = -n 8 1ln ¢ (3. 3a)
p BV

A =-% 81n¢ (3. 3b)
B v

and if we write these in component form we have

A2 - —na 8 1n ¢ (3. 4a)
n wv v

- a a

A = -7 8 ln ¢ (3. 4b)
n v v

a
where n s 'ﬁz are the self {anti-self) adjoint tensors given by t' Hoc»ft4
Hv v
and ¢ is given by Eq. (2.10).
Going back to the forms (3. 3a) and (3. 3b) we find that because of

Egs. (3.2a, b) we have

€ = -15 + 6 + 6
pvkcncmf [ czunvk oz?\.npv a'vn Xp.]

and

n = + 7 +6 7 t+& 7 . .
€ one o [aapnvk ATyt 80y nm] (3.6)
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These in turn lead to the fact that the field strength tensors va

and -F—HV are antiself-dual and self-dual respectively for any ¢ that solves
Eq. (2.7a). For the solution of Eq. (2. 7b) the reverse is frue. Thus in
these cases the winding number is either a negative integer or a positive
integer with the action integral given by a constant multiple of the absolute
value of this number. In the case of Eq. (2. 7a) the solution (3. 4a) has

winding number -N and that of Eq. (3.4b) winding number +N (N being

the number of distinct terms in the sum defining ¢).

iV. GAUGE GROUPS LARGER THAN SU(2)

It must be clear from the above discussion that, in a gauge group G
larger than SU(2), the construction of the matrices npv may proceed by
identifying either _E.-OI‘ U with the matrices satisfying any of the SU(2)
subalgebras of the larger algebra G and taking the others to be zero.
Thus if Ki’ i =1, 2, 3, are three matrices among the generators of G
which satisfy an SU(2) algebra we may take either of the following two

possibilities:

§;=ﬁ§“ U =0 (4. 1a)
U = A S = 0 X (4. 1b)
L~ ~ —

The matrices n v (ﬁ-pv) thus obtained would lead to antiself (self)
a
dual field tensors as before. The set of fields ApL have only three nonzero

members for values of a corresponding to the three ki matrices chosen.

-_—
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The above procedure is precisely what is followed in obtaining
instanton solutions via all inequivalent embeddings of SU(2)in G. The
classification of all these possible soluticons has been done in Ref, 2 to
which we refer for more details,

It must be apparent from our presentation, however, that the above
class of solutions in G is not the only one if the algebra of G contains an
0O(4) subalgebra. For one may construct a new set of npv matrices in
this case by identifying E_and gwwith this O(4) subalgebra. Thus if the six
matrices 0'_1, i=1, 2, 3, and Y; i=4, 2, 3, among the generators of G

satisfy the algebra of O{4) = SU(2)® SU(2):
I:Gi’ “j] T %k %k

[Yi, vj] =i Y (4. 2)

~
n—-q
b
S—
1}
()

S =90 U=y (4. 3a)
S =y U-=ogo (4. 3b)

leading to a new set of np.v matrices and hence a new class of solutions.

In these two cases we have
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either Jd 79y ' (4. 4a)
or J = a+y K =y-0 (4, 4b)

leading to field potentials Aua with six nonzero members for values of a
corresponding to the six generators cr.l and Y; of G. In these cases since
_;]wand E“Me identified with different matrices the relationship of Eqs. (3. 5)
and (3, 6) are not satisfied and hence the field strength tensors are not
necessarily antiself (or self) dual,

These solutions may therefore correspond to a mixture of positive
and negative winding number field configurations.

As an example of a group, aside from O(4),i5t—hat contains an O(4)
subgroup we take SU(4). Our discussion will then center on it as an example
for the procedure outlined above. The group SU(3) does not contain an

O(4) subgroup and hence the only solutions we know in it are those obtained

by all inequivalent embeddings of S5U(2) in SU(3) as discussed in Ref, 2.
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V. THE CASE G = 5U(4)

The generators of SU(4) may be represented by the fifteen 4 x 4
matrices given in Appendix A. The matrices o = %?\i, i =1, 2, 3, generate
an SU(2) subalgebra and commute with another SU(2) subalgebra generated
by 3 ?\13, %?\14 and 1/NG 7\15 - 1/273 7\8 which we denote by Y,s ¥, and
\ respectiveily. Thus a construction of nuv may proceed now by identifying

either ,‘Ei or y“with either the ¢ or y matrices above. Thus the two

possibilities
P AN K =9-y (5. 1a)
NJV‘=.AC'T%+\I- K=y-9’ﬂ {5.1b)

lead us to two different field configurations, These are:

+
Ai = [g“lnd) X(Efl)]i *aoln¢(5«'l)i
(5.2)
i -
A = F(gr-y) Ting

where the + and - signs correspond to the two possibilities (5. 1a) and (5. 1b)

respectively.

