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ABSTRACT

We investigate the possibility of fermion confinement in a manifestly
chiral invariant theory. In particular we study the nonlinear c-model in
one time and one space dimension, and demonstrate that it is equivalent
to the massive Thirring model plus a free massless scalar field. We find
an exact, time independent, classical solution to the massive Thirring
model. This solution is characterized by a fermion confined in a self-
generated potential. In the o-model analog of this solution, the chiral
phase changes rapidly in the region of the confined fermion, and has two
different constant limits on either side of this region. We also consider
the case in which the mass of the pseudoscalar meson is small but finite,
and find an approximate solution which displays both PCAC and fermion

confinement.
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I. INTRODUCTION

In the quark confinement schemes recently proposed and studied
at MIT and SLAC, ! the origin of the partial conservation of axial vector
current (PCAC), and the unigue role of pions as Goldstone bosons are
obscure, 2 It seems in fact apparent that these models are incompatible
with the notion of spontaneously broken chiral symmetry as the foundation
of current algebra and the related lore,

This paper reports on our initial results in studying the possibility
of fermion confinement in a theory which is manifestly chiral symmetric,
To simplify the mathematics involved in such a complex physical problem,
we chose to study first a truncated c—mode12 in one time, one space
dimension. This model turns out to be equivalent to the massive Thirring
model. ] To our surprise, an exact, static solution corresponding to a
confined fermion is obtainable by elementary means in the classical
version of this model. We give here a brief description of these results.

The chiral symmetric model we consider is a pseudoscalar,
isoscalar meson 6 coupled gradiently to a massive fermion . The

equations of motion of this model are
(0 6 - = Jy.y ¥ =0
wo T 2f TV¥sY, ’
(ip - m ~ o=y y H9)p= 0
2f 5

This model, with isospin, was studied by Norton and Watson, 4 Feynman, >
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Gell-Mann and Levy, 6 in connection with PCAC. In two dimensions, it
turns out to be equivalent to the massive Thirring model (with the fermion
field x) and a free massless scalar field s :

st=0

2
, 1 - K
- ] — =0
[113 m (Zf) (xv x)YJx
The nature of the classical static solution may best be described in terms
of the chiral model variables 6 and (. The variable 6 approaches two

different constants as x - o and -« ; the transition from one value to

the other occurs rapidly in a region of spatial extent of order 1/m . Thus,

d i

1
3;9--“2—f¢¢

is substantial only in this region. This in turn creates a potential in
which the fermion U becomes trapped, so that the wavefunction ¢ also has
a range of order i1/m . The total energy of the system is finite and less
than m , while the energy of the trapped fermion goes to zero as
1 2
() ~= -
We have also considered the case in which the mass of the

pseudoscalar meson is finite, so that we have the PCAC relation:

v e 2
8Av—fp.6 s

= L_ +
A, = Lhyy uriae .

While the model is no longer soluble exactly, and is not equivalent to
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the massive Thirring model plus a scalar field, we have established that
the nature of the fermion confinement is not altered for small p. In
particular, we are able to give an exact expression for the change in the
total energy valid to order u .

The rest of this paper is organized as follows. In Sec. I, we
discuss the connection between the co-model, pseudoscalar gradient
coupling model, and massive Thirring model.Section LI gives the exact
classical static solution of the massive Thirring model, which is interpreted
in terms of the chiral models in Sec.IV, Section Vdiscusses the case of
a small, but finite pseudoscalar mass, In Sec, VI, we give a list of
problems and avenues for future research. The appendices deal
with issues outside the central theme of the paper. Appendix A includes
a discussion of the connection between the o-model and the massive
Thirring model in the quantum mechanical limit whereas Appendix B gives
a more precise description of what we mean by the classical limit in a
theory with fermions plus a discussion of the extention of the model to the
several fermion sector. A brief review of the application of variational
techniques to the present problem is given in Appendix C.

