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ABSTRACT

We study the phase transition in the nonlinear O(N)} ¢ model in
2 + € dimensions. QOur analysis is of the continuum theory and does not
rely upon the artifice of a lattice. This phase transition occurs at a
critical value of the coupling constant Rc’ which is an ultraviolet stable
fixed point of the renormalization group. In the "low temperature" phase
the O(N) symmetry is realized nonlinearly with N - 1 massless pions. By
solving the theory in the large N limit, to leading order in 1/N, we show
that in the "high temperature'’ phase the pions gain mass and there appears
a new particle, o, which is a bound state of the n's and is degenerate with
them. Furthermore, by a general steepest descent approximation to the
generating functional and by explicit calculations it is shown that this
upper phase is fully O{N) symmetric and can be described by a linear ¢
model Lagrangian, The unitarity of the theory is demonstrated and analogies
with quark confinement in quantum chromodynamics are discussed. We
prove the renormalizability of the theory, taking special care to separate

infrared and ultraviolet divergences.
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INTRODUCTION

In this paper we propose to study the phase transition in the
nonlinear c¢-model in a 2+€ dimensional continuum. While a system
of this kind is unphysical, and is purely of academic interest, we are
motivated in this study by the following considerations.

There are some similarities between nonabelian gauge theories
in 4+¢ dimensions and the nonlinear ¢-model in 2+¢ dimensions.
They are both asymptotically free at € =0, Their similarity transcends
even this straightforward observation, when a nonabelian gauge theory
is placed on a lattice, The lattice gauge theory as formulated by
Wilsoni and extensively studied by other-s2 is invariant under

I&[SU(3)] n where n denotes lattice sites. The gauge linkage
U,‘l (n) = exp[iga}'- ép(n)] in Wilson's theory is a nonlinear realization
of the group [SU(3)]n® [SU(3”n+a|1 . The nonlinear o model is a
dynamical model in which the chiral symmetry SU(2) X SU(2) = O(4)
is realized in a nonlinear manner in terms of the Goldstone fields
{pions). We believe that thig similarity, i.e., nonlinear realization of
the underlying symmetry, is at the heart of the isomorphism in the
block spin recursion relations in the above two theories observed and
exploited by Migdal and Polyakov. 3 Brézin and Zirm-Justin4 have
shown that the 2 + € dimensional nonlinear g- model undergoes a phase

transition at a critical coupling constant. Above the critical point, the
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Goldstone bosons acquire a mass, and from their work one presumes
that the underlying symmetry is fully restored; the fields which were
Goldstone bosons, together with some '"bound state(s)" transform
linearly under the group., This observation forms a part of the basis of
the theory of color confinement by Bardeen and Pear'son5 in quantum
chromodynamics.

The purpose of this paper is to investigate the dynamics of
spontaneous mass generation and the formation of a new state {which
we shall call ¢) above the critical point, and to explore the dynamics
of particle interactions in the fully symmetric phase. Our work was
stimulated by the work of Brézin and Zinn-Justin, 4 but, in contrast to
these authors, we choose to study the problem in a 2+e€ dimensional
space-time continuum rather than relying upon a lattice. We shall
concentrate on a class of models which has O(N) symmetry realized
nonlinearly in terms of N-1 Goldstone massless bosons. We find that
in the limit of large N, the model is sufficiently tractable so that we
can indeed ascertain the nature of the phase above the critical point.
As expected, the "high temperature' or strong coupling phase can be
described by a linear o-model. Implications of our findings to a
similar many body problem are not completely lost on us, but it is not
within the scope of this paper to elaborate on these. We would rather

regard the present study as a testing ground for tools to be used in the
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quark confinement problem in quantum chromodynamics without the
artifice of a lattice. Only time can tell whether what we learned in
this study will prove useful in understanding the structure of hadrons,
however.

A brief survey of the nonlinear o -model ig in order. We
consider a N-component boson theory defined by the generating

functional:

L[J]- [de(x) eXplfdxi-;- —%(x fw)+,{ LE 1.1)

1f f2 is positive and o+, the long-wave behavior of the theory is

described by

[de X)H6 x f)explfd x’-iz— 2+‘.{'2‘(’£ . (1.2)

We label the sources J and the fields ¥ by an index i which runs from
0 to N-1. We may set JO =0, denote XM i=1 to N-1, and perform

functional integrations over xo{x) = g{x). We obtain 7

A 2
L= [Hdw(x)expifddx ENE LS L R T
1—?\017

2 : _ , .
where ko = 1/fw. There is an additional term in the exponent arising

from the integrations over ¢(x). It is
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d d 2
—%G(O)Idxln[i-?kowl(x)}. (1.4)

By the rule of tne dimensional regularization 6d(0) is equal to zero,
and we need not worry about this term. [ Actually, the role of the terms
in Eq. (1.4) is to cancel® symmetry breaking divergent terms elsewhere
in the S-matrix proportional to 6d(0) =f(dk/21r)d. But these terms are
also zero by dimensional regularization. 9} The fields r represent
degrees of freedom associated with Goldstone bosons in a spontaneously
broken O{(N) symmetry. The set (g = '\11/7\0 - 12", T) transforms
vectorially under O{N). The vacuum is invariant under the subgroup
O{N-1), which leaves the vector {1,0,...,0) invariant. We label the

generators of the coset O(N)/O(N-1) by Toi = - Tio' We use the

notation 6iX= i[TOi,X] .  We then have

5.m, = §,. ,\/i-wz = 8., 0 ‘Trz),
1] 1j )‘o ~ i3 -~

and (1.5)

2, _
6.10(35}—-11-1 .

i.e., transformations by the coset O{N)/O(N-1) are represented non-
linearly over the manifold E(X)'

As explained ea-lsewhere,10 the nonlinear transformation law
under O(N)/O(N - 1) need not be restricted to the form (1. 5), More

generally we can have
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i 2 2

provided that f(x) and g(x) satisfy
fg-2ff'-2xgf' =1, (1.7

where f' = df(x)/dx, which follows from the Jacobi identity over O(N).
The correspondence between m and ¢ is given by

-1/2
o~ RO Fe®] (1.8)

l.e., 7 and ¢ are related by a nonlinear canonical transformation.

R

A convenient form of the action is obtained by choosing

11
£(¢%) - £ (1-4%/4 ffr) and g ($°) 2/f_, a choice first made by Schwinger.

it

The generating functional of Green's functions for this version of the

nonlinear c¢-model is given by

’ A -2
z [J] - chlQ(x) expifﬁ(ag)szgz) +I 9}, (1.9)

Since the actions in Egs. (1.3) and (1.9) are related by a nonlinear
canonical transformation of fields, Eq. (1.8), the renormalized S-matrix
is identical in the two versions of the theory, 12 The action of Eq. (1.9)
is most conveﬁient in evaluating the S-matrix of the theory in the large

N limit, as we shall see.
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Thoughout the paper, we shall make use of the dimensional
regularization method of 't Hooft and V~el’t.:r1.'1.ar1.g There is one incon-
venient aspect of this method, and it may cause confusion in the results
we shall obtain. To illustrate this, we evaluate the vacuum expectation

value of qs?‘, $ being a free hermitian scalar field of mass pz. We have

d
<4 f[(g—ﬂ >
~ ¢ v k™ -u +ie

5 /2
1 [t EY_ 2
z:(z:) F('z)‘ He, ),

(1.10)

where < >€ denotes the vacuum expectation value evaluated in the
dimensional regularization scheme, with d=2+e¢. Note thatI is
negative for €> 0. This has to do with the way the integral is regulated
for defined by analytic continuation in €), and this result is quite the
opposite of our intuition based on the ultraviolet cutoff procedure. We
do not know how to reconcile this to the presumably positive definite
character of the underlying Hilbert space., We are however certain
that the S-matrix evaluated with this method is sensible and will pro-
ceed pragmatically. In a later section we shall have occasion to check
the unitarity of the S-matrix specifically because of this peculiarity of
the regularization method used. It is an opportune juncture to comment

s , 2 2
on the limiting properties of I(e,n }): for €>0, and p -0, we have
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I(e,n”) =0, €>0. (1.11)

2
2 1 1 1 p) ( €
1 = e — - = .
(€, 1) 2TE +|:2.'rr€ 4Tr<4‘rr L 2) ' (1.12)

where the first term on the right represent the ultraviolet divergence
in the limit e->0+, and the second term on the right hand side is finite in
the same limit as long as [J.Z # 0. On the other hand if the limit
p.2-+0 is taken before e—-0+, the second term becomes 1/2me, which
represents the infrared divergence of the integral at € =0. The result
(1.11) may be regarded as due to the cancellation of the ultraviolet
singularity [ -—(Z'rre}-il and the infrared one | (Zns)-i] .

