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Abstract

We use the Reggeon field theory rules for inclu-
sive reactions to study those processes in the triple-
Regge region. We first show that at asymptotic energies
the dominant Reggeon graphs have a single Pomeron con-
nected to external fast particles. We construct the
sum of these dominant graphs by obtaining the infrared
forms of the Pomeron propagator and triple-Pomeron vertex.
This is done by an expanded set of renormalization group
equations which allow one to determine the separate
dependencies on all momenta and energies. As a by-product

we obtain the momentum transfer dependence of do in 2 » 2

dt
processes. The inclusive cross section is discussed in
detail as to its dependence on momentum transfer and miss-
ing mass, and we verify that there is no violation of s-
channel unitarity when Pomerons interact among themselves.

We also estimate the energy at which our asymptotic forms

start to become wvalid.



I. Introduction

In a companion paperl we have given rules for calculating
the effects of multi-Pomeron cuts on inclusive processes in the
triple Regge limit. Here we shall use those rules, together with
the renormalization group, to calculate the inclusive cross sec-
tion in the triple Regge limit. As a by-product of the calculation
we obtain the diffraction peak in 2 + 2 amplitudes.

In Ref. 1 we used the hybrid diagram technique of Gribov2
to obtain the "Reggeon calculus" rules in the triple-Regge limit.
As in the case of 2 +~ 2 processes3’4, it is t-channel unitarity
which requires the cuts to be determined by these rules. (This
point is made directly by Cardy, Sugar and WhiteS, who derive
the "Reggeon calculus" in the triple-Regge limit using t-channel
unitarity alone.) s-channel unitarity has not been used at all,
so one must check to see whether it is or can be satisfied. One
of the most sensitive checks is the requirement that the cross
section for events in the triple-Regge region not exceed the total
cross section. This requirement is not met by a simple Pomeron
pole with a(0) = 1, and o' (0) finite.6 What we reguire, then is
that the effects of the cuts restore s-channel unitarity in this
restricted form. The cuts are strong, and we shall find that
unitarity is indeed restored.

In Section II we use the renormalization group to prove
that the dominant contribution to the inclusive cross section is

due to Reggeon diagrams in which a single Pomeron is attached to



the external fast particles. As a consequence, the inclusive
cross section factorizes at sufficiently high energy. A similar
result has been found for 2 - 2 amplitudes.7 In both cases, the
effect follows from the manner in which the product of a number of
Pomeron field operators at a point is renormalized. As the number
of Pomerons coming together increases, the dimension of the pro-
duct changes, introducing a factor which suppresses diagrams with
multiple emission of Pomerons by external particles.

In Section III we begin the study of the dominant contri-
bution. Hére we encounter a problem which is connected with the
large number of independent variables for an inclusive cross section.
If we copy the treatment of 2 > 2 amplitudes7, we obtain a scaling
law, Eg. (29). However, a single scaling law becomes less and
less interesting as the number of variables increases. For example,
the scaling law for 2 »~ 2 amplitudes is enough to determine the

energy dependence of o but the scaling law for inclu-

total elastic’
sive reactions in the triple-Regge region is insufficient to deter-
mine the contribution of such events to the total cross section.

In Section IIT we therefore apply great effort to the calculation
of the scaling function which appears in the scaling law. A simple
technique for calculating scaling functions was introduced in
Reference 7, and we first show why it is not really satisfactory.
The trouble with this technique is that it is not uniformly wvalid

in the neithborhood of J = 1 and t = 0. We develop new formulas

in Section III which overcome this defect. The presentation in



Section III is for the Pomeron propagator, which is one element we
need for the dominant contribution to the inclusive cross section.
The calculation is lengthy, but it results in real improvements.
We can now give detailed angular distributions in both 2 + 2 and
inclusive cross sections. The scaling law seems to suggest that
the propagator has a fixed cut at J = 1, but our new formulas show
that there are only the moving Regge-Mandelstam cuts. Our formulas
also have some conceptual interest in that they show what can be
learned from the renormalization group by studying the dependence
of Green's functions on the most general normalization point.

In Section IV we complete the construction of the dominant
contribution by calculating the energy non-conserving triple-
Pomeron vertex. Here again, the scaling function is obtained.

In Sections II to IV we calculate to lowest order in the c-expansion,
where ¢ = 4-D, and D = 2 is the number of transverse dimensions in

a high-energy collision. From experience with the scaling expon-
ents, we expect the lowest term in the e-expansion to give the
qualitative predictions of Reggeon field theory at D = 2, and we
expect the quantitative predictions to be correct to within a fac-
tor of perhaps 3.8

In Section V we evaluate the inclusive cross section in
the triple-~Regge limit and exhibit our results in various forms.
We also verify that the integrated inclusive cross section grows
no more rapidly with energy than the total cross section.

Section VI is devoted to conclusions and a summary of what

we have accomplished. We estimate the energies at which our



asymptotic formulas should hold, and find they probably are not
applicable at presently accessible energies. WNevertheless, the
formulas we derive have considerable utility. We are able to check
s—-channel unitarity, as discussed above. The distributions we
calculate have all the gqualitative features seen in the data. For
example, in 2 » 2 processes there is a shrinking exponential dif-
fraction peak which dominates the second diffraction maximum by

six orders of magnitude. Since we know cuts are strong, it is not
obvious until the calculation is done that the interacting Pomeron
will lead to a forward Regge pole-~like distribution of this sort.
Another noteworthy feature of our results is that the inclusive
differential cross section is non-zero at t = 0. Therefore, if one
insists on fitting inclusive data with a simple Pomeron pole in

the triple-Regge region, we do not expect the phenomenological
triple-Pomeron vertex to vanish. (We emphasize that the triple-
Pomeron vertex does vanish at ti = 0, Ji = 1. When cuts are pre-
sent, the inclusive cross section does not vanish at t = 0 because
Ji # 1 contributes to the Sommerfeld-Watson transform.) Our re-
sults agree with other treatments of the inclusive cross section

in Reggeon field theory where they overlap.lO

ITI. The Renormalization Group and the Inclusive

Amplitude in the Triple-Regge Limit.

The inclusive cross section for the process Py t Py pi + X

is given by the formula
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The six point amplitude T6 has the kinematic identifications shown

in Fig. 1. The triple-Regge limit is
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In this limit T6 has several contributions, of which one has a
discontinuity in sl.l This contribution is given by the Sommerfeld-
Watson integral C+2o0
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For Pomerons all signatures are positive, Ty = 1. The inclusive

cross section is therefore
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As in Ref. 1, we shall replace the angular momentum and
momentum variables by energies E = 1-J and two-dimensional space-
like momenta g, 32 = -t. We also replace §; £ * by [Ellz = 1.

2 %3 =

In terms of these variables,

4 Ctico

Q‘ = ' {‘AEldEszS F_—/F I~ ./_ -2-9&)

dtdg"—Mz /GT-J‘ (22_7‘)3 VTh e TS) '2 T M
C-ioo

xaﬁb[-l:‘, h%z—(Eszs)h%;]_ (6)

The rules for calculating the partial wave amplitude F are given

in Ref. 1. They are stated as Reggeon perturbation rules:
1.) Draw all topologically distinct Pomeron digraphs

{graphs with arrows on Pomeron propagators) in which energy E

1
enters and energies E, and E, exit. Only triple Pomeron vertices

2 3

are included, but any number of Pomerons may couple at a point to
external particles. An example is shown in Fig. 2.