II. o-MODEL AND ITS RELATION TO THE
MASSIVE THIRRING MODEL

As a starting point we consider the Lagrangian of the chirally

symmetric cr—modelzz
£ - &[ib-g(mivv )]¢+ L[(a 9%+ (2 v)z]
o 5 Sl T K

2
- L (oPt ot (1)
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where the isospin dependence has been neglected for simplicity, and
unless otherwise specified, we will confine our analysis to the classical

theory. The Lagrangian is invariant under the chiral transformation:

g+~ gCosSa +tmwsSina
T>-cgsine +Tcosa ,
o~ expliay, /2y
a constant . {2)

6/t

It is useful to redefine the fields as o+ iw = pe1 and ¢ 7 =

exp(in 6 /2f}y, so that the Lagrangian is now

-, 1
L= (lﬁ-gp* > VBY“(BH 9))¢ ‘

2

2 p.2 2 H 2 2
+1 (£ - = -
JCHOREETCRCLIREE SO S I (3)
The equation of motion for the field p(x) is
2 2 -, 2
£ + Hp(p-1) = -gl 4f+(f;—)(a 8)° . (a)
\‘f !“L

In the limit H -« , p2 = fz, and we obtain formally the '"nonlinear"

o - modelT:

09;7‘ _ - ’(_ o _j!_ M 44 1(3 2
where m = gf ., The nomenclature '"nonlinear' is readily understood if

we write the above Lagrangian in terms of the | field:

iy 6 /f
> )¢+%(8H9)2 . (5%)

_Z: = JJ(iﬁ-m e
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The Lagrangian (5) is invariant under the transformation

6—+86 - a (6)

from which follows the conservation of the axial vector current:

Fa =0 |
I}

A = 14 -fa 86 7
W Bbvsy U £a (7)

Equation (7) is just the equation of motion for the field 6 . The fermion

equation of motion is given by
(iﬁ—m-iv v(a 9))4)’ =0 (8)
2f '5 i
In the following we shall consider only one time, one space
dimension. With this restriction, it turns out that Eq. (5) is equivalent

. N 3 . . .
to the massive Thirring model, To see this connection, we introduce

a new scalar field s{x) by
R AL LA T (9)

This "curl” representation of A" is always possible because the axial
current is conserved. Since the curl of the axial current in this model
is simply related to the divergence of the conserved vector current
L_p 'y“¢' , we have

e #a¥-8%s=0 (10)
i.e., the field s describes a free massless scalar field. We may

substitute Eqg. (9) for BHH in Eq. (8) and obtain, using the identity
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(ve¥") vsy) = -6 v

_ 1 - oy M 1
ig-m + = (7Y vf)v}l” Ear R L GO L P CEY
af® K 21 :

The last term (Bus)y“qf can be eliminated by the transformation
p* -+ x = expl(-i s(x)/Zfz)LP' , and we are left with the equation of motion

of the massive Thirring model:
. 2-
id-m+X xv“xvp)x =0
1
A== .
T (12)

The free scalar field s and the Thirring fermion y are completely
decoupled. That is, the chiral model of Eq. (5) is equivalent to the
Thirring model and a free boson term. The equivalence of the two
theories in the quantized form is elaborated in Appendix A.

Since we focus on confined states of a fermion in the following,

we choose s(x) =0 and ¢7 =x .

Ol EXACT CLASSICAL SOLUTION OF THE
MASSIVE THIRRING MODEL

We shall now present an exact, time independent solution of Eq. (12)
in the fermion numbgr one sector in the classical limit (See Appendix B for
a discussion of the classical limit), which is, to our knowledge, the only
known exact solution of the massive Thirring model, The sclution we will

present corresponds to a localized (confined) fermion field.

