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1. = INTRODUCZION

A number of authors have computed the decay rate KL_*“; and

the KLK mass difference in the Weinberg-Salam model of electromagnetic

and weakuinteractions which incorporates the so-called GIM mechanism, and
commented on the mass scale of the fourth gquark, i.e., the charmed quark,
which appears in this scheme. More recently, several authors discussed the
effects of stirong interactions on these amplitudes assuming that strong

interactions of hadrons are described by an asymptotically free gauge theory.

One of the purposes of this note i1s to clarify the discrepancy

2)

KL‘*MJ- We find that the result of I is in error, and our correct result

between Ref, 1) and theose of Russian workers y especially of Flambaum, cn
agrees with Ref. 2). However, we disagree with Plambaum regarding the Ward-
Takahashi identity for the Zds vertex, Under the circumstances, we feel
1t necessary to describe our calculation in some detail. The second subject
we wish to discuss here has to do with estimating the size of strong inter-
action effects in the proceeses. We obtain results which are not completely
in accord with previous authors 5), including Nancpoulos and Ross, and

Vainshtein, Zakharov, HNovikov and Shifman.

2. - WARD-TAKAHASHI IDENTITY

The effective Zsd vertex discussed in Appendix B of (I) is a
sum of diagrams depicted in Figs. 1 where black circles represent cne-loop
correcticng., These dlagrams are separately divergent, but the sum is not.
To extract the finite =sum, we make use of the Ward-Takahashi identity des-
cribed below, We shall also outline the direct calculation of Figs. 1.

4)

1t was shown elsewhere

F‘L¢]‘£?¢; (1)

that ir a gauge specified by

the Ward-Takahashi identity for the generuting funztionul for proper

vertices may be written =:

L1y LT 70

(2)
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where T =T -%Fi iz the generating functicnal of proper verticez with

v
external ¢ lines, and cdfan[¢JC is the generating functicnal of proper
vertices with two external ghest lines and an arbitrary number of external
¢ lines., The index =& refers to the adjoint representation of the gauge

group in guestion.

We consider a special case in which the index & 1in Egq. {2)
refers to the transformation which leaves the photon field invariant, but

changes the Zu field by a translation

S A,

§ 2, = G AW g

AN
w
-

Under this transformation, the d and = fields and the Higgs field ¢1

change by
5(9) =:T(%) »
where
T={-1-(Q-1)sinBy L
“[-(@-D) g, )R (g +g™)" (36
L2 g%, R=3(tey)

6 = i(-3) i (LR ), (32)

In one-loop approximation, we consider
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We need to concentrate tn the case in which Fﬁ[¢J takes 1ts bare form,
and FU i3 given by iZe one-loop approximation., To this order, Eg. (4)
is a ztatement tha - is invariant under the gauge *transformaticns

- ¢ . . .
zsunt Bgs. {3a-d), we obtain the expression {B.2)

(A

(Ba-di. Taking into z

in I
*
(1 ]:) F (j,/,) [Z(iJT- T Z(f}]
N
7(4°+g ‘)Hr/f(f,/o) | )
As explained in I, to lowest order in (mc/mw>2’ the effective
vertex EEZJ can be written as

E:EJ ) ;(/;iér)E ) (6)

where the on-shell value of E is related to F2 through Eq. (4) :

. - - _ -
sl ey dylup s = dgp(mtRJSPE.
Pams, A =my
It iz impor-ant to cbserve here that the Ward-Takshashi ident—
ity {(3) is correct in =1 linear gauges of the form (3), ard to all orders
in strong interactions if they are invariant under the gauge aymmetry of

electromagnetic and wesk interactions. We note that this Ward-Takahashi

. 2 . . -
identity disagrees with that of Flambaum ). It will te useful for the
caleuiation of E':; to recall the following facts from [I). Again to
) - -l 2z
lowest order in /n” s  and assuming myzmy 2o, << m_, , & and 1£ )
- - =) e

have the form
(E)
( q, P) = k;* L X ’