2.) TFor each diagram, identify the "notable" vertices.
A notable vertex has one incoming and two outgoing lines. In addi-
tion, notable vertices have a topological property which can be
stated in terms of paths following arrows and leaving the vertex.
The property is that no path starting with one line leaving a

notable vertex ever meets a path starting with the other line leav-

ing the notable vertex. Notable vertices are identified on the



Reggeon diagram in Fig. 2.

3.) At each vertex put ro/(2ﬂ)(D+l)/2.

4.) For a coupling to external particles in which s

Pomerons come together put (i)s_l NO S/(ZTr)(DH‘)(S_l)/z.
14

-
5.) For each Pomeron momentum k and energy E use the

propagator

G, (Ek)= 2 :

E-o B rie (7)

6.) For each elementary two-Pomeron loop put a factor 1/2.

7.) Choose one of the notable vertices at which energy will
not be conserved. A diagram having k notable vertices makes k con-
tributions in which energy non-conservation occurs at a different
notable vertex. (For some diagrams, the contributions with differ-
ent notable vertices chosen as energy non-conserving will be topo-
logically identical. Even in this case, each contribution must
be retained. See Section V of Ref. 1 for an example.)

8.) Conserve momentum at vertices and energy at non-
notable vertices. Energy is not conserved at the energy non-
conserving vertex chosen in step 7. At other notable vertices

insert a factor

+ . )
S (Ein - Eouf:) = Z/[ZTC)(EM“ Eau.t fLé)-
(8)
9.) Integrate aPx dE over remaining internal momenta and
energies.

(D+1) /2

10.) Multiply by 1i(2m) for overall normalization.

In these rules, D is the number of transverse dimensions. Physi-



cally, D = 2. No intercept renormalization is required to main-
tain a(0) = 1 within the e-expansion.
We now want to study the infrared behavior of particular

contributions I g to the partial wave amplitude F. Ig

s S_.s
105053 1772773
is the sum of all Reggeon diagrams with S Pomerons connected to

the particles where E, enters the diagram and 52(53) Pomerons con-
nected to the particles where E2(E3) leaves the diagram. 1In order

to begin, we introduce the renormalized contribution I .
R,sl,sz,s3

This is calculated in the same way as I but with the
S1rSyrS3,

elements in perturbation theory replaced as follows:
. . -1
' rA 3
Propagators: 7192, o —> .
E-ol B *+ie E-Zyu B e

Vertices: r, — if,r;,

External couplings: A(’,b —> Z4+3 o,4 -

It follows that
> ’
IR,L,,A,_,AG (Ei);l ro)“o) Na,A, ) N";ﬁ/z) N@Ag)

- -3 / A /R
B IA‘:}'O‘:.’A‘s (Ei, FJ Z‘ z3 k;?) Zzoéb) zs ZA.*’.? N‘1A"l)

~da /2 ~A3f2

zs zﬁz.,.s No) A'l) »ZS ZAS'I'S M; A’g). (9)

We define renormalized couplings and slope by
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Then we have
-> /
I‘E.,Al,,ﬂ!‘_,,dag (Ei,z— ) b X, N,d;,) A,/dq,) Nﬂs)
= ’
Ibc,/ﬁlubs (Ei;;) l'e, %z, No,,&,, No, da, /Va,,ig) , (11)

This gives the invariance of the contribution I under renormaliza-
tion.

The renormalization constants are chosen by placing nor-
malization conditions on the renormalized proper vertices intro-
duced in Ref. 7. The proper vertices are one-Reggeon irreducible
Green's functions for m incoming and n outgoing Reggeons, with
external propagators amputated. Renormalized and unrenormalized
vertices are related in a manner implied by perturbation theory

rules

(mrn) (Z )(”*'"Vz. (n,m)
(Eh}“roc) (E} ) (12)
(We remind the reader that proper vertices contain only energy con-
serving vertices.) Therefore, by placing appropriate normalization
conditions on the renormalized vertices, we can fix the Z's. The

conditions we choose are those of Ref. 7.
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E=-En,E*=0 (13a)

(13c)

From these equations we learn

Z"’ _ aif’“")/
- — 2
S at E=-EN)E,=D ! (l4a)

I

- -~ )
— (. "\~! o’
Zz ( o) 5.3 aE_),_ /E=‘E~) E’i‘:o ? (14b)

- (
27 = (e oyt @
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We do not have to introduce a separate renormalization constant

(l4c)

for energy non-conserving triple-Regge vertices. If we did, the

normalization condition would be like Eq. (l4c), but P(z'l) would

7 (2,1)

be replaced by ;» where the twiddle indicates the presence of

one energy non-conserving vertex in each perturbation diagram for

5(2’1), and a 6+ at other notable vertices in 5(2’1). However,

when external energy is conserved, as it is in Eg. (l4c), 5(2,1)

P(z'l), and the new charge renormalization constant equals Zl'

The renormalization constants ZS are fixed by placing

+3

normalization conditions on renormalized proper couplings to ex-

ternal particles. These are one-Reggeon irreducible amplitudes
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fortwo incoming particles and s outgoing Reggeons, with external

Reggeon propagators amputated. In calculating ZS 3 we take N

+ o,s

to be the only nonzero bare coupling. Renormalized and unrenor-

malized coupling functions are related by

42 — p
'AR/A(EZ') :')) ¥ “; Md-) = (ZS) A,o/ /E"/ft') r;/“’) %,a),

(15)

The normalization conditions and renormalization constant are

| ( -
’ E,;=-E»,?,; =0 ’ (16)

(d+1) (a-1/2

2 - (NoaJ A [

) ey (17)
’ ‘ »
A Eﬂ) : :D()

Since A depends linearly on No o ZS+3 has no dependence on this
14
11

parameter.
A renormalization group equation can be derived for
I by noting that the right side of Eq. (9) has no depen-
R,sl,sz,s3
dence on Eg+ By applying the chain rule we find

2 1R82 (9 4 -
[EUQE“-F 59 t §a-:' + (LyrReths) z - qu /P 433]1%%%% 0.(18)

In writing this we have replaced r by the dimensionless coupling

constant

e
/" (x’)%(E”) - (19)

The coefficients are
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In these derivatives, the bare parameters r, and aé are held fixed.