The rest of this paper is organized as follows. In Section II,
we discuss the renormalization procedure of the theory given by Eq. (1.9).
Up until now the renormalizability of the nonlinear ¢ model in two
dimensions was not a matter for concern, The model was used simply
as a nonrenormalizable phenomenological lagrangian in four dimensions
which, when used in tree approximation, reproduced the results of
current algebra. This section is largely independent of the rest of the

paper and may be omitted by the less dedicated reader. To make
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absolutely certain that we are isolating ultraviolet divergences from

infrared ones, at €= 0+, we add a mass term io the action

\ -2 2
2 2
(1+2 4% —“—23 : (1.43)

—~r

s-f a4 o9
The mass term, of course, breaks the symmetry, and generates new
counter terms in each order of perturbation theory. That this symmetry
breaking term can be controlled, and can be eliminated after renormali-
zation by letting pz—-o is shown by the use of the Ward-Takahashi
identity. We find that wave function and coupling constant renormali-
zation eliminate all ultraviolet divergences as € ~0_. A novel feature

in this theory is that the wave functicn renormalization is not just a
scale transformation of the field, but entails a nonlinear canonical
transformation of fields as well, This is perhaps not as strange as it
might sound at first, when we realize that at d=2 the scalar field i

n
is dirnensionless, and (qﬁz) ¢ has the same dimension as ¢. This fact

however has no profound effects in our ensuing discussions in which we
deal exclusively with the renormalized S-matrix. The general renor-
malization procedure is illustrated in the one-loop approximation; the
generating functional of irreducible vertices is evaluated in Appendix A.
In Section III, we solve the model in the large N limit, i.e., to
lowest order in }\0 or equivalently, to lowest order in 1/N, with KON

fixed., We show here thai the normalization conditions of the two-point

irreducible vertex function (i.e., inverse propagator) lead to an
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eigenvalue equation for the mass of the E’D’-field, which is similar to the
gap equation in the BCS theory., We prove that for A< }\c where Ais the
renormalized coupling constant, and lc is the zero of the B-function, an
ultraviolet fixed point of the renormalization group, the mass of the ¢
field is zero; for A\ > hc, we must choose the branch of solutions which
corresponds to a nonvanishing pion mass,

Sections IV and V are devoted to showing that the high temperature
phase corresponds to the restoration of the full O(N) symmetry, that the
vacuum is invariant under O(N), This is done by demonstrating that there
exists a bound state degenerate with the Q's, and that the interactions
among the g's and the bound state are O(N) symmetric. Specifically
in Section IV we consider the process ¢ ¢ -~ ¢ ¢ and some correlation
functions which exhibit a pole corresponding to the o particle, Special
attention is given to the positive definite norm of this state which is
somewhat obscured by the dimensional regularization procedure. In Section
V we evaluate the amplitude for oo~ ¢ $to show that the O(N) Symmeiry is
restored. On the basis of these calculations, we deduce a linear o-model
Lagrangian which describes the dynamics of the high temperature phase
in terms of an N-component field. Appendix B gives a somewhat more
systematic derivation of this result,

Section VI briefly describes some remaining problems in this model,

Certain mathematical details are relegated to Appendix C.
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II. RENORMALIZATION IN PERTURBATION THEQRY

We begin by deriving the Ward-Takahashi identity for Z_ of Eq. (1.9)

S

with the addition of mass term as in Eq. (1.43), By a change of integration

variables, we define a new version of ZS

2 2

-2 g%y )2
o ~o

P

Zl3] = [Hd(ﬁ(x)exp _ifddx{%(aﬂz)(i +£2)
0

(Here we assume )\o > 0). We imagine changing variables of functional

integrations as in Eq. (1.6):
2
6.6, ~ 6. (1 -¢)+2¢40.,
i’ ij ar i'j

Under this transformation the exponent in Eq. (2.1)remains invariant
except the mass term and the source term. Since the integral should

remain invariant under any change of integration variables, we have

2
d_.. 5 1.6 1 6\/1 8 .
Jo X[Ji+2viéji”<i-<-_{"6_’;) )513- ~23 sﬁ(‘f?}}?ﬁzw =0 2.2)
where v = szl)\o. ‘Upon defining
z) = &V
&) = 6 W/ 6] (x) (2.3)

and the generating functional of proper vertices T [y by

~—~
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Tly! ”V[J,] - [ddxj(x)- X (%) (2,4)

~

We can write Eq., {2.2)in a more useful form:

d 2 or
- 5 ol
fd x ({1 X ) i + inxj] 5Xj

g Srprrs
et silgmier gy

[ia_l(x) ]

(2.5)

The function

2
i6 "Wl
i&j_l(x)iﬁfj(x)

<'I'(¢i(x)¢j(x)),>€j =il

is a two point function at the same point x, in the presence of external

sources j, so as to ensure <¢i(x)>€ = xi(x), and I is

-

T=r- vl(lz. (2.6)
We define
e 2o ]
N=-3,1i6 W 3
%(X"E){N ) (2.7)

-4 2
[18j(x) ]
and write the Ward-Takahashi identity as

d 2 | 6T
fd x[(1 =X -%%-*rzxixj] ox

N-i) d
(i [

1l
<
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We shall now describe the renormalization procedure, The purpose
here is to construct a finite I in terms of renormalized field and coupling
constant in the limit |..|.2 =0 (v—~20), for € 2 0, We do not claim that terms
which are explicitly proportional to v can be rendered finite thereby. The
device of inserting the mass term in intermediate steps is to insure an
unambiguous separation of ultraviolet and infrared divergences in the
Iimit ¢ — 0+. The renormalization procedure described herein is intended
to remove ultraviolet divergences from the theory,

First we transform the field x by a nonlinear renormalization

transformation:
.2
X. = §.X?2%(E), (2.9)
1 1 ~
where
xe®) = 1+t +faBhed - L 2o

@ being a fictitious loopwise expansion parameter, We expand I" and %

similarly:

r e =y e (2. 11)

m=0

X;?;[xi] :

r [})&]

HLx,x

;ffx,g = Zam%(m)fx,g . (2.42)
a =1

Now we define
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6&,
- ey g il
Xij[x,g = [(1-8“X %X)aikugigkxl 6xk

(2.13)

2 "% 1 2
[t - 6" - HX)6, +26E XIX [6 - XX +ExEE]

1i

where X'(z) = dX/dz. Xij x,£] can be expanded in o:

~ (m)
Kyl gl = e Xl g (2.14)
m=0
with
0
x Vo u-ehs vkt (2. 14a)
ij ~ %4 %]
x M - -1a®y s -5
ij 2 ij
+ &iﬁj ). Am'(i +£%)) , (2. 14b)
etec.

Lastly, we can write Eq. (2.8)in a renormalized form:

5T
d r N -4 d _
fdx X kgl T +2vr<N__3)fd x A, &, Ltk =0 (2.15)

3/2

where vr = pX

Before giving an inductive description of renormalization, the
di
following observation is crucial. We denote by [¢7] " the divergent

part of the guantity ﬁ defined for example as pole terms in ¢ for finite

pz. By power counting we observe that [% [x,ﬁ]] div is a local function
2
of £ (x):
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|71, a] 4 = 5w (2.16)

By examination of Feynman diagrams, we find also

=2+ & __(n)

lim (1 +2z) H (z) = 0 (2.17)

z =+ =1

for positive &, however small, for finite n. Should Eq. (2.17) be invalid,

' and it is not renormalizable in the sense

the theory is "anomalous, '
described previously.

Let us consider the implications of Eq. (2.15)in each order in o.

To zeroth order, we have

{0)
.[;dx Xij(o)(x» £) or = 0 (2.18)

0
where Xij{ ) 15 explicitly shown in Eq. (2.14a). The physical solution is

of course

0
r = 2 (88) . (2.19)

To first order, we examine the divergent part of the equation. We have
d o) sT (1)7]div (1) div SF(O)
ij 8 ij ij & Ej

= -2 vr(E ; ;)fddx H(i)(gz(x))gi(-‘(),

(2.20)
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i
where [Xij( )]d”’ is, from Eqs. (2.14b)and (2. 16),

-~ -

(ANdiv _ [_1,(1) 2, 4(1),.2 (1), (1)’ 2
[, 1P = [aaPa e gh-wPe )]aij+£iéj[A A e o)

(n)

The general structure of the divergent part of T n is, by power cowmting,

&2) (2.22)

(nndiv {n), 2 n) ()
Bt A Z(egiuagj)[fi E76, TEET, €] + ™

For brevity, we shall drop the superscript (n), n = 1 being understood in
this and the next paragraphs, When Eqs, (2, 21)and (2, 22) are substituted
in Eq. (2.20}, there results a set of four differential equations, the first

three of which are (see Appendix C)

h -
-59- (1 + z)-1 &%[H -i-z)zfi(z)] = 2(1 +z) 3[—A +(1+z)A - H-3(4 +z)2A']
(2.22a)
)\o -2
-2—-(1 +z)f2 = (41 +z) 21 +2z)A +H' (2.23b)
ke 1+ )-11[(1 + )Zf Y o= 2(4 + )-1A” (2.23¢c)
-5._( 27 4z z 2(2 - z . &€

Combining Egs. (2.23b - ¢), we find that

d -1 _
i +z) "H) =0 {2.24)
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This can be solved trivially. One constant of integration is defermined

from Eq, (2.17):
2
H{z) = a{d +z) {2.25)

where a is an e -dependent constant. Our next task is to see if it is possible
to make f2 = 0 by a judicious choice of A. From Eq. (2.23b), we learn

that we must have A = -a(t +z} + b, where b is at our disposal. We

choose b =0, 1i.e.,
A(z) = =-2a(d + z) (2.26)

With this choice, the right hand side of Eq, (2. 23a) vanishes; we have

Zfi
fi(Z) ) (2.27)
(1 +z)

(0) (1)

where f1 is e€-dependent. Consider now T +T
i 2 2.~
{0, [p1]9Y (—%— . af) e (1 +£)7 4 gg®) (2. 28)
0
The infinity in fi is removed by a renormalization of 7\0:
A T NZON) (2.29)

To order «, we choose Z to be

£. {2.30)
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We next examine g(&z). From Eq. (2.20} we find that

_ N -1
(1 +z)g'(z) = "V, H(Z)(N+3)
or
_ N -1ya 2
glz) = "r(N-s)z(“"Z’

2
Note that g is explicitly proportional to V., OT p.

It is of interest to verify the above result by an explicit calculation.