St Fle +bL +cR @)

can thus be written

gl2)
I
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CT, e 8 n p@ i .
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q-mg

- &

.J((P&LSLF)[X +{‘li +(Q-1)Qin‘9w13(\%‘+% )zq ]
(9)

3. - KL_’I-W

We proceed to the computation of I'y and of Eﬁz). To ascertain

gauge independence of our result, we carry out the computation in %he RE
+ + -
gauge, wherein the W and (1) propagators are, respectively,

. - - ;k/lkw(l"/!_) -—--l-—‘
‘é“’“‘)'( i - mp /s )t'-m.}

and

-1
Ak = i(Kem3z)

Dimensional regularization is used for the treatment of divergent integrals.

There are altogether five diagrams which contribute to I“z to order
GFa(mO/mw)a, ghown in Fig. 2. E—Ienceforth we neglect o but we cannot
neglect the external masses as the Ward identity, Eg. (7)), is valid only
cnl the mass shell.] The graph of Fig. Za 1o convergent, but ths graph:o
Zd-—e hzave o Dorzrithnically dliverzent Tern provortionsl to the cxicrasd
maiv. Thig divergence cancelsz when the u  =nd c  gontrivations are avici,

Explicit evaluation of the diagramo Z2a,d,e yields o
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F(14+1c>

I .

where the common factor

Pt
Ly

%«_E ~te, (1)

C ) glﬁiﬂ8¢w39c m: J(i-‘;‘FJLS

vQer*) M (12)

has been extracted. The contributions of graph 2b is exactly cancelled by

the counter term Zc |see Egqs. (24) and (25) belo@]

,‘,F(ZU ) ‘P(u) - gz[__z__ + 1 +L\‘5-_{C

2 = -y H4-n (13)
in the limit n—4, where n 1is the dimension of space-time. Tombining

Egs. (10)-(13}, we find

Ftg,py = § e sde e [Ln’": (?5-7”&”

vQen 7y
x g(fp(% -kl sa

The =zds vertex may be extracted from Eq. {14) using the Ward
identity of Eq. (7). However, as we wish to demonstrate explicitly the va-
lidity of Eg. {$) we ghall proceed to the direct evaluation of E(Z). The
relevant diagrams are theose of Fig. 1, which are made explicit inuFigs. 3

and 4.

Graph 3u glves the following contributicn to the f;on—diaganal)

self-enersy

? sink COS&

-~ 248y L ]
(P)@q\ Q_(Jbﬂ‘t) mu, (1 S) ! (15)



Graphs 4a and d4c-e yield

- () 2 .
lﬁ = [ (’f—-l dn fﬂ% + 26 Shlew )
m
"'(.Q~3QSM'&'\.J}J~L%1 |§‘ , (16)
4o )

}:“( 3“"90[ 1+ }MK ‘k (17)

(ddvde) T 3Lt 1
E; = sl Qa-fgt-gz— l k; ) {18)

where, for brevity of notation we have extracted the common factor

-%l. (gz+ar¢)?ts 6 9 ,x
K 2 PIETETE e s L e

Substituting these contributions to & and Téz) into Eq. (9}, we obtain

w1y ie.demsm [ Py 3 _L7-1)
Ep 2 201, TY) my 'L‘_:‘ ST 4(;-1)L‘EJ

(z)

This is in fact the final result for T y a2 will now be shown,
[

The cancellation of logerithmic divergences which occurs for
the above graphs does not occur for graphs 3b, 4v or 4f, since the diver-
gent parts of these diagrams are proportional to mf. The counter terms

. . - z . . .
required to render = and Fu finite are given by

T 0=y {00 T2 ] L sibd, (22,

(21)
+h e,
where, as in (I}, y, and zi are the wave function renormalization cons-
tants for the lsi<-nhanded quark doublets, The same renormalization constants