We can use the dimensional arguments advanced in Ref. 7 to derive

the representation

IE' yhyRay &g = Nﬁq NA; N,a,3 (EN) ( )‘? (A,+,A.z+43 -4)

’(% /—)2
X
Ay by, Ay j) (21)

From this it follows that

[§-§ s’ p 52 42 Le A,)A«z,d.s(gEi)}—‘)f)x:E”):O

gd at” (22)

Combining this with Eq. (18), we obtain a scaling equation

3 o '
[gg—' '&}'4-(%-?)&%/ +2+&,+)ﬁaf-)ﬁ3
- Y
(AI+A;+A‘3)5‘JIE,4"A‘1,A3 (‘55‘-'52 ; N2 E,/) O. (23

The solution of Eg. (23) is
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LR 400,04 (§Es, ;“ 9,4, &)
= IR;A-“A‘UA-S (Ei) 5?)) j(—/{w 5), 02/(_&"}.)’ EN)
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(24)
where g and &' satisfy the ordinary differential equations
%ﬁ’ = -A (1), 7o) =g,
AXTE) 7 - S(zl0, 900 & 7o) = o’
dE FE) 0) =e¢ (25)

In Reggeon field theory, this equation is useful when B (g)

has a zero with Qﬁ > 0.

dg Let us suppose 91 is such a zero. Follow-
ing the standard analysis,

behavior of I7:

‘IR Ay bz by T (EN)‘z(EN)

we find a scaling law for the infrared

4 /,0',4-424',43 4)

——————

En

(-e <

ﬁ“%% (&, 4( _€ -z{f’)) (26)

Here E is a linear combination of the Ei’ and
Q= -2+ Z(i,)%(ﬂ.’-ﬁ,ﬂ.ah&g -4) +é'-,Y(;,) (L) +4a+A3)
.-a;lc?o "iZZC%J "423£?J)

2(20= [ — S(<04) (27)
MI
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Eqg. (26) can be restated
E(i,
IE,AJ”A;:,AIS [Z'E& ) A

; ) ;\ Lr 4, 4y, 4y (tn;) (28)

From Egs. (6) and (28) we obtain a scaling law for the inclusive

cross section which holds for large Mz/mo2 and s/M2.

do GME L) = 73R Yo L a2 f
Eain Mg M t) =4 Iyl NI ‘)

This shows the shrinkage of the inclusive diffraction pattern, and
that the contribution I with the lowest index Q dominates at high
energy. Note that further work will be required to determine the
shape of the diffraction pattern.

We will compute Q in the & expansion. When D = 4, gy = 0.
For €¢ = 4 - D small, there will still be a zero of B with 94 small,
and we will work to lowest order in e.. This means we calculate B
to order €g and eog3, and the other renormalization group functions

to order sogz. Some of the functions have been calculated before7

_ € (g%g
/g ;Z?- f-¢$( Ejeﬁ.)

2

= _ _?Z__ _ (30)
2 Fm)b’s-



g
T

-16-

The anomalous dimensions associated with the couplings at a point
to external particles are calculated to order eogz using the s(s-1)

diagrams of Fig. 3. The expression is

- 2
Xb = - 'A"( ié;)?/é (31)

We thus find, to order ¢,

<

/
(§r) 72

- - £ )=/ +.E
= S =g Bprs iy

NN

- - .E— dla=),
Q- -3+5 +(1-%) (4Pt Ay =)
€ (800D + 4al0ami) +R30057)] (32)

We see from this that the leading contribution at high
energy comes from the contribution with Sl =8, =85 = 1, which is
illustrated in Fig. 4. The leading contribution factorizes, as it
does in the four particle amplitude and total cross section.7

In Ref. 7, the four particle amplitude was analyzed in terms

of Reggeon contributions In m’ in which n Reggeons are emitted by
14

one pair of particles, and m Reggeons are collected by the other

pair. The analysis of In n is analogous to what we have done here.
’

However, in Ref. 7, Yy Was erroneously omitted. When it is included,
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one obtains for the asymptotic four particle amplitude

Im T(at)~ albe )y 'P) 5 £ [ttt )
mynz=i

~(nem-2)[ Y(9)/2 + (O4) 2(2)T+ 8 (3)+ 1} [

et ’ P+l

(33)

This equation corrects Eg. (112) of Ref. 7. None of the conclu-

sions of that paper is affected.

III. The Pomeron Propagator

One element in the dominant contribution is the complete
Pomeron propagator. To calculate it we must determine the momentum
and energy dependence explicitly. The techniques used in Section
II and Ref. 7 must be altered to accomplish this. Let us begin
by showing precisely how those techniques are inadequate.

In Ref. 7, by using the arguments of Section II, a scaling
law was deduced for the infrared behavior of the renormalized in-

verse propagator

PR("‘)(E) E’,’;”c‘;e‘”) =Eu[‘£_) c,ém (( ) >}') (34)

Since g = g, on the left, this scaling law holds for all k2 and

E.12 Our task is to calculate the scaling function ¢l 1° Since
4

gl2 = 0(e) we can determine the left side as a power series in ¢

by using perturbation theory. On the right we expand



-]18-~

% (p,e) = Ze“ " P,
_ -E_Z(}O ,Ez
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(35)

We have expressed the 97 dependence of ¢l 1 @s an explicit depen-
14

dence on € in Eqg. (35). Comparing powers of ¢, we find the first

two terms in the expansion of ¢ll 7

(o) (1

b, = l=p s Ty = L (e Lp) [ufivgp)—1]

(36)
So far no problem is visible, but now let's rewrite Eq. (34)
as
2 /-JA(Z') -3()
(',l) A

(EE';,,M’E.;) Eu(“t) 2 & ,,,((e,u) '—”)'

En (37)

We can expand El 1 in a power series in e like Eg. (35), with the
14

result
- (n)
%, (p€) = Z en &,
.7 (0)
z - l

- -/~ =

iqz,f,‘)= -~(1+-——) [Lu,[-—+-- ]

(38)
Now suppose we set E = 0 in Eqg. (37). Then p > « and
i) ,é" /+é/a4
)
] , (_
LFR (o, F,}l:“)eﬂ) = - En (! (39)

EN
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Comparing this with Eqg. (34), we find that ¢l ] must have the
14

asymptotic behavior

| +€/24
; &€
i (pe) ~ -(1-£)(p)
iyl ) 4
) F P"eo << f (40)
When this is expanded as a power series in e, the first two terms
resemble Eg. (36), but the expansion in powers of & obviously
should not be truncated. As things now stand, Eg. (35) is useful

/¢ while Eq. (38) is useful for |p| >> e €. what

for |p| << e
is needed is an expression which agrees with Egs. (36) and (38) in
these limits and interpolates between them. We turn to that task.
Our plan is to improve upon Section II in two ways. In
Egs. (l13a,b) we normalize at a general point so we can cbtain the
implications of the renormalization group for a general change of
normalization point. We also use the renormalization constants as
the objects we study. Knowing 22 and ZB’ we determine the propaga-
tor through Egs. (14). Since Z(g = 0) = 1, we avoid the undeter-
mined boundary value on the right side of Eg. (24). The boundary
value is equivalent to the scaling function in Eq. (34), so we
learn what we want. The improved scaling function is an infinite
power series in ¢, and it provides the interpolation between the

small and large p regions.

