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ABSTRACT 

We present a maximum likelihood analysis of ionizetion 

into 'r 

less 

mation obtained ,from 3465 tracks with momentum 

than 2.0 GeV/c in the 38" bubble chamber at 

lab. The data were obtained from measurements on 

the semi-automatic CKl measuring machine at 

Fenm ,i 

SA:Nk 

Fermilab. Ike show that it is possible to separate 

pions from protons up to a laboratory momentum of -1.4 

GeV/c. 

- 
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I. I~~'rRoL!uc'rIo?i 

The datz beinq presented here were obtained from 18ffi GeV/c 

FP interactiors in the 30" bubble ch2mber at Fermilab. The 

events Twere i;e?sured on SFltHM. the CRT based semi-automatic 
1 

measurino machine 2t Fermliab. Tracks were meesured by SAMh 

in the slice-scan mode, whereby each area of diqitisation is 

raster-scanned by 2 l&P spot of light perpendicular to the 

track. SAW qenerztes a hartware histogram of the track 

s ian ourinq a rester scan. The value of the histoqram at 

the siqnal center is a direct measure of the number of hits 

on the track. Utilizinq the ratio of the total number of 

hits/sweeps per track, it is possible to obtain information 

on the bubble density of the track on film. After three 

view reconstruction, the bubble density/ view can ' be 

transformed into the bubble density in space, leading 

directly to a velocity estimate of the particle. 

II. ESTIMATION OF 6 FROi4 LACUNARITY MEASUREMENTS. 

2 

It can easily be shown that the velocity 8 of a particle is 

related to its lacunarity (defined 2s the ratio of misses to 

total number OF sweeps in the slice scsn ) by the followinq 

relation. 

1 en(a) iiLf ilm 
T.2 

=- 
%n (a ref) Lspace 

(1) 

where r = lacunarity of track. 



e ref 
= lacL~r.~rity of reference treck 

Lfilm = length of track on film 

L snace = length of track in soace 

N = aaqnification iron film to space. 

‘The be 2.n t r a c k beinc mininulr ionizinq was used as the 

rezerence track for each view. Only those events with beam 

track length greeter than 15 ems were consiciered for this 

analysis. Tne three estimates of l/e2 from the three 

stereo-views were averaged. 

III. iCAXIKUPi LIRLLIiiOOD ANALYSIS. 

In Figure 1, we introduce a plot of l/B*. estimated as 
. 

described above, versus l/pL for 211 tracks with laboratory 

momentum , p, less than 2.Q GeV/c. Since 

1 ln* 
.- 
B2 

= 1t- 
P2 

particles of different mass, m. should lie on straight lines 

Of slope m 2 and intercept 1. This is indeed the case in 

;igure 1. with two bands of points being visible clustered 

around the proton and oion lines. 'There is no kaon band 

visible, inoicating that there are few slow kaons present. 

Each track, however, had three helix fits attempted on it 

(proton.pion and kaon) leading to three values of p. A 

helix fit was entered into Figure 1 only if the value of m* 
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derived from it (vsinn eouation 2) was consistent with the 

mass socared associated with that helix fit within errors. 

In case of ambicuitv. the one closest to the associated mass 

Sflli2rfd was useo. 

'Tne proolem now is to Decide whether a track is a proton 

or pion from its closeness to the proton and pion lines. 

The problem is however non-trivial since the likelihood of a 

point being a given distance away from either line is not 

only a function of the distance but also of the momentum 

spectra of the protons and oions. In the following 

analysis, we neglect the err@r in l/p2 and assume that the 

points in Figure 1 are displaced fr'om their ideal lines by 

measurement error in l/8 
2 only. This is justifiable, since 

the percentage error in l/R2 is much greater than that in 

l/F2 r the ratio of the two being typically of the order 

'.15:1. 

by initially separating each set of bands into protons and 

pions based on the distance from the ideal lines (the 

minimum cistance method), it WdS established that the 

momentum coectra obey a power lax, the power beina deOendent 

on the particle type. 
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Let x denote l/n2 sI?d y denote 1/s2. Let c he the 

oerccnt?oe of orotons and ?; bethe tot?1 number cf trscks. 

Then the number of protons between x snd x+dx is oiven by 

(3) 

where s 1 is a constant to be determined. 