. - Nz L . .
renuer o and T77° finite, and c¢an be chosen to cancel the sd transition
A

on mass shell. 2L and Zi can be determined from graph 3b



- ZSJHE)(_I:OQE" mc} i ;2___. i
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Lllent) nt

where thr expression represents the limit as n—4, with n the dimension

of spzce-time, Thus,

(z,-2,)s - APl s L 0T

2
#leary md (23)

It iz readily checked that the corresponding Zds counter term cuanceis the

zum of the contributions of graphs 4b and 4§ to T(z). Ls 15 evident from
s

Eqs. (9) and (21) the =d¢ and Zsd counter terms give equal and opposite
contributions to Euz). Thus, alternatively, one could simply zdd all of
the graphs in Figs. 3 and 4 together directly, without adding the counter
terms 1n graphs 3¢ and 4g, and the result would be that the divergences
arising from % would exactly cancel those from r(z). Both procedures

are equivalent as regards the final answer for Eizg.

The second term in Zgq, (22) represents a direct ud transition,
as does the first, and must be cancelled by another counter term in the

Lagrangian. This term is of the form

BdLs(§ «v +:0) +BIRS(R v -0 4l

(24)

where <, is the physical Higgs scalar and < g >O::($/v2). The rencrm-

alizaticon constants A and B are given by

3 .
m sinl9, wsb “r o2
A = —-4- B = % “______;________-3- MJ -—-—ML II-J._‘ + ? “+ Ly § j (m:
M-S 1}( ,bJTa) ; .“-: L H4-n _i . r_/)
This is Just the counter term for the ¢, sd vertex as shown in Fig. Ze.

e



-8 -

Now we may compare the expressions cobtained for Eiz), Ea. (20),
and for TI,, Eq. (14), and we see that the Ward identity of Eq. (7) is

indeed satisfied., Our correct resul? agrees with that of Ref. 2).

To conclude our discussion, the Z exchange contribution to the

process s+d-—p+,, relevant to K, decay, 1is given by

L
i G o 2
F 25 2ol st | (5] 4 (k. 5/)(.;4&’ Ls)
(26)
[lfe) -3 - Bhnt]
whereas the W' W~ contribution to the process is
b Reeg sinb, (2 N2 (Gt ) (T8 L)
F’; 346eV 4 /" ~ 5'/" -
‘ 1
X ['L (%%u.) -+ ;[T‘{"T I ‘i (27)

The sum of Egqs, (26) and (27) is gauge independent ; while the sum is not
equal to zero, as asserted in I, it is nevertheless small, being of order
GFa(mc/BB Ge‘\f)2 without any logarithmic factor, If o, < a few GeV as
the KLKS mass difference implies, ther the dominart mechsnism for

KL—*M-L would be the conventional one of KL-*.?-y(virtual)-'pE.
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4. - STRONG INTERACTION EFFECTS ON KL—'ua

¥e treat the strong interactions by an asymptotically free gauge

theory - specifically celour SU{3), We quantize the gluonz in the Lorentz

gauge ! o= 1/2=7, In this gauge, there is no rencrralization of the gauge

parameter «w, =ad no quark wave function renormalizatiocn to lowest order.

The tox disgram s+d-W + W —u+ 1 is cut off at A where

g P oy
propagators renders
the

p is the interral loop momentum, for removal of both W
the integral lcgarithmically divergent. For this diagram, therefore,

analysis of Nancpoulos and Ross is correct.

The operator product expansion relevant to this amplitude is

where ju is the standard charged weak current

J/ = aj/{(i—;_—a/!—)(c’cuﬁe_ +SSM€)

+ C Z‘(’_‘;é')(-&sinﬂﬂr scosec)/

and
- - Y.
_33/(1___*)5.
A P 2/
Iince both and JA have zerc znomalous dimensiona,

m, C:«n (f-’xfﬂ) = (j)g‘“‘d (%, f}{f)) f

i dt
- ZL/ }/@[%H:,J.]?