Qur new normalization conditions are

. (1)

il
9 R = I) {41a)
SE =-&,

oy
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Qif"aom/
IF* e

=-EM

=KN
(2,)
r / / (D+)/2
= r/(r (41c)
R g =ze,=265= -5, ) : ©
ki =0
The renormalization constants are given by
zs-l_ azF""’/
E E;—'-f_u ? (42a)
E=k“

[

. (LN
27 - (g))1 By LT [ ,
2 % 3 Sy
A= by

Renormalized and unrenor-

(42b)

and Zl still determined by Eg. (l4c).

malized parameters are still related as in Eq. (10). We introduce

the bare dimensionless coupling 9"

S S

(43)

We also define renormalization group functions
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<;J%mfful R ’ e;lhtlaf,A;J
Be=2f | _ _¢ 34 @
I E, /B ;g- * j ZE/B)
Fi = 3—?—/ e g OMZ
Sk Iy~ I axﬂé;/e’
5= {rb;db’f (44)

Note that the renormalization constants can depend only on dimension-

less parameters; we choose these as the renormalized parameters

X = a'sz/EN and g. By the chain rule we have for Z

lo= Lo 9huZs | (r ) 3buZ:
;  oy O X

3

| 2/E= B ddnzs + (G +1) d iy
F g QX

These equations can be solved for the partial derivatives

(45)

a,&nj /é_ (46va) Qh"; F:

(46b)

-‘2@5= _;Z 9»&‘23: ‘?//é/fé“)é',gé
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where

B = Bel(1+TL)+ /@k(’"Z-E))
Foo leli+G) + B (1-T),

(47)

are effective B and y functions for the generalized normalization
we use. We can now integrate Eg. (46), using the boundary condi-

tion Z3(g =0) = 1:

(48)

/(;,x)
Zs(9,%) = Mp ;/.‘6/?3(;:7()

Similar calculations produce the rest of the renormalization con-

stants.

_fxz'ffzjx)

73
{AM « £ nngm)f

2 (50)

Z,(9%) = ""‘f

Z(g:x) = %fﬁ(;,

where

- E—3 Z- +t .

T = k (51)
It is well to pause here and reflect on these equations.

Suppose we begin a calculation with perturbation theory, which gives

the Z's as power series in Jdo+ From these series we obtain the re-

normalization group functions of Eg. (44) and then recompute the
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Z's in Egs. (48) - (50). No approximations have been made, so for
the exact Z's the original series will be equivalent to Egs. (48) -
(50). The only difference will be that Egs. (48) - (50) give the
Z's in terms of g rather than Ior However, Egs. (48) - (50) are

reformulations which will lead to different expressions from the

renormalization constants when approximations are made. The
approximation we shall make is the usual one of truncating the per-
turbation theory expressions for the renormalization group functions.
In this case, Egs. (48) - (50) are much more useful than the orig-
inal (now finite) power series. The new Z's are infinite power
series which are singular at the value of g for which B vanishes.
This singularity gives us the infrared behavior we want. The pro-
gression from the finite power series to Egs. (48) - (50) therefore
goes from a less powerful to a more powerful use of the information
available in perturbation theory.

We continue by rewriting the relation between renormalized

and bare parameters
-
fa ; j ’ (52a)

12
ﬁ;éﬂ = X Z, (f; X). (52b)
Ev

i

Xo
This pair of equations has an inverse, which we write formally

= $(4%,%,)
g 3
x = 72(;—0) Xo)- (53)
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Using & and n, we express Egs. (42) in terms of bare parameters

g _ and X

"

=13 E=-Ey
E?E=£hr

Z\:( §(jo>xp), ?(;o, ’XD)>

34 r,(t,l)
2

oE" E=-Ey
E’zﬁé: (54)

= - Z (575,

We examine the infrared behavior of these derivatives by letting

EN + 0, with ry and a; fixed, and Xy varying in a manner to be
specified later. 1In the infrared limit 9o > », and we need the
behaviors of £ and n as their first argument tends to infinity.

We begin with Eq. (52a). As 9o 7 ®+ wWe see that either g tends to
infinity, or Z vanishes. We will study the possibility that Z
vanishes and later will see that this is the relevant case. Eqg. (50)
tells us that Z vanishes when g approaches a zero of B(g,x). We
make this quantitative by assuming that B{g,x) has a linear zero

at g = g4 (x).

Blp.%) = fx) (5~ 4,00) + higher Terms.

(55)

Then for g near gy
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I Bi= GO g0 - 3] + I 2 (%)

0o
*Z @i (0 [g- q00]"

h=i
(56)
where Z; = 1, Z, or Z5, and
- / -
c(x)=4é (1+T), , Calx)= -Ig_’.;(z)” c3(x).,s:(y),. -
A

The suffix "1" means that gl(x) is substituted for g wherever g

appears. For g near gy

Z(},x) ~ g(x)[j,(x)-}_?c.

(58)
As long as ¢ is positive, we can invert Eg. (52a) to find
(30,%) ~  %(7) 00 ]'/C
X l = = .
S g'o) 0 ja—-oo }a Z(;Z) (59)

Eg. (59) is not yet a total inversion because n appears on

the right side. We must also consider Eqg. (52b). For g near gy,

= C
Zo(§.%) ~ Zo(0) [fi00- 2] (60)

Substituting x + n, g » £.in Eq:. (52b), we-find n is ‘determined from

~ - 2:(n) C/c
xa - }223(7) ;pv-z.‘(n) .

We rewrite Egs. (59) and (61) in a form which specifies £ and n

(61)

as EN + 0
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Cz/C
D(okl: - ?t (n) [ (“4)%}:(’2) i
EN""ECz/‘k‘- - )Z z )Z r, 2(72) )
(62a)
he [ (x)% g, (»z)j 4
= $(n) - E = ,
$ p ) N [ fo Z0y) 625,

We now have the infrared behaviors of the derivatives of the in-

verse unrenormalized propagators, Egs. (54):

az;l"""’/ (& )663/4“._( )" 4 ,/»L)]
oE ;:_f: " 2 [ A Z(’Z)
= RN

-G/

?

- G(C2+C3 /4C

c-)iP(I)I
o>

Z -

& (7)Z3(7)
B b ) [ (o, )5/4% hl) ~(Ca+C3)/C

) /
/ = -, (EN)
£=-E

n 2(n) (63)
with n given implicitly by Eq. (62a) in terms of the scaling vari-
able uész/(EN)l+€c2/4c. As Ey > 0, this variable must vary in
such a way that B8(g,n) continues to have a zero at gl(n). A suf-

ficient condition is that the scaling variable, and hence n, remains

fixed as EN - 0.

The inverse unrenormalized propagator is determined by inte-
grating Egs. (54) from E' = 0 to E' = E at fixed n:

E (,’,) JP(I)') C; E’z
I
r1 (25)2? ) ;[ Z-cgéf' Era c)E?&LA; e;&r Q']‘ (64)

The infrared asymptotic form is
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(e B2y = 2 : (- €C3/4C — z
o0, B ece (8 Zq (»z)[/+7(,+§7%)]

C"(o')%j:(?) -Gt
o Z(p J

(65)

n is given implicitly by Eg. (62a), with KNZ = Ez, EN = ~E.