.A 
-s 

and I(Sl) = 
i 

x 1 dx (4) 

&, 

a,b are the lower and upper limits of variation of x taken 

to be 0.25 and 111.0 (GeV/c)-2 respectively. Assuming that 

the points are normally distributed in y with standard 

aeviation (J, the likelihood that any given point is a proton 

is oiven by 

Lp 
= 2.; 

P e 

-(y-yp,2/2o2 

zio. 

(5) 

wnere y 
P 

= l+m 2x 
9 (6) 

m 
F 

= mass or the proton. 

then 

en(Lp) = an(a/a)-slen(x)-(y-y~)2/2~2-~n(I(sl)) (71 

ignorino constant factors. 

similarly, 

- 
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g,n(L ) = en((l-c)/~)-s2en(x)-(y-vT1)*/20. 2-Ln(Ifs2)) (8) T 

o was determined to be 11.21 by seoaratino the tracks usino 

the ininimuv distance method. 

If en(Lc)>en(Ln) Lcr a trsck tor a given a 'S1.S2 thet 

track was declared a proton and en(L,) was added to the 

total log-likelihood functicn and vice versa. The net leg 

likelihood WZS maximised with 0,s 'S2 1 as free parameters 

using the program ?~INUIT.3 It was round best to keep o fixed 

at 0.21 and not estimate itfrom the data, since the program 

tended to arrive at false maxima with too large values of 0 

that turned most of the protons into pions. 

After the maximum was reached, each treck W2S given a 

proton probability (defined as Lb/(Lo+Ln)) and a nion 

probability (Ln/(Lb+Ln)) Eependira on which is greater. 

the track was declared a nroton or a pion. The fraction of 

tracks thus declared protons ras found to be 0.134. The 

fitted value of a WZS C.134r0.002. The two values are 

itientical. indicating that the method is consistent. 
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Ei:cre 2 gives a scetter :lot Cf l/~~ VS. l/r: 2 fcr the 

tracks that tisve been declared oions t!y the maximum 

likelihccd methcc. Fior!re 3(a) is aolct of the momentum 

syectrui: of the Protons with the fitted curve sucerimoosed. 

Fioure 3(b) is the corresoondino figure for pions. The 

value cf sl 
WF!S found to be 9.69+9.05 and s2 to be 

@!.84iO.!:2. Thus the orotcns tend to fall off slower with 

mcmentum than nions. 

Figure 4 is a plot Cf t h e avereqe proton end oion 

prcbabilities as a function of l/P2. For l/F2 >2.0, 

corresponding tc momenta <730 ?leV/c~ both the probabilities 

are 1, indicating that the separation is complete below that 

momentum. For increasing momenta. the mean proton 

probability falls faster than the mean pion probability. 

This is a direct result of there being more oions than 

protons. 

In Fig 5(a). we histosram the proton prohebility for bcth 

protons and oions below 7Bkl PleV/c. The nrotons cive the 

neak at l.C: and the pions at G.M. Figure 5(t) is the same 

r:,lct in the ;mon.entum ranoe kl .7-l. 2 Ge’d/c. ‘ihe croton and 

picn oistributicns now meroe. Nevertheless. the two 

olztributicns are still distinct and seFaraticn is still 

possible. Figure 5(c) shows the proton probability in the 

- 



,momentum rsn~t 1.2 -1.4 c&V/C and E’icure 5 (ci) between 

1.4-1.6 c;ev/c. The absence of 5 clear proton peak in Figure 

5(c) does not imply that tracks with proton probability >%.5 

zre untrustworthy. Since fnr increasing momentum. the pion 

momentum soectrum rises much faster than the proton momentum 

scectrum, it becomes increzsinglv difficult for anv track to 

have proton probabilities near 1. The efficiency for proton 

detection does hcwever begin to drcp rspidlv st this Point. 

In Figure 5(d) the proton peek has vanished, being swamped 

by the pion peak. This does not imply that there c?re no 

protons i n this momentum range, only that the errors in 

measurement make their iaentificztion impossible. 

To conclutie, we have carried out a maximum likelihood 

analysis on ionization information measured by SAMN and 

found that the separation of protons and pions is reliable 

UF to a laboratory momentum of 1.4 GeV/c. To separate 

protons from uions above this momentum would demand more 

accuracy in the lacunerity measurements. The method 

outlined above, being automatic and computerised can be 

expected to yield more reliable information , esoecially in 

tfic r;on~entum renqe l.ti-1.4 CeV/c then can be obtained bv 

conventional technicues usinp the human eye. 
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