If we now take the simplest solution to Eq. (2. 7a) namely

2
¢=1+%;R2=xz+xz+x + x # 0 , (5.3)
R

we find for the potentials of Eq. (5.2}
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2
+ -2
A =_—L [s. X, (o+vy) £x (o -
2
+ (-Zﬂ ) .
A = F x * (o'_ )
O 2 fa a2l R ol .Y * L]
R (Rz +B2) h (5. 4)
Furthermore
A + -2[32 [ . (G) (v)
. T €, X, +X0 + g x - o= =
i RZ{RZ + |32) | ijkj k i ijk Jyk xo""l] Ai +AI- (5.5)
At o 2 X+ 6-%.v) = ©@,F ¥
0 20K TR Y)Y = Ay A

R*R% + g%) ~

where Ai(c) (Ki(v)) and AO(G) (KO(Y)) are the field potentials one would

obtain in an ordinary embedding of SU(2) in G. A(G) is the one obtained

by the identification ;S;_= G, U =0 where as -fx(\” is obtained by the identification

(o)

S=¢ U-=vy. This A" ' has winding number minus one and L winding

~ L Al P

number plus one, Since, however, the o and y matrices commute this
L g -

+
implies that the total winding number for AH 18 zero. For then we have:

rF top @i W) (5. 6)
My MV B

where F* (o) = - F (o)

TRY, Ly

wha (5. 7)
and 'fsquv(\') = +f“ v(Y)

*:4
where va _ervaﬁFafﬁ'
Thus as expected
* + - +
F =-F e Wy g (5.8)

v TRY L v BV
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The winding number is clearly however:

q = g:?Trf'F::F:vd‘Lx =0 (5.9)
since
[FW(U)','FW(")] =0 . (5.10)
Moreover, since
Tr;FPv(c), Fw (Y)E =0 (5.14)

which follows from the A matrices generating SU(4) we obtain for the action

integral

2
+ +
S=—i—2-TrJ'FVde4x=-a—%-x2 ] (5.42)

The potentials A“" have the same properties since the roles of the :q;

and y matrices are only interchanged.
-~

Thus in both cases we have a superposition of two instantons of winding
number plus one and minus one.

We note that had we made the identification S8 = o + Y U=0

AN N e —

for S =0, U=0 + l) which are possible we would have obtained a winding

number minus two {two) instanton with the same action integral as above

and whose field strength tensor is antiself (self) dual. This would then
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be the sum of two winding number minus one (one) instantons (pointed

out in Ref. 2)and would be another one of the possible embeddings of
SU(2) in G. The embeddings of the full O(4) algebra of Egs. (5.4a), (5. 1b)
lead then to a sum of instantons of positive and negative winding number.

For the most general form of ¢ , namely

N 2
i3i
b=ty —t— (5. 13)
x - R
i=1 i |
the potentials A H(U ) and KH(Y) correspond to instantons with winding number

+
-N and +N respectively. However Ap has winding number zero and the
+ 2, 2 -
action integral for A}~L is 87 /g - 2N. AH has the same properties

although the roles of the g and y matrices are interchanged.
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VI. CASE OF LARGER GROUPS
The same procedure as above clearly applies for any large group G
containing an O(4) subgroup. In the general case the o and lmatrices
may correspond to embeddings of SU(2) in G of unequal indices m and n.
(For SU(4) above bothg and lcorrespond to embeddings of SU{(2) of index one).
In such a case and for the choice of ¢(x)as in Eq. (2. 7a) the field potentials
(o) and & V)

H (]
numbers -mN and nN respectively. In this case the full field potentials

A which are obtained as in Eq. (5.4) would carry winding

AT-a@, 73 W ga -
m m m "

and (m - n)N respectively whereas their action integrals are the same and

= Ep.( %) + AH(Y) have winding number (n ~ m)N

equal to Zn-zlgz(m +n)N. Thus in general A;- and A““ will have opposite
winding numbers whereas they have the same action integrals.

Most inequivalent embeddings of O(4) into any larger group G
may be inferred by considering all inequivalent embeddings of commuting
SU(2) subgroups into G. The values of n and m above are then the indices
of these SU(2) embeddings and one may use their (ordered) Dynkin characteristics
to classify the various embeddings of O(4). Thus the pair (o, y) = (m, n)
will denote an embedding of O(4) with winding number {(n - m}N (where N
is the number of distinct terms defining ¢(x)) whereas (o, yv) = (n, m)
will have winding number (m - n)N. For both field configurations however
the action integral is 8rr2/g2 {m + n)N.

The general classification of all inequivalent embeddings of O(4)
in larger groups is discussed in Ref. 6 to which we refer. We give in

Table I the values of m and n for sonre groups.
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VII. CONCLUSION

+
It must be clear from the forms of Ap in Eq. (5.4) that the constituent

(o) z )

fields AI-L and AH need not have the same space time dependent functions

¢. For what is important here is that the ‘g': and y matrices commute.