It is important to note that the constants c, <, and c3 of
Eg. (57) are independent of x (or n). This can be gquickly shown
for C4 by substituting Z3 from Eg. (56) into Eg. (46b). dgi?ii the
right side has no logarithmic singularity at g = gl(x), ——%§~— = 0.
Analogous proofs hold for ¢ and Cqye

In a sense, Egs. (62a) and (65) are the desired asymptotic
expressions. However, we lose all information about the x depen-
dence of the propagator when these equations are evaluated in the
first order ec-expansion. This dependence is retained if we work
out some additional equations for the derivatives of gy 73 and 7
with respect to x. The derivative of g, can be found by substitu-

ting Z5 from Eq. (56) into Eg. (46b) and matching the residues of

both sides at the pole at g = gq-

Uv-g_, Be

dinx B f[/-l's) A (66)

Z, 72 and 73 are determined by evaluating
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(i%-é.+ }hz /

dinx 3}, dbnx fi?l

by both Eq. (56) and Eqg. (46) and its analogues for Z and Z2. This

(67)

yields the formulas

d—%z 3 _LS;] [6@/4+/3z-:

d Inx a;, [-Ts 201 ré.)
d A 22 [a &] Ze
———— = - t+ —_—
dInx “ Lo 1-Te Ji [/“IEJ,)
Ahz_cﬁissj_[lij
ddwx 3 aj’ [-Te J, /~Te I (68)
To lowest order in the e-expansion
Z
Y= RTe =" - —F
) 2(F) (1+X12)
Xk‘: ZZk = - ;‘(%/2.)
2(5)2(1+ x/2)’
f%E’= _ e N 2 48 3
‘f (Pr)™2 e(ﬁ%/Z(HX/a)J
’gk- - 3(’)6/2.)
e(yr>°/~>-(:+x/z.> 7
In this approximation,
3
-_.: _ &
A ?2 " ek’

<

Y = - _?§_ T = - _.??_i_ (70)
_(fu)’ 4 (¢r)e
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Egs. (48) through (50) yield

7 Z
Z= [l - (f,c)"/ze] 2) Z = [I ) (fm)gze] S
[ &fﬁ?J : (71)

From these equations we obtain

C= .2-’:."0(6)’ CZ = "’3 + 0(6) C3 == ZL ""0(6))

;l = (Zm)b/q' V?'_ q,(x,€),

Z = [—-__[‘?’Z)b/zé]%a(x,é);

Al
i
—
~
)
&
L“N
P
W
Ral
2

(72)

The small value for g4 when € is small is what justifies our use
of perturbation theory for the renormalization group functions.
The functions a(x,c) approach 1 as € -~ 0.

(66) - (68).

They also satisfy Egs.
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M - € X/2

T e,

dbmz 12 iz

dt € xp

Adbux R4 +xle
£

ddnda _ X/2
Adfmx 16 (+x/2°

dbls € _x/2_

dinx g 1+X/2 (73)
The solutions:of these equations are
_c-/lz

g, (Pr )% /_ 63(6)(11-7(/2)
-1
Z = [(h)%e] a(€) ({+7</z)e/z4,

)

e —————

— ) - % _ 16

2 - [ ] e

5 (Fz) ¢ 772 “e/p

G [ [T we )
= 1. These

All we know about the a(e) is the boundary value a(0)

functions will be determined in the higher order ¢ expansion.

In the higher ¢ expansion, additional

Here we set af(eg) = 1.

factors will appear on the right side of Egs. (74), with exponents

of 0(e"), n > 2.
Our expression for the inverse unrenormalized propagator is
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rce B -

(-€) I+ €/iz (Fz) %E /6 2‘(0()"4 /3
/+é// [ ]

6

< [1+ 7[(/+e/z4)][ )+ 71/2]6/'

I

1 492 Y >
L (0o e 7 b

(-£)'*ERs

(75)

A number of observations can be made about this result. If we
assume that the scaling variable is very small Llargel, and expand
in a power series in e, we recover Eq. (36) [Eqg. (38)], aside from
a renormalization. Therefore our result "exponentiates" those
power series and holds uniformly for both small and large values

of the scaling variable. It is easy to show that there are no
fixed cuts in the energy or momentum plane, despite the fractional
powers of energy in Eqg. (75). The moving cut is the two Pomeron
cut. It can be shown that the pole and cut trajectories are related

by the familiar equation

o (t) = dp(tty) —1.

(76)

At higher orders in the c-expansion multi-Pomeron cuts appear.
Finally by using the explicit expression for 97 in Eg. (74), one
can show that Eq. (75) holds whenever ﬁz, E and ¢ are small, even
when the scaling variable tends to infinity. The result follows

L
from the fact that g, = 0(e?) on the physical sheet of the angular
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momentum plane when Ez and E are small.
The angular distribution of the diffraction peak in 2 - 2
processes can now be worked out because the dominant contribution

involves only the full Pomeron propagator, according to Eq. (33).

Q &/ 2 5
do . [BOR®I 01" Gl [“i’f{m/m:)”é@]
dt (67 S K‘!-[F(H,G/IZ)JZ PR }

. [}
where ez loo __WxT:éTz?'

~  _~€/
Fi(x)= X TIe'/’zTr’(u-e-) dw e Livi/a] 7*
| 2 (__w)I+€-/12[/+'7Z([+6/24)J(22'75) g (78)

- {60
= = \€R4 , _i-e/z4
’2.("”1/2') = W) y (79)
(?]Z;)D/ZG (xo:)b/z /2

K écz (80)
In Eg. (77) we have included only the imaginary part of the
amplitude. The real part of the amplitude is subordinate to the
second term in Eg. (33) at high energy, so it would be inconsistent
to retain the real part and ignore subdominant imaginary contribu-
tions. Fj(x) is normalized so Fy(0) = 1. It can be put in a form
suitable for computation by transforming from w to v = 1 + 1/2n as
the variable of integration. This substitution finally eliminates
the implicit function of Eq. (79). The contour integral over v

can be shrunk down to a line integral.
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F.(x) = X 1*€24 [(1+e/z)

os P (v;,%)
2""_‘”2'/« (1+€/24)* %

{
- X erer
«_ o1 [224,6/24(/#)]”6/24 cos 23

[ +€&/24
1+ €/8 1-€l24
Vp 1+ve/24  (1-V;) T+el2q :+e/24
—€/i2

X TERE ()14 e/iz) P fd‘lf'sl'm{’("ﬁx) [(1+€/24) T~ €/24 ]

2 4+e{z4 (1 +€lz4) (+€/9 1=€leq
Uiverzs (1-7)1+e/e

% L
— |+€l2g9 T€l24
& { [ 25 -v) ] cos 1+€/29

[(t+elza) v~ 1fp ~ €/2q | ’
l
Pl = EElz  _ [ X ]“—wem&.ﬂ e /24
| +€(24 Q824 (- V") | +€&/2q °
- L 1te€liz
67 2 | +€el4 (81)

We exhibit Flz(x) in Fig. 5. At sufficiently high energy, where
shrinkage is great, Flz(x) determines the diffraction peak. It is
encouraging that it has a forward peak which is six orders of mag-

nitude above the second maximum, much as is seen in the data.