(0} (1)

T + T is computed in Appendix A. We find that the two agree completely,

with the identification

a = (N-3) (e, ') - 2N - 3)zre)

-(N-2)1{e, ;.LZ} - (N - 2)(21”—:)-1

£
2

The most important results so far, which can be deduced from Eqgs.

(2.21), (2.25)and (2, 26} are that
(1) div _
[Xij [x,g]] =0 (2.31)

and

[I_(H]div - ﬁ(pz)

after the coupling constant renormalization (2. 29). This forms the basis

of our induction. to be given presently.
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rn)]div -0

(m)i’dlv =0for41&m<n-1, and [1“(

We assume [Xij
except for terms (7(p2). We can then write Eq. (2.45) in the n-loop

approximation:

j ddx

where

()= div ) (0)
(0} s (n)]div &T (n) .2 -
X, [——6% ] +[Xij ] e + v Nk, 0, (2.32)

(n)]div  _ 2 2
[Xij 15 - ke 6 FEEKED (2.33)

with

( (n)

n)(Z)+L

i1 +2A%) - 1 z) . (2.33a)

A
N
i

and

(n (n)

Yy +m®zy . (2,330

K,(z) = A%@)- (1 +2)A

(n) (n})

Here L7 (z}, M(n)(z)and N"{z)are e=dependent local functions of

(m) (m)

z, expressible in terms of the previously determined A and H ,

1€ m<n-4. Inparticular, since L(n) is a sum over products of A(m )‘s

(k) _i+6A(m)-+0asz--ifor

and H "s, 1< m, k€S n-1, and (1 + 2)

any positive &, however small, as will become apparent in our inductive

(n)

(n)

discussion, L has the same behavior as H in Egq., (2.17}, viz,,

(1 +z)-2+6L(n)(z)—~O as z - -4 (2.17 ")

for 6 > 0,
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Again we shall drop the superscript (n) for economy. The analogues

of Eqs. (2.23a - ¢)are [see Appendix C]

N -14 2 -3
7{1 +2z) a—-z-f(i +z) fi(z)] = (1 +2) [2(K2(z) - Ki(z)) - (4 +z)K1(z)]
(2.34a)
A -
2—(1 +z)f2{z) = - (4 +z) [2Ki'(z)+1<2(z)} (2.34b)
M -4 d 2
—2-9(1 +2) "&Z[“ +z) fz(z)] = -2(1 +z)1<:'2 (2,342)

We shall use a tactic to handle this set of equations, which is somewhat
different from the one used in the one-loop case. Since K2 involves A and

not H, we may choose A so that

Kz(z) = 0 (2.35)

which requires A to be of the form [see Eq. (2. 33b)]

z
Afz) = 1 +¢z f—ELZM(y)'FOJ (2.36)
L (1 +7)
0
. . -1+ 5
where a is yet to be determined, It shows (1 + z) A(z)~ 0 as

z =~ -1for 5 > 0 as assumed. Equation (2. 34c) can now be solved:

B
f (z) = —F—— (2,37)
2 {41 +z)2
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where B is an arbitrary constant. Eq. (2.34b) can now be written as

B(L +z) = Z%Ki(z) (2.38)

This is an equation for H(z) through Eq. (2.33a). We find for H(z ) the
following expression:

2 A
Hz) = - 422 [f Y M(y)+y] +L(z),  (2.39)
Z(i + v)

0

where y is an ¢-dependent parameter, related to o and B above through
+ . , {2.40)

Since L(z) satisfies Eq. (2.17'), H(z)in Eq. (2.39) satisfies Eq. (2.17).

We can choose o such that
x =¥ (2,41)
in which case §# = 0, and we have from Eq. (2.37),
fZ(Z) =0 (2.37")

Combining Egs. (2.36}and (2.39)in Eq. (2.33a), keeping in mind Eq. (2.41),

we find

K, (z) = 0 (2.42)

L

and, together with Eqgs, (2.35)and (2. 33), we see that
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[Xi.(n)]d“’ = 0. (2.43)

Further the solution of Eq. (2. 34a) is

(n) _ Zf(n}

(1 +2)°

where f(n) s an e-dependent number. As in the one-loop case [see
Eqgs. (2.28 -2,30)] this divergence can be eliminated by a suitable choice

=1
of the n-th term in Z

ok S ¥ m_{m)
z7 s -3 Za' £ . (2. 44)
m=1

We have thus proved that the wave function redefinition and the coupling

(n)

constant renormalization make T ' finite for terms not explicitly pro-

(n)

portional to Ve This closes our induction loop. The form of g "z}

(n)

can be worked out and expressed in terms of N '{z); the result is not

(n)

particularly illuminating, except that g is of order Vs
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[II. THE EXISTENCE AND NATURE OF THE PHASE TRANSITION
In this section we will show that the nonlinear ¢ model exhibits a

second order13 phase transition at a certain critical value of the (renormalized)
coupling constant A, The order parameter is < jf >E, or equivalently
md)z; these are both zero below the critical point and increase continuously
to nonzero values above this point. This is obviously a nonperturbative
phenomenon, which is found only when the renormalized theory is summed
to all orders in (AN). Recall, however, that we work to lowest order in
\, or equivalently, in (1/N),

In the large N limit the Lagrangian of Eq. (1, 9) can be written

F - ;0 (3.1)

Here qbo and )“O are the unrenormalized field and coupling constant. For

brevity of notation we use <0 ! ‘@02[ 0> ¢ = <g§02> c and similarly for
other vacuum expectation values. The expression for _%n Egq. (3.1) is,
like any nonpolynomical Lagrangian, to be understood as its power series

expansion. Eq. (3.1)is derived by noting that in the large N limit the

leading terms in the Wick expansion of a product of fields of the form

(291" are  (36- 09)$° PNG- Bh..(9- 4)
| I i | ] t “1’ ‘VL__.&

These dominate over other possible contractions, such as
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(8¢ 80)(g- ¢
—

M D). (5. §)
j— pYS—

o L

by powers of N, Furthermore, for the reason just cited, (:¢°:
for large N.
We first calculate the propagator, given by

2

-1 (2) §°T
= r = rrb————
A‘Fij i 56,69,
J ¢=0
(3.2)
] 613 §2T |

where the latter equality is a resulf of the large N limit, as discussed

above, We have

-1 2 -1, 2
AF i (k™) /_\F (k )5ij (3.3)
with
X
0 2
-1, 2 K2 —2—<(a;_1>0) ” e
A k™) = - (3, 4)
¥ A 2 X 3
(1+-—Q-<q§2>) (1+—O<¢ 2>)
4 ~0 € 4 ~0 €

This equation already contains a summation of an infinite number of the
leading graphs which contribute to the propagator. These graphs are
shown in Fig. 3.1; they consist first of the bare propagator, then the set
of (daisy) graphs with n loops attached at the same point, next the set

with one loop attached to the original line and an n-daisy loop complex
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connected to the first loop, and so forth, Alternatively one could have
started with the Lagrangian in the form of Eq, (1.9}, where 32 is not
normal ordered, and calculated the graphs of Fig. 3.1; one would thereby
have obtained the same result.

The simplicity of the set of dominant graphs in the large N limit and
the resulting ability to sum those contributing to A; i3 at the Lagrangian
level are the reasons for our use of the particular form of the nonlinear
o model Lagrangian given in Eq. {1.9). If, instead, we had used the
standard form of Eq. (1. 3) the large N approximation would have required
summing over considerably more complicated sets of diagrams. To
illustrate this point we show in Fig. 3.2 the three infinite sets of graphs
which would contribute to A; ij for large N with the Lagrangian (1, 3).