~ m‘zC yg(Z,D)E-’ oA A )

s
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where g(£) is the running gluon coupling constant, g(1)=g. 4 it the
momentum subtraction point, and the anomalous dimension assccizted with
the quark mass operator,

Ye, is given by

i

f@:i.‘f (-

gt

Thus, the effect of strong interzctions is to multiply the amplitude cf

Eg. {27) by the factor

rnw/ ‘]E/
N A PO

i
o
N

wk4“
_ -2y
oy () 25
Ay (7)) (211
where 1

A, (m,) = | +

lo :33-.’2.n

n ————— 2

ard n ic the number of quark degrees of freedomr irn ¢rdinary symmetry cpace

sU(n) (i.e., flavours),

Equation (%1) takec into zccount the fact that in the momentum

range m_ < |p| < My s all four zinds of guark degreec of freedor are
excited, Strictly speaking, we zhould add %o Eg. {(z4) a contribution fror

. P z . .
the momentum region W° < ip‘[ < m_, but this giver o sorrection factor

" dy , oly O ) ] 7227
7 P pnen - (25

e / ~ 1

Furthermere, By, [(%1) immores wny coemplicution: shot wirht orize from

creskaown of perturbstion thecr) near the churn particie thresinid.
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For the 7 exchange diagrams, we note agair that the relation

=}

"7 is valid in the prezernce of strong interactions. The bare ®2cc vertex

iz of *the form

‘fga =£%‘-E'}Z-C‘162

and we sre led to consider the operator product expancion

. .f p
it pper = o+ Gatipa <

where

P =c’2:,c

iz a psewdoscalar density. Since we have set the external masses to ZETO,
the relevant operator on the right is necessarily a V-4 current cperator.
One ¢ mass ingertlon 1z necessary toc obtain a non=-variihing result since

p 1is a right-left <ransition cperator and jp iz 5 left-left cperator.

The analysis of thisz contribution differs from the ahove in

that the operater piC) on the left has anomalcus dimenszicns., We find

4; - ?@ - yg/lfﬁ'l

Sclution of the Callan-3ymanzik equation then gives

e

, 0, qdd
s . - ' L4/t )5
ﬂ?CG///) q’};j-’g'g):m{j)j ;y) {_J’;,;:?Jg(j)]e 45/,4 ® j/.f)]}' )

It
3
jny
o

side

2,

with mﬂ(i) gcaling zs before. Then the exprozoiorn on <he right-han
2

12 modified with respect - le free fileld <uwue o) < fuo-or

§
e -2 AC;L azbzfyfj,f] ?7 . )

~
[
Y



This Zs equivalent to the result of Nancpoulos and Hoss who instead consi-
dered the expansion of the product of three currents with two mass inser-
tions, This corresponds to the effective ds? vertex which one is actually
trying to determine. However, our analysis is more straightforward sz it is
free of the complications entailed by the sum over individually divergent
diagrams_and the wave function renormalization arising from the weak s-4

transition.

Our result therefore reduces to that of Nanopoulos and Foss if
the momentum cut-off is effectively my, i.e., gﬁmw/u in Eg. (%3). Thic
is precisely the point which is contested by Vainshtein et al. 3 and which
is crucial if the cancellation of the leading contributions [~£n(m$/m§)]
is t¢ be maintained in the presence of strong interactions. Vainshtein et
al. argue that while the effective distance x -y is determined by the W

propagatcr (see Pig. 5a) :

— P

| x ?/ /'m,,

the effective distances x, y are determined by the charmed guark propa-
gator i

}szj /‘xll ~ bd”q 2

[

In such 2 case the short distance behaviour of the coefficient function
Cuvh(x,ﬁj must be treated more carefully, as will be illustrated below
in the discussion of the KL,KQ mass difference,