IV. The Energy Non-Conserving Triple-Pomeron Vertex.

The energy non-conserving vertex is the second function we

need to assemble the leading contribution of Fig. 4. The calcula-
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tion is a straightforward generalization of what has been done in

Section III, so we will simply list some key equations along the

way.
The normalization we use is that of Eq. (41l), except we now
set EN = El' and sz = ﬁz, where -El is the energy entering the

non-conserving vertex, and +k are the momenta flowing out. The
renormalization constants are given by Egs. (42a), (42b), (l4c),

and there is a new constant related to the energy non-conserving

vertex.
- (o+fz  _ ~(z,p 2.2,
ZO = (27[) (ra) l_l (— E()_E'Z)— Es) O) F) E) G)oz(ag)z)
Zo = Zl when E2 = E3 = El/2, ﬁz = 0. Renormalization group func-

tions associated with ZO must be defined.
,L(.E. = 9:&0 ZO/ /b(, - Q%Zp /
T oMmE; g 7 TR B g

The treatment of Z, 22 and 23 is unchanged from Section III.

(83)

Zo depends upon the renormalized parameters g and x plus the two

new ratios

(84)

;k;a - fELAE’) ;kg = E%VZQ :

The differential equations satisfied by Z, are

o _ -Z'—E-: dhBo _ Upge - (ZTpe)fe
3ut YY" K3 ’

Za (85)
I
S ImA;
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where

o= (ZHe)(1+Ty) + Me(1-Te) (86)

Thus

Z,(5,%,4;) = Mf/“fﬂ-(i’fﬂ (87
/3(; x)

The unrenormalized energy non- conserving vertex is given by

F,'(z)')(_e,)_ez)-Es) o, E,,z Eb)z rc)xbl)
i (2/z)coﬁ>/;_ 2, (§(],,X) 1355 %) @

The infrared limit is studied as in Section III, with the result

70 (-E, €, -€5, 0, B2 B 1 )
=r_°“;,‘,7— (E‘)-eco/c ‘ga_l(’l:)i) [ﬂ)_o/‘;M]-ca/c
(2r)®*V2 e 30p) "
(:‘:,,?ecz/“ ) 7 2 (7) [(i:')%?%z()m ]CZ/C (89b)
L [ﬁ]'_ (89¢)

One can show that 4 is independent of both x and Ai' In the e-

expansion we will also need the differential equations for the

parameter dependence of 26.
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tho - o ZME

A X "C”[éj MEJ; - Ly-zg ],

A,

dImdy e . (90)

When calculating in the lowest order e-expansion, the only

new feature is the evaluation of the "energy conserving. diagrams"

of Fig. 6. The new renormalization group functions are

pe = - (fg;;gz J 334(--+—L-))

?EL)T/z Ay fdi’(l-(?) L

K -
Eg = - (&_%A fdz(l})._

Mp= - dy (i- z)(“*‘"‘
o - e b4

where

(92)

Y+ (=g %y + (1-42 g.,
X
<

= Yt () dg + (1-;*-)

Thus, to this order,
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_ 43 2 - _ G;¥z4 °2Ké
H = “—‘;T/) = [ (Pz)%e ]

_ = (J’r)%e %
¢, = §+0(e)) Z,,-—-[ L ]

X, Ai)-
7 4y (%, A:) .
Equations for ao(x,ki) follow from Egs. (90)
{
Iy R = - £ X/[2 - € X (dul1-a? /- + L
dAnx 6 |+x/2 2’5,] (jf(’j)(/) A’>’
Q/‘K.Qo € I {
= - = Ay (1-4) —
PN ¢ Azofﬂf}" ’
l
ohle € g [yl L
Az 6 saf t 45 (94)
The solution of these equations is
l
T B (1 ) Copl-£ [dy (bt r ud'].

Again we choose Eg(s) = 1.

~~(2,1)

M (E”EZ’ESIDJP: En; ra:"éo’>

Our final infrared asymptotic form is

§
= I, K ¢/z ! At
B (d+)/2, -E‘) MFE_}[AZ [+ S ]})

. (2n)
«'E = Ky (l+%—)e/?4

(_E')He/aq,

(96)

In this equation, x is replaced by n in A and A'.
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V. The Inclusive Cross Section in the Triple-Regge Region.

The leading contribution based on our results is
C+ieo

do rek', A&, 4E, dEs (-£)75
- = __) () (i') / 2 3 I)
dedwM> /i B,(0) 8, @i [(ex e &) T
{

C-too

Ep { - E0 (M)~ (Ear€s) b (/M) + (&) Sy [IuAvhu4 1}

97 7
f(7z)f('73)
where
JCOZ)= [IHZ(HE-/z‘})][H;z/z_JG/li.
B e
(_E.)u+e/24 - Kyz (“'7:/2,) ,
| (98)

and in A and A' we set x = nq- The triple Sommerfeld-Watson
integral cannot be ecaluated explicitly for general t, s/M2 and
M2/mo2 because the integral over A and A' links El’ E2 and E3 in

a complicated way. However, the key limits can be studied. Let us
recall the kinematic fact that if rapidity Yo is required for a

Pomeron to appear, then the triple-Regge region is characterized by

__JEﬁ_____ < l%¢6“ﬁybz‘ < Jhc(SY?ﬂ

bu(simd) = b (s/m?) Yo (99)
2 2
nM™ /m
The ratio ——————%— can be either small or large. In
in s/M

both these limits Eq. (97) can be evaluated.
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We begin by studying the region &n M2/mo2 >> 4n S/Mz, which
is the dangerous kinematic limit for s-channel unitarity. When
the contour integral in Eq. (97) is converted to a multiple line
integral, The El integration is dominated by values of El in the
range IE1| < l/ln(Mz/moz). The integrals over E, and E5 are domin-
ated by values |E2|, [E3[ v max [l/zn(s/Mz), (-alt/K)IFE€/22].  The
first term holds near t = 0 and stems from the exponential factor

- (E,+E ;) n (s/M2) :

e ; the second term holds when |t| is larger and the
Pomeron poles and cuts have moved away from E = 0. For any t, IElI
is negligible compared with |E2[, IE3| or [Elnll in the integration

over A and A'. The reason {Elnl{ is not negligible is that it has

vanishes.

A

a finite limit as El

. I+€/Z4 ~ ~
£,-»0
The last two approximate equalities are exact at € = 0. However,

since the integral over A and A' already has a coefficient of order
€, we are free to make the replacement Elnl - E2n2 in A and Elnl -

E in A'. The three energy integrals are now uncoupled.