The set in Fig. 3. 2Za consists of diagrams topologically identical to those of
Fig. 3.1 but of course with different vertices. The additional complexity
comes with the sets in Figs. (3.2b, c¢), especially the latter since it introduces
a momentum dependent correction to the propagator. (The heavy dots

in Figs., 3.2b and 3. 2c represent the full four and six point vertices

including daisy corrections.) The explanation for this difference in what
constitute the leading large N graphs is as follows, With the vertices
resulting from the Lagrangian of Eq. (1.9)the graphs of Fig. 3.2 (aside

from the bare propagator) are of order (KON)m, m=1, 2, ..., whereas

the analogues of those shown in Figs. 3. 2b and 3. 2c are of order )\O(KON)m =

%(KON)m * 1, m =1, 2, ..., and hence are negligible in comparison.
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However, with the standard Lagrangian (1. 3) the leading N part of the set
of diagrams in Fig. 3.2a vanishes, so that all three sets in Fig. 3.2 are
m
of the same order, Ag(AgN) .
Returning to the theory based on the Lagrangian of Egs. (1.9),

(3.1), we define a renormalized field ¢ by
¢ (3.5)
Requiring that the renormalized propagator satis{y

sal &%
P ij

Bkz 2 A

= 4 (3.6)

we find

(3.7)

o e

—
[1+ N1 - Ag <4’ >€]

It should be emphasized that this renormalization is a trivial finite rescaling
in contrast with the case dealt with in section II, where wavefunction
renormalization introduces higher powers of the field. Moreover, since
. Moozl 2
the quantity (1 + -Z-<j)0 > E) is independent of k ~ we could just as well
2
have used kK = 0 or some other value in the renormalization point in Eq.

(3.6)and we would have derived the same result for Z'#'

The Lagrangian expressed in terms of the rescaled fields is
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. ALest v <297
N 1, 7 (3.8)
2 L] L]

and the full renormalized propagator is, to order 1N'

5
~ 20 ij
AF(k )ij = kz > (3.9}
~m
¢
2 Ao % 2
where m, = E—-Z¢2<(3§I_’) > (3.10)
_ 2
= m

~=q 2 2
is the renormalized mass (as defined by &F (k =m ) =0, and still

expressed in terms of the bare coupling constant).

Using this propagator we find

d . el2
<£>2> = (N - 11{ d kd > : 5 = (Ni-kie)lz T (-e/Z)(mZ) {3.1:
(2wr) k - m (4m)
and
<(@® ¢)2> e - m2< ?/2 >E (3.12)

From Eqgs. (3.40), (3.41), and (3.12), we derive the important equation

A 1
<(3;¢)2>E[1 -Z—OZG,)P'-«;&2 >€] = 0 (3.13)

-~

This equation signals the existence of two separate phases, corresponding

to its two possible solutions:
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(1) <(a¢)2> =0
~ €
which implies
m2 = 0,
<p%> = o,
-~ €
and qu = 1.
2 2
< > =
(2) R Y
1
= ho ?

(Zd’ = 4), which implies that (with (N - 1) =~ N)

KoNI (6, mz), i. e,

fus
|

2
2 (4“)1-{-6/2 €
M7 INGNT (-e/2)

FERMILAB-Pub-76/33-THY

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

We shall next show that one must pick solution (1) if A < )\C and

solution (2) if A > ?\c, where \is the renormalized running coupling constant

14
and

1 +ef2
N = p l4m) 1

c N I'(1 - €/2)YB(e/2, €]2)

=g for e << 1

(3.21)
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is the critical value of the coupling constant. Here B{x, y) =
T'x)I'(y)/ T{x +y). The critical coupling constant hc here is an
The relation

ultraviolet stable fixed point of the renormalization group.

between \ and ?\0 is determined by the definition

- €
Ny = MZ,M (3.22)

which renders A dimensionless by introducing an arbitrary scaling mass
M, and the condition (for A < KC)

(4),, 2 2 2_. {(4) 2 2
rs {)\.O,S—-M,pi =0} =Z¢[1‘Si_ (>~;s=-I\/I.p.1 =0) (3.23)

In Eq. (3.23), ]."S is defined by

(4) (4) (4) {4)
o= By s .
T ke s Cif%ke T Cuke T Ge% (3.24)

.. 4
Explicitly, for x < )“c’[rsj ) Mpi'p2 + pg'p4], where the O(N) indices
r

and momenta are defined as in Fig. 4.2. The condition (3. 23) also applies,

with appropriate changes (s ~t, s ~ u) to I't (4) and I’u{‘l). From the

renormalization of the four-point proper vertex in the phase where mz =40

2
and <9‘5‘ >€ = 0 we find

-1 A
z = (1 - ) (3.25)

It should be remarked that the renormalization point chosen in Eq.
(3.23) is somewhat arbitrary. Indeed in principle the on-shell point

chosen could produce infrared singularities since it is an exceptional
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point in momentum space. However these do not appear in leading order

in {4/N). As will be evident from the calculation in section IV, ZK

represents an ultraviolet divergence. This is in contrast toc Z ,, which

¢!
arises from the infinite daisy sum of Fig., 3.4, The value of a daisy loop
2
integral changes from zero in the phase where m =0, to a nonzero
constant (= I'(-e/2)) in the phase where rn2 # 0. The fact that it is

. 2 .
zero in the m™ = 0 phase really is the consequence of the exact cancellation

2
of infrared and ultravioclet divergences. When m # 0, only the ultraviolet

b

piece remains. It is for this reason that Z 2 changes discontinuously from

¢
Z¢ =1 to Z; = 2 between the two phases., Stated differently, in this phase

=
—

transition the short distance (ultraviolet) properties of the theory afe continuous
across the critical point, whereas the long distance {infrared)} properties are
drastically different. Accordingly, a function such as ZX which depends only on th
ultraviolet divergences of the theory can be expected to be continuous

across the critical point, but a function such as Zq.) in which both ultraviolet

and infrared properties enter, will in general be discontinuous across the
transition. From Eq. (3.25) we then have that Ay > 0 in phase 1 and

)\0 < 0 in phase 2. It follows that for A < A\, we must choose phase 1 as

the solution to Egq, (3.13) since the expression for the mass in phase 2,

Eq. {3.20) would be self-contradictory. For A> ?\c it might appear that one
could choose either phase. However, solution 1 leads to the appearance

of a tachyon in the ¢ & —~ ¢ ¢ scattering amplitude (see section IV) and

must therefore be rejected in favor of solution 2, 'We shall accordingly
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call solution 1 the weak coupling or lower phase and solution 2 the strong
coupling or upper phase.

The order parameter in this phase transition is <22> or equivalently
mz. Using Eqs. (3.20) and (3. 25) we find the mass in the strong coupling

phase to be 5
N\ 2 2
2 | 2 (1__5)1‘ (1 +ef2) | e

m = AN TH +¢€)

(3.26)

For € #90, rn2 has branch point singularities at A = )“c and A = 0 (unless
-E'_- happens to be an integer ). As claimed, the phase transition is second

. 2 . .
order since m~ i{s confinuous at A = hc. Indeed

forn < z . The behavior of m2 in a function of Aand ¢ is shown in
3
Fig. 3.3. Taking the limit ¢ — 0 and using Eq. (3.21) for ?xc we find

(see Fig. 3.4)
4

. 2 2 AN
lim m = M'e N (3.28)
€0

This expression, with its essential singularity at zero coupling constant,
is typical of phenomena in which an energy or mass gap is generated

nonperturbatively. Note that Aappears not alone but in the combination
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AN, a reflection of the fact that the variable in which we have summed the
renormalized perturbation theory to all orders is AN, Fromthe € #0

form, Eq. (3.26), one reads off the critical exponent for mz as 13

(3.29)

g
n
m oo

2 . .
Since m is a physical parameter it must of course be independent

of the dimensional scaling mass, introduced in renormalization, i.e.

d o 8
where B(N) = M %ﬁ?\(?\-o, M) (3.31)

Calculating g, we find

BOV) = ek[i ‘%‘] (3.32)
C

=?\[ -w] for ¢ =0
i

The behavior of f(\) is shown in Fig., 3.5, For \ < kc B{\} > 0; in this
phase, the infrared structure of the theory is determined by the origin.

As the scaling mass M is increased the coupling constant is driven to the
critical value J\c, where B has an ultraviolef stable zero., For A > kc but

A=A
( Y C) << 1, according to the argument given before, Zh and hence also

c
B(\) have the same form as they do in the weak coupling phase. The fact
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that Z , changes at the phase transition does not affect 3(\) {(or the renormalized

9

S-matrix). Using Egq. (3.32) one easily verifies that m is indeed independent
of M.

‘s 2 .
In addition to m , as was remark ed before, an equivalent order

M

. 2 2
parameter is <¢0 >€ , or <(1 T (bo )>€ . The significance of this order

paramefer is clear from the role which it plays in the transformation
formula for dlo.
. <r. > 0. . . < > .

if t Ty s (¢O)j] et In the large N limit the M’O)i (Qbo)j . term is

The O(N) symmetry is spontaneously broken if and only

negligible compared with the first, < (1 - %0— éoz) > c aij' Thus the latter
quantity plays the same role for our choice of nonlinear Lagrangian, Eq.
(1.9), as <cro> & N1 kowoz does for the standard form, Eg. (1.3).

In the lower phase, where <¢02>€ = 0 the O(N) symmetry is spontaneously

broken, whereas in the upper phase, where <¢02>E = -‘% , i.e.
€ X >
2 1 -M c
< > T e— = l - — = = 3
o> X i Sal-ut A <[ T o i( % )].] 0 and this symmetry

is restored. This restoration will be further demonstrated in later sections.