Thus we may write general solutions of the form

+ A (
" m

w
i

)

o) 0L
(9 + & Vs,

and

AT =E 9+ a W)
B K 1 B 2

where ¢>1 and ¢z may be different sums of the form of Eq. (2.7a), In

this case if j{_', y correspond to embeddings of indices m and n respectively
+ -

then the winding number for A}‘L is nN2 - mN1 and for AM , rnN1 - nN

2
whereas their action integrals are the same and equal to Bwrzfgz(nNz + mNi).
Thus in a gauge group G that contains an O(4) subgroup our construction
allows for any arbitrary mixture of instantons with positive and negative
winding number. The action integral is always swzlgz times the total

number of such instantons whereas the fotal winding number is the algebraic

sum of the winding number of these instantons.

These solutions correspond to local minima of the action and have
vanishing Fuclidean energy momentum tensor just like the usual solutions

obtained by embeddings.of SU(2), For} consider a field of the form
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+ (o) = y)
A = A +A
o= s Te ' Y,

. —t —
Since 0 and ¥ commute we have

S LT ES LT
BV TRV 1 [TRY 2

Furthermore by virtue of Eq, (5.11) we have

) d4x

+ _ 4 (c) (o) = (v, = (y)
S gZJ’TriF"”’ (¢1)va (¢1)+FHV ((bz)FHv (‘152

Now it is well-known that by using the inequality

- 4
f(F +F % 2z 0
VRY v

we can show that

2
[r @D D)z (m)n
[TRY 1 pv 1 gz

and that

2

= {y) (o) = 8T
[F, Ve [T,z 25 )N,

where if qbi and d)z are of the form of Eq. (5.13) with N1 and N2 terms
respectively, the bound is saturated. Thus it is clear that in general
2

+_ 8
s' 2 ;”2—(|m|Ni + |n|N,)
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and our solutions saturate the bound, Hence a solution characterized by

the numbers m, n, N, and N2 which would have winding number ¢ =nN, - mN

1 2 1

is topologically inequivalent to another solution with the same net winding
number § but different indices n and m as they are both local minima
around two different values of the total action. For example the field
configuration of one instanton and one anti instanton gives a local minimum
of the action at value 2 - 8w2/g2 although its net winding number is zero.
In fact one can see easily that for any value of the action 81-r2/g2 x K there
are K + 1 topologically inequivalent local minima corresponding to all
possible O(4) embeddings that we exhibit,
Furthermore it is useful to point out that the euclidean energy momentum

b

e %

tensor 6 =+ Tr(F - F )NF + F )also vanishes for our solutions
v (1823 pa o av av

by virtue of Eq. (5.11) and that this fact as well as the value of the action

integral are independent of the positions of the poles in the functions tbi

and ¢'2 of Eq. (5.13).
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APPENDIX
The matrix representation for the generators of SU(4) are taken in

the text as:

04 00 0 -i 0 0 1 00 0

, f[1000 N, = i 000 x3: 0 -4 0 0
00 00 0 0 0 © 0 000D
0 0 0O 0 0 0 0 0 00 0
00 4 0 0 0 -i 0 10 00

N, - 0000 . 00 00 hsziﬁ c 1 00
1 0 00 i 0 00 0 0 -2 0
0000 00 00 00 00
00 0 0 00 00 1 00 0O
0010 00 -i 0 1 010 0

k: h = K:—_

6 <01oo 7 0 i 00 i5%—0010
00 0 O 00 0O 0 0 0 -3
00 0 1 0 0 0 -i 1 000

ngoooo Mg - OOOO)‘OZ:?Z 04 00
0000 000 O 00 1 0
1000 i 00 O 0 00 1/
0000 000 O

v - [ 0001 kizz 0 0 0 -i

11 0 0 00 0 00 O
0410 0 0 i 0 0
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i*']F‘oc:tnote :

In general O(4) has two topological invariants, namely

4 Yo _yb
9% f d x va Fafﬂ Epvafﬁ

and

4 y6 0§
= F
9 f dx Epvaﬁeyéc'g nv Faﬁ

However, g zis not an invariant of a larger group in which O(4) is embedded
and hence may not be used to classify pseudoparticle solutions in these

larger groups.
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SomMe
TABLE I. AEmbedding of O(4) into Some
Groups G. [m, n are indices for the
possible embeddings of two commuting SU(2) groups]

G m n
SU4) 1 1
SU(5) 1 1
1 4
4 1

SU(6) 1 1 three ways
1 4
4 1
4 4
10 1
1 10

SU(7) 1 1 three ways
4 1
1 4
4 2
2 4
4 4
10 1
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SU{7) cont'd 10 _ 4
4 10

20 1

1 20

SU(8) 1 1 SiX ways

2 2

1 3

3 1

4 1

1 4

2 4

4 2

4 4

8 1

i 8

1 10

10 1

10 2

2 10

4 10

10 4
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SU(8) cont'd 10 10
20 1
1 20
20 4
4 20
35 1
1 35
E(7) 1 1 many ways
4 1
1 4

and many others