‘ 2 . .
Ir the free quark case, to lowest order in 1/mw, the hadronic
weak vertex reduces to a local current-current interaction by the repisce-

ment

3 a -1 -
(m, —k°) —> o,

This replacement is legitimate in a lcop diagram (Fig. 5b) if the remaining

integrzl ir convergent ; thern the effective cui-off of the integral iz
clear_y independent of the W masc., However, for the effective J:ij
vertex concidercd here, removsl of the W propaguter [@hich 1. equiv;_ent
t¢ texing Tirct the limit x-y—¢ in Eg. (jEI] leads to o divergernt in-
tegral. Thus the momentum cut-cff must be provided by the W mass, =nd we

conclude that the result of Nanopoulos and Ross is the correct one.



A further argument suppcrting this conclusion iz the fellowing.
He saw 1in 3ectlon 3 that the W and Z contributions to KL'*pu are not
separately gauge invarisznt witk respect to the gauge group of *he weak
nteractions., 3Since the hadronic coperatcrs appearing in the Wilson expan-
tion ure the same for the gauge dependent and gauge independent pileces of
each contribution, guuge izvarisrce cannot be maintained unless both contri-
butions have the same scaling tehavicur. 7hus we corclude that the cancel-

rms nust be maintained in the presence of strong

1

lation of En(m@/mé) T

interacticns,

i
.

§
3
o=
=
=y
S
=
b=
%2}
w
[
.
=
&=}
=
j=s]
H
=
<7
kel

To evaluate the KL,KS mass difference in zn zsymptotically
Iree theory, Nancpoulos and Ross consider the operator preduct expansion

.

{zee Fig. &)

Y . v 1 3 ) ) 7 A
b (»ﬂjf((f;/e%m S +¢u,g,217’%}(o)2‘m +

In addition to the anomalcus dimensicn associzted with the mass insertions,

the local current-current operator

— /
- 7 ’—d’; (!"(5-)5 = fo
& ok — = - o)
9(0)9/‘/0) = d X( =1 /)SJZ: . 2 &g g (34)
has an ancmalous dimensicn. This has deen caleulated in Refe. %) where it

was found that the anomalous dimension associated with & V-A current-current
operatar which is symmetric under the exchange of cclour indices of two quark

or anti-quark flelds is negative

2f the momentum cut-ofl is effectively m,,, the over-nll ctiecct ol ctron;:
i

interactiong i to modify the free quark amplitude by u factor



{"2‘JGD + d&.)/(bq

[a(,, (m,)
o (0

whers di 15 defined by

7 =d 4 (s ®: dg =t dy -2

L g 2 } Lt

3

This iz the result of llanopoulos and koss who evaluated Eg. (35) for n=4

and subtractioen point -1 GeV.

However, in this case the GI¥ mechanisr hac the effect of sub-
tracting both fermicn propagators, so the locp integral femains convergent
when both W propagators are removed (Fig. 7). Therefore, the correct
procedure iz first to evaluate the corrections to the effectively local cur-
rent-current interzcticn obtained by removing the W propagator (Fig. T},
then to consider the time-crdered produci of two leeal current-current ope-
rators thus obtained. In this instance we zgree with the approach of
Vainshtein et al., but differ with their numerics]l result, Qur evaluation

iz described in what follows.

#irsv, we conzider the operator proeduzt sxpansion of two currents
it was chown ir kef. %) that the leading contributicn 1=

. F
jﬂ’”]/"’ -é z’ﬁs 00, l0) * Co (x) 0, (0)} 058, <ir 8.

where O o iz a lceal V-4 current operator witk the internal Symmetry
=y

structure

Oa = 2 [(du)(us) = (ds)(as)] = (u—c)

s

f Ry
Tl _"{ ?;‘_ [;{_{)]}—,



Ihe arctralous dimension - iz giver zbove und
'l =

The efrsctively local current-currant sperator ik ootained by leserting the

interrsalute boson propagator and integrsting wver x

%,y_ (0) = g‘f,!"'z Az m}) T(J'”/xjcj/',ffo; )