As € -*0_{_, it is evident from Eq. {3.32) that the theory is asymptotically
free. Moreover, Coleman'’s theorem forbids spontaneous symmetry
breakdown via the Goldstone mechanism in two dimensic»ns.‘16 Accordingly,
the weak coupling phase, in which the O(N) symmetry is spontaneously
broken down to O(N - 1) with the occurrence of N - 1 massiess Goldstone
particles (the ™, or (bi) is forbidden at ¢ = 0, and the theory can exist only

in the strong coupling phase. This phase can be regarded as the analogue

of the confinement phase in quantum chromodynamics, and the implications

far OCTMin A =24 + £ Aimvmancinme ovoe anerractivra
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IV, THE ELEMENTARY PARTICLE ¢ AND
THE ¢¢ ~ 66 SCATTERING AMPLITUDE

4.1 Appearance of the ¢ Particle
In order to determine what are the proper collective modes of this
theory in the strong coupling phase we shall examine the connected one-

particle irreducible amputated four-point function, i,e. the four-point

proper vertex 1"‘(%) . Henceforth we shall deal with T (4), the 6 . 5§
1jk £ 8 ij ki

part of the full four-point vertex as defined in Eq, (3.24). With obvious
(4) (4)

changes our results also determine Tt and I“u We shall prove that
in the strong coupling phase there appears a new particle, for which the
field operator is o= 932 In this section and the next we shall further
show that in the strong coupling phase the full O(N) symmetry is restored
and is realized linearly,

(4),

We define the following functions which contribute to I'S

iT,, - [l o™ T ($ sty > (4.1)
it = [d% ™ X er (Rixe 601)2)> (4.2)
12 ~ o € ’
T, = et ™ er(e a0 > (4.3)
21 ~ ~ € '

d ik .
iT,, = fd x et ¥ <T((a?(x))2(a<£(0))2)>€ (4.4)

The graphs which give the leading contribution in the large N limit to the
Tij functions are strings of bubbles, as shown in Fig. 4.4. It is useful

to introduce a symbolic graphical notation, first for the parts of the bare
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four -point vertex, as depicted in Fig, 4. 2. In this notation the dot indicates
that the derivatives in (82)2 act on the adjacent legs and the graph with
no dots corresponds to the term 3rn2 in the vertex, As was trueof T (2),
each four -point vertex is dressed by an infinite sum of daisy loops, the
contributions of which have already been summed exactly in the Lagrangian
(3.1).

In the infinite bubble sum it is useful to arrange the terms according

to how the derivatives in the four-point vertex act, Fig., 4.3 shows this

for an individual bubble. Analytically the zij are defined as

2 adq i i
211(k Y o= =2 151[. 3 3 > > > (4.5)
(2r) (@ -m) (g-%)" -m
2, 2
Eiz(k ) = T 21(L‘: )
dd i i
=-21Nf——q—d q* (q-k) Zl > > 5 (4.6}
{(2m) g -m (gq-k) -m
2, ) d i i
Z,,k") = -2iN[dgq [q,(q_k)]z T 5 (4.7)
d g ~-m f(g-k) ~m
(2m)
Evaluating the integrals, one finds
E“(kz) = -2NJ(e, k%, m°) (4.8)
2
T, k% = =_ k) = N&Z - 2mile, k5, m?)
12 21 (4.9)

+2 NI (e, mz)
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Ezz(kz) = -1 &% - 2m®)NT(e, k%, m?)
(4.10)
- &% - am®irce, m?)
where
1-¢/f2
2 2 1
J(e,k,m)=—-———1"(i-€/2)( )
(amiTel2 4m®- k2
(4,11)

and 213‘1(&1, b; ¢; z)is the hypergeometric function. For reference, as

e =0,
} 2,,2
2 2 i 1-4m~/k" -1
JO,k ,m") = in e {4.12)
Zn\/kz(kz-‘lmz) ~/1-4m /kz +1
for (1 - 4m2/k2) > 0, and
1 (4.13)

J(0 K° mz) - ' tan ! !
Tr;k (dm -k ) 34m [k™ -1

for (4 - 4m2/k2) <0,
Next, we write a matrix equation for the full 'I'ij functions in terms
of the four basic bubble graphs Eij and a matrix G which expresses how

the Zij are attached to the Tij:
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0
T = = it o—— 5 T
ij ij 2 ika1 £] (4.14)
where 3 2
- 5 m 1
G = (4.15)
1 0

Fig. 4.4 illustrates the ij = 141 and ij = 12 components of Eq. (4. 14).

The solution of Eq. (4. 14)is

A
4] -1
T = (‘1 -5 ZG) = (4,16)
Specifically,
4 1 .
T T e ——— (4,47)
2
11 KO kz -m
T =T = — m* (4. 18)
= = 5 .
12 21 Yo 2.
4 2
T2 ° f_' s +i—'+ p . 22 (4.19)
0 k ~«~m 0 Ao NJ(e, k' m )

The diagonal T_l_'s can be considered not as pieces of the four-point
vertex, but as propagators for the operators 22 and (8@2. Viewing them
in this way one sees a remarkable feature of Eq. {4.17) which is one of
the main results of this paper: the EZ propagator consists only of a simple
pole. That is, (to leading order in 1/N) '?2 is the field operator for an

elementary particle, and creates only a single particle state when acting
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on the vacuum. Thus in the strong coupling phase there appears a new
particle, to be called ¢ which is a bound state of the g's but nevertheless

is elementary in the sense specified above. Furthermore, the ¢ is degenerate
in mass with the N - 1 ¢a.l 's, a consequence of the fact that the full O(N)
symmetry is restored in the strong coupling phase., In Appendix B we

present another formulation of the physics in the upper phase, in which

the restored O(N)} symmetry is manifest. We note in passing that Tz2

has a momentum space structure more typical of a usual operator product,

viz. a pole, a polynomial term, and a function (Jie, kz

2

2
, m")) having a
I 2

cut beginning at k= = 4m

The inconvenient characteristic of dimensional regularization mentioned
in the Introduction, that the positivity of operator products is not preserved,

-1

shows up in Eq. (4.17); the residue of the pole is 4hy , which is negative
for A > ?\c. That this negative residue is a direct consequence of the fact
that <<152>€ < 0 in the dimensional regularization scheme is proved by

using Eg. (3.19)to write Egs. (4.1)and (4.17) as

T, = - i[ddx etk X<T(32(x)<:i)f(0))>€ S S

Hence, if one uses dimensional regularization it would be wrong to consider
o to be a ghost just because the residue of the pole in its propagator is
negative. In order to test the unitarity of the theory one must actually

examine the S-matrix elements. The essential observation is that
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=

2 1 2 . _
’I‘11 ST I _'JX——O and that either factor 2)‘0 may be eliminated

0 k -m
by an external line wave function renormalization, or it may be absorbed
in a proper vertex. Because of the fact that the upper phase is fully
O(N) symmetric (as is established in Appendix B), proper vertices are

always connected to an even number of ¢ lines. Hence, any proper vertex
1

F

absorbs an even number of : factors and so does not acquire a factor i.

0

This argument, together with our results for the ¢ ¢ = ¢ ¢, co— ¢ ¢ and
o¢ ¢ + o d scattering amplitudes, shows unequivocally that o is a physical

particle, and the S-matrix is unitary.

74. 2 'I"hér ;i)cb - o Sca‘tt.e'r;mg Amplitude
Let us next use the Tij functions to calculate the four-point proper
vertex and corresponding ¢ ¢ ~ ¢ ¢ scattering amplitude in the upper phase
(specifically, the s-channel part, from which the t and u channel parts

can be obtained by crossing). The sets of graphs which give the leading

(4)

contribution to I‘S in the large N limit are shown in Fig., 4.5,

r @)

2
= . + .
< + }‘0 (Zpip2 2p3p4 +3m )

2 3 2 3 2
“ho Py, * 3m T, (PP, F m)

2 3 2 2
Thg P3Py * g mIIT,, v AT, e3P, + 5m7)

2'I' (4. 24)

“ o Ty
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. 2 2
Substituting our results for the Tij and using s = (];:i + pz) = (p3 + p4)

we get
(4) _ ( R ) 2) ( 2 o2 2
I‘S = ?\O-S+m pi p2 > S+m p3 p4)
5 -m
4
2
+R0(s+3m -Z piz)— zZ_ > ( 4.25)
i=1 NI( e, s, m )
o . . (4) (4) . .
and similarly, via crossing, for l‘t and Fu . The physical ¢¢ —~ o ¢

(s)

scattering amplitude, A¢¢ e related to the full amplitude {A

b~ ¢ ¢’ijk z
by the analogue of Eq. (3.24), is then

(s) _ 2

99 ¢ NJ{e, s, mz)

A

(4.26)

Several features of the amplitude Afbtﬁ - bd are important to notice,
First, although the offshell proper vertex contains poles at s = mz, t = mz,
and u = mz, there are no such poles in the onshell amplitude. These poles
represent ¢ exchange in the s, t, and u channels resulting from a o ¢¢
coupling. It is thus clear why they cannot appear in the onshell amplitude
since the restoration of the full O(N) symmetry in the strong coupling
phase forbids there from being a o ¢¢ vertex. Another interesting feature
is that although the offshell amplitude explicitly depends on DLO the onshell
amplitude does not. The latter does depend implicitly on X 0