33
o(d"' - Kar’a(1+e/:a)38-6/3/&(0)/821(£_) _(,thz/m;-)e/lZ
dtduM™ (6 ((1+€fiz) P2 (1=€l) (4, s/pe) el

Z / 2 M*
“Fo (-5 b Sy 5) Ol > hu)

(101)

where



. J
e/2-40- (+r00 _me _ M
Ea(x') ze—é/ép(l_e/,z) xc+e’/24 f dw € [H-;l] 3y

¢-ieo (Rir) (-W)"e"z_,c(;z)

- &(1+nl2)
x Li+9/z] S%

J

-/~ €/24

(- W) = T+ 7 /2) 24

(102)
F2(x) is normalized so that F2(0) = 1, and it is an entire function

of x. We treat F2 by the transformation used for Fl' The result-

ing integral is

€/i2
Fu= (&) e e % (1-¢ /) [ @SE(5X)  F pom
[ +€lg 4_(”_(_/24) (1-7) (v;)
vy, 1
x (Z0,H) - x e y
el bl x
-2
"

x(Z‘U'—!) }[(; U')Z'(U-)P ) V(1+¢el2q) - /24
[1+€/z -2 (1+elza)]

xup{

|
]'*elz‘f Cas _TEl2d H
ZU'G/“(I ~v) | +€&/2¢

(103)

where
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=L 1rel2 (r)s —j-g , ELi2 .
= ~/-£ €42 | ¢v
< 1+€lqg )b ¢ " lre/q CU-7
N -7/ ) )= &£ - €T
3’ | +€/z4° ¢ oG

|
4’<(V',?C) - K& _ mel2 gy _ X it€/2¢
4 l'f€%24- g?;;;; [;;erZaﬁv_zr) Sﬂn_ﬁ!ﬂé&ﬁ

[+€&/24 7

!
¢ (V)= - L&z _[ X *]/+e/a4 , y
>0 PR Sin €24
[ +€(24 R y-&letq-) €72

(104)

Fzz(x) is displayed in Fig. 7. It is qualitatively similar to Fl'
but has a more prominent secondary maximum. In both these functions,
the oscillations are due partly to the fact that the Pomeron is a
pair of complex poles, and partly to interference between the poles
and two Pomeron cuts. In Eg. (101) the factor (2n M2/m02)’3/12 is
what one expects for the high energy behavior of the Pomeron-particle
total cross section.

It can be shown that F22(x) = %% for small x. This be-
havior is evident from Fig. 7, and it allows us to integrate over
momentum transfer. In doing this we assume that s/M2 is so large

that the t dependence of 822(t) can be ignored. (It would be

easy to include the t dependence if it were exponential.)
| 3, -63 X 2 ¢z
do At = o KS(H'G/’Z) € /g,(o)fga (o) (LK.M?'/MO)

2\/+5€/24
AtdmM* 327w, [(1+eha) M-€h2) (b s/m2) 7565
°e - (105)

-
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This can be further integrated over M2. Let us suppose Eg. (105)
is accurate for &n M2 > p &nS. This gives the lower limit on M2,
and the upper limit is chosen so that at high energy the integration

over t extends all the way to x = 0. At large M2,

(106)

/

- | +€/2 2.2 o +€

X pin = °‘°’é'"“'6(l’m§i) M %'",an,é.) 4
K M S/ Tk M

If we choose M2 < &8s, with ¢ small, we integrate arbitrarily close

to x = 0 and can use Eq. (105). This restriction also keeps s/M2

large enough to Reggeize, and avoids multiple counting of exclusive

events in the inclusive cross section. The integrated inclusive

cross section is

ustnz - In Vs 0

[ dbuttngy [ de 4
2 dEdor

pIn S

= 3, K3(l+6/12)36-6/3/3,(0)/53:(0) (i s/moz)é/lz
OTex, [(1+€N12) [73(1-€/2) (—ﬁwg):e/zq

(107)

By unitarity, this cannot exceed the total cross section, and we
see that it rises with the same power of &n s/mo2 as the total

cross section. Since the large M2 end of the spectrum is where a
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simple Pomeron pole violates unitarity, the interacting Pomeron
corrects that inconsistency. The factor 1l/¢ in Eg. (107) does not
indicate an infinite result at € = 0. There is another term, also
proportional to 1/¢, which has been dropped in Eqg. (107). This term
is subordinate for € >0, but not at € = 0. The factor 1/e is
therefore associated with a Stokes' phenomenon in the asymptotic
behavior at € = 0.

The other limit we study is the triple Regge region just
above the resonances, 2n M2/mo2 << 2n s/M2. We now have two sub-

cases according to the value of t. The first case is that of large

et
oot 2,1 + /24

K
El relative to E2 and E3 because the Pomeron poles and cuts have

t,

(2n M2/mO >> 1. 1In this case we can still ignore
moved sufficiently far away from E2 3 = 0. Therefore, Eg. (101)

14
continues to apply.

-a't

The small t region, —_%7 (2n M2)1 + /24

<< 1 leads to
different approximations in the treatment of the triple-Pomeron
vertex. We now drop Eyr Eg and E;n, relative to E, in A and A'.
As a consequence, the inclusive diffraction pattern bears a close
resemblence to the diffraction pattern in 2 + 2 processes. This

'is expected in the resonance region, and it continues to hold into

the low M2 part of the triple-Regge region. We find for &n M2/mo2 <<
-a't
wn s/M2, S (n M%)t +e/24 o,

de - K, e -e/ ( l+é//2)3ﬁ(a)/3:(t) (S /M‘)%
dt d uM™ (6x ["(1-€/q) M3(1+€/12) (2 MYz )%

(108)

< F( % () o)
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As before, we can integrate over t, and over 2n M2 from yo to

P 4n s. This contribution falls like (&n s)_s/8 at high energy, so
the proof that s-channel unitarity is not violated is complete.
Note also that when M2 is fixed, the inclusive cross section has
the same high energy behavior as the 2 + 2 amplitude in Eq. (76).
This is expected for resonances, and it carries over into the low
M2 part of the triple-Regge region.

In Fig. 8 we show the 2n M2 distribution at t = 0. For pure
Pomeron poles with oa(0) = 1, this distribution is flat. 1In this
interacting Pomeron theory it rises at the small M2 (resonance)
and large M2 (Feynman x = 0) ends of the triple-Regge region. The

2

singularities at M® = 0 and M2 = s lie outside the triple Regge

region.

VI. Summary and Conclusions

We have calculated the effects of Pomeron cuts on inclusive
cross sections in the triple-Regge limit using Reggeon field theory
and the e-expansion. 1In the leading contribution only one Pomeron
couples to each fast particle (Fig. 5), so the main task was to cal-
culate the complete Pomeron propagator and the "energy non-conserving"
triple Pomeron vertex. The special version of Reggeon field theory
rules for the "energy non-conserving vertex" was derived in Ref. 1.

We calculated the complete propagator and the new vertex
using the renormalization group. We first used this technique to

obtain scaling laws for the inclusive amplitude. We then saw that
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a complete description of the M2 and t dependencies of the ampli-

tude would require knowledge of the scaling functions appearing in
the scaling laws. In Section IITI we developed the renormalization
group machinery which permits a consistent evaluation of the scaling
functions. We believe this technigue may be useful for the calcu-
lation of multi-particle Green's functions in other applications of
the renormalization group.

We first applied this improved technique to the calculation
of the Pomeron propagator. We discovered that there is no fixed
cut at j = 1 in the angular momentum plane, even though the scaling
law for the propagator hints that one is present. We were also able
to calculate the leading contribution to do/dt for 2 + 2 processes.
The resulting diffraction peaks shows a gratifying qualitative
agreement with the data.