Cﬁ%/
h
= _F gggfg 5545% -;; ?ﬂlﬁfﬂij "

UE— rz G‘ngﬂ) J C:L

an (/4)

Z(.‘*n(7”% i/'gh/zn 7 -

Oaj-

However, it is prcbably more acecurate to consider two regions of integration ;
one above the scalilng threshold for ordinary hadrons, but below excitation of

the chzrmed quark :
< -7
AT g, 7 =3

and cne above charm threshold

u
AN

w, <l X oo, 7

Then the expression on the right in Eq. (3€) is modified by

ot (), >]1/bn oAyt THY [ oly(my) V3 %s
- D
Ay {/‘) A, ix ) K (M)

To obtaln the effectively lccal i,ﬁliz & operator, (oo onuos

next coneider the time-srdered product

Kooy = [ Ty, Hy o))
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There are, of course, contributions from low energy (i.e., below scaling
threshold ) intermediate states, which are by themselves of the correct order
cf magnitude :

- (-7
<Klf(ds,2 kD> ~ (mg -9 ) +i s

The Ks lifetime TS::FS-FL measures the absorptive part of the low
energy contributions and one expects the corresponding dispersive part to
be of the same crder of magnitude, which is the case for the measured mass
difference mL-mS::TS/Z.

The rble of the GIN mechanism iz to ensure that the high energy
contributions are cut oif at the charmed quark mass oo tha* they glve =
contribution which is not too large, i.e., is of the same order of magnitude,
We shall evaluate thai corntribution assuming thzt the distance ix[ﬂ#]/mﬂ

is "shori" on the scale of uncharmed hadrons, which is = posteriori justified
by the observed scalirg below charm threshold. Then we must consider the
short distance expansion of the operator product in Eq. (37). Henceforth we

51 1 G anc s
consider only the enhanced part of ofF

14/
V4 Ce, 0 nb ~ agm)]'%': d«!‘%i] Vs
47w A LT

dqrmr.) a’
(38)
Tre relevant part of the operator preduct expansion is now
a2 7 ” , P /
:’W e
Outx:Ocfo) ~ P Clu)G o) l0) =i ing) Olto)
Tre sculing propertiez oI the coefficient function c' are determined by

the anomalous dimensions of both the operators Oa and 0!, Solution of

the Czllan-Symanzik equation for c¢'(x,g) gives

b db’
¢ ‘-’I/f"f,j) —> %LC?x,o)eJ Y [3’5-2);-12(@]'

z))] (40)

3

Lies upitlute norzulizstion is obtained by 2 summation cver colour indices
., ) 2 . . A N - Y
ir forming the producs 5, ~0l. Then inserting Egs. (z2)-(4u) in Eq. (27,

the effeetive |A3] =2 operator is modified relative to the free quarg

case by the factor
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~ 0.¢ (41)
z

4 T (Pa) ]'“Zs [c(?, c‘wm] ~70/4

2L d, om) Ay (p)

where we have evaluated this expression taking

2
- o x fo0 M 26l = 7 GeV,
‘% -.’l/ . e /“

n

The explicit evaluaticn of the expression (41) is of course subject to
caution, particularly for the contribution from the momentum regicn
po< |p| < m, . However, the gqualitative result is that the effects of
strong interactions make a negligible difference with respect to the

free quark model calculation.
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Diagrams contributing to the effective Zds vertex.

Diagrams contributing to the effective §.ds vertex to

2
order G1=<y{mc/mw) .

Lowest order diagrams contributing toc Fig. ia.

lLowest order diagrams contributing to the n-A

(Figs. 1a, 1b).

Diagram (a) contributing to the cffective operatcr of Eg. (32)

the same diagram (b) in the limit

Diagrams contributing to the effective operator of Ig

The diagrams of Fig,

£ in the limit

%~ 7] = 0.

?

transition
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FIG. 2



(d) (e) (f) (g)

FIG. 4
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Figures 6 & 7 not available.