2
though the mass m appearing in the bubble integral J( €, s, m ), Furthermore,

7 .
the ¢0 = 66 amplitude is real for s < 4m , and has a branch cut starting
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at g = 4rn2. Evaluation of the discontinuity across the cut shows that, to
leading order in 1/N, this amplitude satisfies unitarity,

It is of interest to compare the ¢¢ —~ ¢¢ scattering amplitude calculated
in the strong coupling phase with that calculated in the weak coupling
phase, as \ —~ hc' For this purpose we start again with the Lagrangian of

2
Eq. (3.8), with <¢ >€ = 0 and Zfb =1, This yields a bare four-point

vertex equal to that in the strong coupling phase but with )\0 '-’*-2—0 » M —~ 0,

The basic four bubble graph integrals are given by Eqgs. (4.8 ) - (4.10)

with m2 = Q:
211 = =2 NJ{e, s, 0) (4.27)
212 = 221 = sNJ(e, s, 0) (4, 28)
SZ
222 = —Z—NJ(G, s, 0) (4. 29)
Explicitly,
He, s, 0) = —— o T (1-¢/2) Ble/2, ef2)-s) 1T /2 (4 30)
(411_)1 + ef2

The Eij matrix is conveniently written as

s = = (4.31)



42~ FERMILAB-Pub-76/33-THY

Solving Eq. (4.14) (with Ny/2 =\ /4) for the Tij,' we find

s
1 2
T = T ., where (4.32)
> 11
s S
2 ( 2)
=
11
T = AS (4.33)
H (a2 s )
4 11

(4)

The calculation of rijk! proceeds as before and yields for the s-channel

part the result

(4. 34)

and, for the onshell vertex,

(4) 2 M S

I‘S {pi =0) = x Ns {4.35)
J(e, s, 0)

{4 ~

2

Renormalizing this four=-point proper vertex at s = -M'2 according to
the condition (3. 22) and the definition (3, 21) we find the expression for

Z?\ given in Eq. (3. 25), The physical onshell aniplitude is then
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AlSh o 6o * [ (4.36)

For h-x —0 ,
c -

(s) e oy ot m€l2
Ao - ¢ hol-g)

Now as \ - Kc -0, the ¢¢ -~ ¢¢ scattering amplitude in the strong coupling

phase is

Using Eqgs. (3.20) and (4.30) one observes that this is equal to the amplitude
in the weak coupling phase in the same limit, Thus the ¢¢ - ¢¢ scattering
amplitude is continuous across the phase transition,

Now we are in a position to prove the claim made in section III, that
for A> hc the theory exists only in phase 2. This is clear since if one
took Eq. (4.35), which was calculated assuming m2 =0, and let A - RC

be greater than zero there would appear a tachyon pole at
2

2 M) T
s = -M (1-T°> € (4.37)

Hence, as claimed, for A > )xc, the theory chooses phase 2, the strong

coupling phase.
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Next, we shall comment on the ' progenitor'' of the o particle in the
lower phase, A < KC. The denominator of the right hand side of Eq. (4. 36)
is a real analytic function in the cut s-plane, 0 < arg(s) < 2n. Itisa

multisheeted analytic function with an infinite number of zeros at

1Y .
+ +
. . MZ(_&_ 1) (in(2] € + 4)(4 + 2K) . 38)
where k runs through the integers from -« to +o, Note that none of
these zeros lie on the physical sheet. Now as A '*Rc from below there is
a confluence of zeros as they approach the origin, which is identified on
all the Riemann sheets, As \ increases beyond 7\0 the branch point recedes

(4)

2
froms =0tos =4m , and the pole of "' " moves to s = mz, but its

residue vanishes onshell,
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V. THE oo~ ¢¢ AMPLITUDE
It is well to recall the form of the Lagrangian after the finite wave

function renormalization [ see Eq. (3.8}]:

A -2 2 A -2
, 1 2( 0 .2 m ( 0 2)
= Losae. U4l L aa,
3 2‘(3)‘“'2‘9,') +2>\0 L4587, (5.1)
and the facts that
d ik
T, - if e Fer(Prdtons, - 51—,
0k -m
d  ikex 2 4 m?°
T, = if dx M Fer (P [as0) P, = -T.
12 ~ -~ € A 2 2 21
0 k¥ -m
. 5.2)
T - -i[ddx ™ o (0 90y 2 (ag0) %) = 2
22 ~ ~ € }\0 kZ _mZ

+ terms not singular as kz - mz.

Thus, to deduce vertices involving o's on shell, we can read them off from

Eq. (5.1) by the mnemonic rules:

2 -2

X o3
2 WFO
(5.3)
2
:(82)2:—-%%— o
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For example, the vertex tc be used for the transition: physical o ~ ¢¢

is

{5.4)

(5.5)
3, 2 2\ 2 2,y
T8 o™ (143 % ) r3igm (17 2%:8) ]

There are three classes of diagrams contributing to the on-shell
process U(pi) + U(pz) - _@(qi) + Q(qz), as shown in Fig. 5.1 in the large
N limit. Let us describe the computation of the diagrams of class A,

The first one (with a common factor aij removed) yields the result

( (4

.‘_zhz[g_szr o - )] i [1m2+ o - )]
V% 0|2 9Py Y . z2_ 212 Q" P2 "%

= =i Nt - m%). (5.6)
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The sum of the two diagrams of class A is

1A‘£L 56 = 108 - 2m?) (5.7)

The diagrams of classes B and C can be similarly computed from the

interactions in Eq, (5.5). We find

.. (B) . 1

iBo, 4 = 16 NI (5.8)
< R N

lAcro-—» o6 " IS_NJ(S) 17\0(5 2m"), (5.9)

so that the full oo~ ¢¢ amplitude in the large N limit is

- -2
AGG» 'y N3(s) (5.10)
and we see that
_ L (s)
Aao-—» ¢¢(s) = A¢¢”¢¢(S) {5.11)

In order to show that the o-particle is a physical particle of positive
norm let us consider the process g¢d ~ c¢d, Let s be the square of the
total ¢c. m, energy. The terms that contain a pole at s = m2 are of the

form[see Fig. 5.2]
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iT, (006 ~ $¢) iT, ()i T, (8¢~ 0b9)
+iL, (06~ ¢¢) iT,, (8)iT ($ =~ 0$¢)
+1iT, (066 ~ 6¢) iT, (s)iT (6¢ ~ o¢6)
+iT, (069 ~ 94) iT, ,(s)iT,(¢¢ ~ 04) (5.12)
As s -*mz, Eq. (5.12) reduces to
i(I‘1 % +r2v%m2> ;—-ln—lii(J% r, +\/;—§5 mzrz) {(5.13)

But according to the rules of Eq. (5.3), (2R%)T, + mz(z/\/x_o)rz is

just A{ oc¢¢$ -~ o), Thus the pole term in the process oc¢¢ —~ co¢ is

iA(069 ~ o) ———s iA(d~ 06)
5-m

which shows unequivocally that the o-pole has a factorized residue with the
correct sign for a physical particle of positive norm.

Finally, we remark that the results for A(Mb - ¢b ,Eq. (4.26) and
AGO__,_ 66 .Eq. (5.10) may be derived in the large N limit from an effective
Lagrangian:

2
F= %:(81’1)2+(82)2: - %—:gz-rz:z:

(5.142)
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where
- 2 2
a . Jle, p =0, m)

and the fields Il and = are nonlinear canonical transforms of ¢ and ¢, where

1""o‘i’2 ﬁ_ 2.

¢
E = ?_-T/T:_a (5.13)
s = g
1—'\:’7\'60
which transform as
6. I1. = 6 Z, 6.2 = -1 (5. 44)
1 3 1] 1 i

The effective Lagrangian (5.12)is to be supplemented by the subtraction

convention:

[l e x<rp (%) + 22w)( n2i07 + =2i0y)] >

(5.15)
= -i N[Je, pz, mz) - Jle, 0, mz)]

As an illustration, we compute the on-shell $¢ ~ ¢ amplitude using the
effective Lagrangian (5. 12) and the subtraction convention (5, 15). We

have, in the large N limit:
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: _ 2l o 2 2. 2 1n
1A¢¢ »d)q&{s) - 1 N li + z( a) LJ(En p ., m ) J(E, 0, m }]
n =1
2 a

2
1 +a[J(e, P, mz) - J(e, O, mz)]

or

_ 2
NJ(e, s, m’)

A 8) =
49 = 69"
The fact that Eqs. (5.412) and (5. 15) describe the dynamics in the
upper phase completely will be demonstrated in Appendix B.
Note that we start with a Lagrangian, Eq. (3. 1); depending on one

parameter, \ In the massless theory of the lower phase the coupling

0
constant renormalization introduces an arbitrary mass scale M, However
the renormalized theory still depends on a single parameter; if M changes
so does the renormalized coupling constant A, as controlled by the B
function. We have succeeded in constructing an effective Lagrangian for
the symmetric phase which depends on only a single, (renormalization
group invariant) parameter, m. Thus the fact that in this Lagrangian the
mass and (quartic) coupling constant are not independent parameters as
they would be for a general linear o model should come as no surprise;

it had to be the case.