For the inclusive cross section we were able to obtain ex-
plicit formulas when 4n M2/m02 is near either the low or high limits
of the triple Regge region. The high range is the dangerous one
which leads to a violation of unitarity for a pure Pomeron pole.

In our theory we find that the high range of &n Mz/mo2 leads to an
integrated inclusive cross section which grows at the same rate as

2,1/6 10

Vv (&n s/m_ . We thus confirm the finding ~ that Reggeon

Ytot

field theory removes the violation of unitarity. We also found
that at large 4&n Mz/mo2 and fixed t and s/M2, the inclusive cross

2)1/6, that is, like the total cross

section grows like (4n Mz/mo
section. In this region the t distribution (Fig. 7) differs sub-

stantially from do/dt for exclusive processes (Fig. 5), and has a
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more prominent secondary maximum.
When M2 is small (just above the resonance region), the
angular distribution is the same as do/dt for exclusive processes,

provided t is not too large. For fixed t and M2, the inclusive

cross section grows like (4n s/Mz)l/G, that is, like the total
cross section. In Fig. 8 we give an interpolation between the low
and high M2 limits of the triple-Regge region at t = 0.

This is a good place to emphasize the approximations that
go into our calculations, and the rather slight contact we expect
our results to have with current experiments. In the first place,
we evaluate only the leading behavior in the relevant partial wave
amplitude at Ji A l, £t & 0. This restriction comes about because
we have calculated with a linear bare Pomeron trajectory and with
only a structureless bare triple Pomeron interaction. These terms
are infrared dominant, and give the infrared behavior of almost
every interacting Pomeron.9 We do not calculate the next term in
the expansion about the infrared limit, so we obtain only the lead-
ing term at high M2/mo2 and s/Mz, and at small t. The crucial gques-

2 and s/M2 must be, and how small |t|

tion, then, is how large M2/mO
must be, in order for the leading term to be adequate. To answer
this we must rely on reasonable estimates.

The t dependence will surely be wrong when the angular momen-
tum of the Pomeron is changed by one unit of angular momentum be-
cause we have evaluated Pomeron signature factors at J = 1. For

this reason, a reasonable restriction is |t| < 0.3. A second reason

for this restriction is that we have ignored the t dependence of the
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Regge couplings. Phenomenological fits generally require substan-
tial t-dependence for ordinary Regge couplings and triple-Regge
vertices.

The limit on rapidity can be estimated by determining how

far from E = 0 we can trust our leading expression for the discon-

tinuity across the cut in the energy plane in iF(l’l). For this
estimate we set EZ = 0, but now we keep all the corrections to the

leading infrared behavior. We do this by rewriting our expression

for Z in terms of the unrenormalized coupling and slope

%

/c ert
Z [I (h_)q/ae] [I * ?5’760(;)%5- ENZ-%_] " (109)

We can now set D = 2 and integrate Eq. (42a):

-£&
(P - [der[1e S 1%
o

Fraie 3 (110

This agrees with Eq. (75) near E = 0, but deviates strongly at the
transition energy 3r02/(8n)aé. Therefore we expect our formulas to

apply for rapidities
£K:5£ «J/al'hd jbt S :> 4?7'q(
mo" m Mz grl
(4]

When the energy is small compared to the transition energy, one

(111)

should expand the integrand in Eq. (110) in ascending powers of ri
i.e., one should use Reggeon calculus perturbation theory.
It is worth emphasizing the importance of factors like 8w

in Eq. (111). These make a tremendous difference in the estimate
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for s, and it is just to get them right that we have used Eqg. (110)
rather than simply evaluating some typical perturbation graphs.
For example, looking at the lowest order contribution to the
Pomeron self-energy would lead to y > leaé/roz, which is a factor
of 6 larger than Eq. (11l). To be sure, our estimate will change
in the higher order c-expansion, but we hope the factor will be
less than 6. Note that the phase space factor (81T)D/2 has not been
expanded in powers of e in this paper. It would be a serious error
to have done this, for it would have led to an extra factor of
8m ~ 25 on the right side of Eq. (11l1).

Let us assume Reggeon perturbation theory can be used at
Fermilab energies. Then for proton-proton scattering we can use

the simple formulas

o = ’,gz(o) )

deo [ 83(0) Y. (o )3/2
— o - T r
dtdomM*l, . ex °

lér (112)

From the data we estimate13

Yo = 0.7 (ch)-,’ (113)

a'! we estimate from the slope parameter in proton-proton elastic

o
. -2 14 .
scattering as 0.3 (GeV) 2. Thus we find

4
> Fred, ~ 5. (114)
' o
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This rapidity corresponds to s ~ 150 (GeV)Z. It is to be emphasized
that Eg. (114) is uncertain by a factor of 2 or more and is pro-
bably low. The triple Pomeron part of the inclusive cross section,
and therefore Xy is uncertain by at least v2, and there are fur-
ther corrections connected with the ¢ expansion and fact that we
have ignored multi-Pomeron couplings, t-dependence of couplings,
~and so forth. These parameters all set rapidity scales which must
increase thé bound on y if they exceed 5. It is interesting that
our estimate is much smaller than the rapidity 9 estimated by Amati
and Jengo.15 In any case, one can hope to see scaling behavior in
Orp and the 2 -+ 2 diffraction peak some day, but it is unlikely that
it will be seen in inclusive processes.

We have mentioned above that for inclusive processes at pre-
sent energies one should evaluate perturbation graphs. This may
seem to be a simplification, but the graphs are not dominated by
the triple-Pomeron coupling and the single-Pomeron coupling to fast
particles. The elegant universality of the high energy limit is
lost, and one must be guided by trial and error in the construction
of an adequate bare Pomeron and its interactions. The task is to
restrict the number of parameters at finite enerqgy in a believable
way.

The final approximation we have made is the use of the e-
expansion. It is more purely technical than the other approxima-

tions and one might hope to avoid it.
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Figure Captions

Fig. 1 Kinematics of the six~point amplitude which is related to
the inclusive cross section. In the inclusive process

_ gl s C o : _ _ .
8 = M™ is the missing mass, Sy = S;3 = s is the total

enerqgy, t2 = t3 = t is the momentum transfer, and tl = 0.
Fig. 2 A Reggeon diagram with two notable vertices at Cl and C2.
Fig. 3 Diagrams which must be evaluated to calculate the anomalous

dimension of the coupling to external particles.

Fig. 4 The leading asymptotic contribution to the inclusive cross
section.
Fig. 5 The function Flz(x) which determines the diffraction

pattern in 2 » 2 processes at asymptotic energies. In the

graph we have set & = 2.

Fig. 6 Perturbation diagrams contributing oy and My in the
i

lowest order c-expansion. The vertex C is energy non-

conserving.
Fig. 7 The function F22(x) which determines the diffraction pattern
2
in inclusive processes where n —Mi- >> zn—% >> 1. Here
‘ m M
o

€=2.
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Fig. 8 The inclusive cross section in the triple Regge region
at t = 0. The distribution for a pure Pomeron pole is
a horizontal line. The middle of the triple Regge region

is an interpolation between Egs. (101) and (108).
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