The normal-ordered Lagrangian (5, 12) without the subtraction

prescription (5. 15) is superrenormalizable, However the subtraction
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rule changes the theory to be just renormalizable. This is clear if one
makes use of the connection between the renormalizability and the high

-t

energy behavior of a theory, Without the subtraction rule A¢¢ - ¢¢(S)
const = -2a/N as s =~ =, whereas when the rule is imposed, this amplitude
grows at high energies (consistently with unitarity).
In order to compare the short and long distance behavior of the
upper phase it is useful to introduce a new effective coupling constant_?:,
which measures the strength of the four-point proper vertex at the distance
(4)

scale M. In analogy to the renormalization of T " in the lower phase,

we require

(4) 2 2 2, — 2-¢

T (s=-M,pi =m ) = AM {5.16)

5

Using Egs. (4. 26)and (5.16) to compute the Callan-Symanzik function,

call it B(X), we find

B - M

piy) = MaM

(5.17)
1

=2
- AN all - o)
= Ne - 2)+ iz T(2-e/2) |d > T

(4) [EE +a(‘.l-af]

0 Lm

The fact that E is a nontrivial function of X serves as another proof that
the subtraction rule modifies the theory from being superrenormalizable

to simply renormalizable. From Eq, (5.47) one can verify that B has an
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ultraviolet stable zero at \ = kc and furthermore that

lim B'(N) = lm  B'(\) = -¢
A=A — 0 A=x =—=0
c + c -
These properties are in accord with the general argument presented in
section III based on the continuity of the short distance behavior across

2 —
the phase transition., Finally, by expressing m in terms of A via Egs.

(5.16) and (4, 26) one finds that for large \
BN = Ne - 2)

That is, as M — 0, the effective coupling streng‘thi increases at a linearly

increasing rate.
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Vi. CONCLUDING COMMENTS

Finally, we would like to discuss two areas for further study. The
large N approximation which we use is a very powerful method that makes
it possible to sum perturbation theory to all orders in AN and thereby
derive nonperturbative results, such as the existence of the phase transition.
It would be interesting to go further and examine the higher order corrections
to our results. Already in leading order in N the theory satisfies unitarity
(in particular in the strong coupling phase, where this was nontrivial and
required proof) and the full O(N) symmetry is restored and realized
linearly in the strong coupling phase. Higher order corrections will
presumably maintain these general properties. However these corrections
will presumably include derivative interaction terms of the form
*1-3 (25 . 82(’ )zf()}’z) +—% (%)zg(ﬁz). It would be interesting to calculate
N N
these terms.

Another problem which deserves further analysis is the property of
dimensional regularization whereby the positivity of operator products
and associated integrals is not preserved, It is easy to see why this happens.
The essence of dimensional regularization is that a divergent integral
is defined by analytically continuing (in d) the function to which it is equal
where it is well defined., For example the integral of Eq. (4.10)is convergent

for 0 < d < 2 (and 1'n2 # 0) and here it is positive, as it must be, For

d 2 2 it is formally defined by the continuation of the right hand side in d.
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There is no reason why this analytic continuation must be positive and indeed

it is not. In contrast, if one cuts off the (Euclidean) momentum integration

2 2
at k = A the result is (for € > 0)

oM

2 2 A
2 {m") A € 2 A
<¢ > 5 —— In — +
2 2
A (4“)1+e/2 m 4 m

Again, this is positive as it must be since for finite Az the integral is
perfectly well defined. Thus, although there is no mystery mathematically
about this aspect of dimensional regulation it is inconvenient in préctice.
What would be desirable would be a method of regularization which is
Lorentz invariant, respects the Ward-Takahashi identities,' ete., but

retains the naive sign of the operator products.
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APPENDIX A

We shall evaluate the tree- and one-loop-contributions to the generating
functional to proper vertices I'. We shall only present the divergent part
of the one-loop contribution, mainly to verify the argument of Section II.

The method of evaluating I" up to one loop, by applying the steepest
descent method to the functional integral ZS of Eq. {1.9), is by now well-
known. 17 In the following we shall suppose this knowledge on the reader's
part.

The action S is given in Eq. (1.43). We shall shift the origin of the

functional integration variables ¢

¢ =91l +B (A1)

so that S + fddx J - ¢ does not contain linear terms in B, which determines
tb[Jj Up to one loop, ¢[J] is the argument of T.
Denoting ¢{J] by ¢, and regarding B(x) as functional integration

variables, we write the Lagrange density as

Z = {39 -

ol
=
[§S]
1oy,
e

[a8]

2 -2 2
+-{—é~(a§) (1+2z) " -3u B

(A.2)

- A(89- @B)(¢- BYL +2) 7 - $x BAB9) (1 +2)7

+25 Zeetis B 2+ 2B
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2
where we have used the abbreviation z = ?\O ¢°/4. The task is to perform

~

functional Gaussian integrations for the terms in the second bracket on
the right hand side of Eq. (A. 2). The actual evaluation is considerably

facilitated by the change of integration variables E - B{1 +z)

2
1., .2 -1 2
Z-{fesfura -4

2
{5 en)” - b5 2
-1
+{-xo(a£- 8B)($° B)1 + z)
1

-2 B P v a)

~

j8.e]

1 _ . -1
+5 A (B 8B)¢ 8 ¢)1 +2)

2

F2 %0 097 BPU 42y

o

_ -2

2 %(g- BNB -0 (g3 $)1 +2)

e

Wl

1

ROBZ(Bcb)Z(i +z)

AN

2 -2
#3254 B 09%0 + )+ OBY)  (a.3)

(1)

The one-loop divergences in T arise entirely from the contraction

of BiBj in each term in the third bracket above, and the iteration of the
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first and third terms in the third bracket in Eq, (A.3)., Thus

2
f[%(agbfu +2) " - gz] a% (A.4)

o'[4]

and

[I_(‘l)]idiv _ <B~2>€ fddx{—-é—?\ongz(z +2)

1 2 2 -2 1 2 1 2 -2
+§7\O (E' Bf) (14 + =) --2-‘7\0 ﬁ—:—{-(g. 32) (1 + 2z}

1 2 -4 3 2 1 -
- -4-7\0(8?’) (1 +z) +-8-'7\0 N -1 (8’@292(1 +z) '2} (A.5)

which arises from the contraction of BiBj within the same term, where

d
2 d i 2
<8’ sm-nf S e - ke, Wi - )
~ (2r) k~ - pu

The divergences which arise from the iteration of the first and third

terms are

i d 2 M v
-2—[d x<T(8pBi(x)Bj(x)8v Bk(O)BI(O))>€{7\O (c qbi)qu(a ¢k)¢£

2
A

2 P I o P -2
“h, 880 e g0t 68 8 99 ) L (e

Now
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[ .4 : _
Jd x<T ((BHBi(x)) Bj(x)(aka(O)) B, (0))>

g ap\ 4/ 2
_ _ pv . (_E) i
(0807 ®igd) 3 1f ze) ([F_ 2 P

g 2
~ - PV -
o 3 I(e, p )(6.11{631 6i£6jk}' (A.7)

Combining Eqs. (A.6)and {A. 7) we obtain

)\2

[P, = 21, Wi fa* {09767 - 5 20%hit + 2172 (aL8)

Combining (A.4, 5, 6), we obtain finally

_ 2
[rl®)y p]div | I a%x [-;— (8?,)2(1 vzt - };— 9,2

1 2 -1
by RO(Bé) (1 +2)

—~

o /N-3 . 2 -2
g (N-i)‘f 59y (1 +2)

PR
8 N-1

6 209% + )72

2
R 2
5\, (1 +2) %] (A.9)

The divergent terms proportional to (N - 1)(2'rros)m1 may be transformed
away completely, except the last term proportional to kopz, by the

following transformations:
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A, = MHEN
- "[1 +'M'Izj;;"§“)] : (A. 10)
¢ - fir[i "i'u;n;“ ( -ﬁ—:—%%,@f)]. (A.11)

Note further that

A -
feo- el oodod] we

The divergent, induced mass term is

2

s+ () Aok )
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APPENDIX B

The purpose of this Appendix is to present a discussion of the dynamics

in the upper phase, alternative to the discussions given in sections III - V, 18

The method we shall use is, strictly speaking, justifiable for small [?\0 .

This is the case, for example, if A>> hc and ?\C << 1, for

710 = -?\c(i - 7\(:/?\)-1 = -hc. These conditions are met if \ is positive and

finite, and N is large,

19

We begin by rewriting Z of Eq. (1.2)in a parametric form:

NL

2 1 d {1 2
ZNL[.{] = fﬂdé(x)}{lﬁ(}i --i—)expifd x{-z-(a'xv) + 55}

0
(B.1)

= Cfﬂdﬁ(x).fﬂdx(x)expif ddx{%—(ax )2 - B(x)(xz -)—\1—-)+ J . X}
X ~t ~ ~ 0 ~ Y

where C is a constant independent of J. We shall discard it hereafter,
We are free fo translate the integration variables g(x) uniformly by a

2
finite amount, m~ /2, say, where m2 is to be chosen at our convenience,

Therefore, Eq., (B.1)can be written as

3 e
zNL[g] = ldeeye zﬁ[;{] ; (B.2)

I

2 A
z,[3] - fﬂdx(z}eXpif[%(ax)z-mz—xz--ZEB(X%ZJrJ- ]ddx (B.3)

where we have rescaled the variables by g =~ A 0;3/2, and dropped again

an ineszential multiplicative factor.
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The functional Z, is just the generating functional of Green's functions

p

of a theory of N component scalar bosons interacting with an external

potential koﬁ(x). It can be written as

i [ d 2 -
In zﬁ[g] = —%fd xddyyx)q[(-ez-m -k0ﬁ+16) 1[y>Jr(y)
--;—Tr In <x[1 - ! 5 NBly> . (B.4)
-82— m +1id

where Tr means the trace operations on N components as well as over

space-time variables, and
2 2 2

It is useful to expand the right hand side of Eq. (B.4)in powers of A\

Ol
Symbolically
1
J . J = I A JT+JT - A_(MNBIA_T
~ -~ s ~ ~ 0 Ll
-# -m® - B+ 6 F F F
{B.6)
3
3 ALMGBIALNBIALT + (T )
and

' 1
~Tr 1n (1 - —_—— 7\0[3) = -i\yNI(e, m?) J:idx;s(x)

-8 - m +1i6

2
+ )'0 %fddx ddy [S(X)[AF(X - y)] Zﬁ(y)

+ On,>) (B.7)



~62~- FERMILAB-Pub-76/33-THY

2

2 -1
where A =<~x[(-82-m +1ié) |y>=A x-y,m ),

F F

In the spirit of the steepest descent method, and buttressed by the

assumption A << 1, we shall ignore terms of order )‘03 and higher in

o
Egs. (B. 6 -7) henceforth,
We substitute Eqs. {B.6 - 7)in Eq. (B.4), and then Eq. (B.4) into

Eq. (B, 2). The result is

1 i d 2
TR -2—[d xﬁ(x)[ﬁl - XoNL - X49 (x}]
Zygp L) = e [dp(x) e

X exp %fddx %y px)<x| K [y>B(y) (B.8)
where
i}\OZN 2 2 2 2
<x[K[y> = - AF x-yim)-Xg g(x)‘ /_\.F(x-—y;m 1y ), (B.9)

and, as before, I =1(e, mz) and ¢(x) is defined as
d 2
Wx) = Jdyoplk -y m7)(y) (B. 10)

We must now choose m by some criterion. We shall demand that
the single particle propagation characteristic expressed by the exponent

of the first factor on the right hand side of Eq. (B.8)

i i d d . 2
zg AF.I = 'é-[d xd yg(x) AF{X Yy, m )5(}7)
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not be modified by the terms that arise from the B(x) integrations. As

we shall see, this is achieved by choosing m such that

4 -\, NI(e, m?) = 0 (B.11)

2 .
This is the mass eigenvalue equation for m"~, discussed elsewhere in the

text: rn2 ¥ 0 only if 7\0 <o,

Equation (B. 8) is now simple:

el - (40 )

\
0
X fﬁdﬂ(x)exp if[%;BKﬁ-(._z_ ?JZ)B] ,
X

in a symbolic notation. The functional Gaussian integrations implied can

(B.12)

be performed, with the result that

1 1 d d 2
—i-ln ZNL[.'I] = Efd x d yg-g(x) T AR -y mUM(y)

A 2
0 -
("z_) 1{’2("’<le 1ly> ?,z(yJ (B. 13)

+Ei-tr in <x[K[y>

where tr denotes the trace operation over space-time variables (and not
over N components). It turns out that the contribution of the last term is

of order N-fl compared to the rest (we leave this statement for the
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reader's verification), and we shall ignore it henceforth,

It is necessary for us to examine the structure of <>‘:[KH1 [ y>

more closely. We write

?\ZN 4

<x|K|y> = >— a [gl(x-y)-a<x[L[y>] (B, 14)
- 2
where a 1. Jle, 0, m )

d
2 2 k i i
J(E,P,m)=if(g—w') T ———  (B.15)
k -m (p-k)y -m

as before, and
<x[L|y> =[1A; (x-y) + Jéd(x-y)] + %E(X) ' AF(x-y; mz)if(y). (B.16)

We can now invert K:

<x[K-1[y> = — a<x[[i-aL]_1]y>
7\0 N
(B.17)
= 22 a am<x[ Lm1y>, L(O) =1
X. N
0 m=0

Substituting Eq. (B. 17)into Eq (B.13) we obtain finally
1 a .a {4 2 2 d
?anNL[J] = fd xd y}gglxKx{ -8 -m"” | y> é(y) - Jx) 6 (x - y)9ix)

1 2 Z
e e Cwox| Ly el (B.18)

m =0
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where ¢is given by Eq. (B, 10). It is of interest to note the Fourier

transform of <x[ L [ y>:

fddx ddy ei(p Cx T a y]<x{L[y>

<p[]'_,lq> =
- - 2o 5% - Qe p2 mY) - J(e, 0, mP)]  (B.19)
Zf(dk)d ~ 1 .
+ 21 (52) ép-k)- 3k - q)
NJ\zm/ £ z_ 2z ¢
where

g(k) = fddx eik T X ax).

As noted in Section V, the above result (B. 18) may be derived from

an effective Lagrangian

2
T V0 -GV S NI
= iste) mzmiy T - = x) (B. 20)

<z

eff

in the large N-limif, with the proviso that in the construction of the

S-matrix, the following rule be used:
d 1 . 2 2
ifd x e? " Xer(y Pl (0))>€ - N[I(e, p2 m?) - Ile, 0, m>)] (B.21)

Finally let us evaluate the effective coupling constant a:

€

_ d ) 2 2\ =
2 - iﬂ%)(;‘é‘f‘;‘é) -9 Temt @
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so that

(B. 23)

ase€ —~ 0+. In the same limit the effective Lagrangian is

~ _"1 2 1 2 2 mm 2 )
_(/;ff = '2(83?,) 7 ™ X R (;3) . (B, 24)
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APPENDIX C

The following identities are useful in understanding Section II:

d (0) 8T _ ,...2
(1) fd x X % o) = (3¢) éi[z.'f1 + {4 +z)f1':l

+ (€ 8 80 (1 +aN, (C. 1)
2 t
+ (€ - 8E) Ei[Zf2 + (1 +z)f2] +2§ 1z

where Xij(o) is given in Eq. (2. 14a) and the form of T is given in Eq. (2.22).

0)

d 5T\ 2 2 -3 ) )

{(2) fd XXij 3 j(x) s K03(8’%) ﬁi(i +2) [Z(KZ(Z) Ki(Z)) (1 +Z)K1(Z}}
- (k- apg)a”gi(i +z)“2[2Ki' (z) +K2(z)]

- (g e’ 20 +z)K2'E (C.2)

where Xij has the form given in Eq. (2.33), and I‘O) is given in Eq. (2. 19)
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mass generation has been considered before by Y. Nambu and G,
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authors,

7We are being somewhat cavalier about renormalization here., BSee sections
II, III and Appendices A, B, and C for a careful discussion of
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We have enclosed a corrected version of the page (p. 36) on which
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rest of the paper.
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the fact that the nonlinear O(2) o model is a free field theory. In this
case there is of course no phase transition, no renormalization, and no

B function.

15The critical exponent for an order parameterp, called B, is defined by

R
A =0, g

where A =\ - ?xc. There should be no confusion of this constant with
the Callan-Symanzik § function.
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See, B, de Witt, Phys. Rev, 162, 1495 (41967); 162, 1239 (1967); B. W.
Lee and J. Zinn-Justin, Phys. Rev. D5, 3424, 3437, 3155 (1972); E,

Abers and B, W, Lee, Phys. Repts, ?_(_3_, 1 {1973).

1BOur' approach here is in spirit similar to, but in emphasis different
from, that of E. Brézin and J. Zinn-Justin, Ref. 4. See also D. Bessis

and J. Zinn-Justin, Phys. Rev. D5, 1343 (1972).

gHe‘-zre X and ¢ (see Eq. (B.10)) are N-component vectors,
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FIGURE CAPTIONS

Dominant graphs which contribute to A_, .. for

F ij

the Lagrangian (1.9),

Dominant classes of graphs which contribute to
AF i for the Lagrangian (4. 3).

m as a function of k/hc for (a)e =.1; (b)e =.04.
m as a function of AN for ¢ =0,

The Callan-Symanzik function g{M).

The leading graphs which contribute to the Tij

functions. The graphs for T q 2re simply reflections

2

of those for T1 and hence are not shown.

(4)
ijk ¢

2

The bare four-point vertex i T in the upper
phase., The vertex includes an infinite sum of daisy
loop corrections,

Graphical representation of the matrix Z,
Graphical and analytic form of the equation (4, 14)
for Tij' The figure illustrates the ij = 11 and 42

components of the equation.

The leading classes of graphs which contribute to

{4) (s)
dA .
Te 2nd8ys 4
The classes of graphs which give the dominant
contribution to A . The dotted lines denote
oo~ ¢

o particles and the solid lihes denote ¢ particles.
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Fig. 5.2: The classes of graphs which give the dominant
contribution to the o¢é - o scattering amplitude.
The dotted lines denote ¢ particles and the solid

lines denote ¢ particles,
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