The Lagrangian which corresponds to Eq. (12) is
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- Vo 2
F= x{1p-m)x +—2-(xvr_,_x)

with the Hamiltonian density

2
- 14 NT- 2
AE Xy 8 Am)x - 3 (v X)
[
Assuming the existence of a static solution, the two component

spinor ¥ (x,t) will be written as x (x)exp(-i Et), and with
-1
X(x@) =0, xyx =0
(recall %;(YMX): 0), the equation of motion may be written a88
. 011 0 .2
1y vy o+tmy ~>\xTx)x = Ex (13)

The following explicit representation of the 2X2 y-matrices will be used:

0 o1 5 _ 0.1
Y *o, 1y =g and y =yy =

1 C.

2
With this choice of vyis, it is consistent to describe a bound state x

>

. - 1 . .
gsatisfying xy x =0, as a real spinor, i.e.,

= (u) u, v real
X v) ’
In this representation we have
+ 2 2

X X =u t+v

and

- -+ T oe— =
m A (l.l v )Ju 1 Eu

1
=
<

- %";- + [ -m—)\z(u2+vz)] v (14)
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To simplify these coupled equations, we transform u, v into N, ¢

through
u=1icos ¢,
v =n sin ¢
Equations (14) then reduce to
d¢ 2 2
—— = - +
O E -m cos 2¢+ N n
dn _ .
Ix mn sin 2¢

Eliminating the variable x , one finds

2
d 1 2 N 4 m 2
— ey 4 JE— =
36 (zEn 4n 2n cosZ:ﬁ) 0
from which it follows, for a localized solution (r;(:l:r.n) = 0) , that
2
A
E+—2—r}2-mcos 26 =0 .

Substituting Eq. (16) into Eq. (14a) and integrating, one finds

(%) tan-i(«/Ftanh KX)

2 _ 2(m~E)/?x2 1
n (x) =

coshZKx 1+8 tanhzwx

where

m-E _ 2
miE and « =Nm =-E

p:

(14a)

{14b)

(15)

(16)

(17a)

(17b)

(note E < m corresponds to a confined solution). The normalization

condition appropriate to the fermion number =1 sector (we consider the

question of more fermions in Appendix B).

[+ o]
J dxxTx=1
-0
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leads to the single eigenvalue

2 2 2
) Y- N
E = m cos 5 B =tan 5 K =msin > (18)

Note that, in order to restrict ourselves to only the positive energy fermion

¢ i 2 i i i A Is) T4 iw £la
states, we must require M £mw. This constraint is a standard regoll in the
usual Thirring model.

The various possible densities ;(X . iyox = XTX , and _i)_(ysx

- 1
(recall xvy x = 0) are:

2 2,.2 2
- 4 i - N [4
x = nzcos 2 = ;n SIHZZU\ /41 tzanz( / )ta;h p;x) (192)
N cosh kx(1+tan (N /4)tanh"«x)
AN
2 4m sin (A" /4)
Ty =n = z_ 2 z/ 2 2 2 (195)
A cosh kx(41+tan (X /4)tanh «x)
- 2 8m si.nz( h2/4)tan( 7\2/4)tanh KX
X1ygx =n sin2¢ = (19¢)

hzcoshzrcx(iﬂanz (7\2/4 )tanhzxx)

In order to confirm that this exact, classical sclution is consistent
with our initial assumption that it describes a "bound' state, we must
exhibit the expectation value of the classical Hamiltonian

7\2 + 2
<H> = jdx%x) = R +~é— jdx(x X . {20)
With the results given in Eq. (19) it is straightforward to evaluate <H>

and find

<H> = 2B 5in %2 (21)
2

Hence for )CZ -+ 0, <H>->m (i.e., a free, massive fermion) but for finite
values of )nz, <H> < m as required for a bound state. The existence of
this exact, time independent classical solution ig, in itself, an interesting
and new result deserving further study within the context of the massive

8
Thirring model. However, in this paper, we prefer to return to the
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original ¢ -model and discuss the implications of this solution in that

framework.

IV. CONFINEMENT SOLUTION IN THE o-MODEL

It is straightforward to translate the fermion solution presented
in the previous section into the language of the "'nonlinear" c-model of
Eq. (5). Since our central topic is the existence of minimum energy,
localized states, we shall, as mentioned earlier, set the free scalar
field, s(x), to zero for all x. In this case U *(x) = X (x) and we can

solve for the chiral phase, € (x), from Eq. (9). This simplifies to give

LN S PR S

Integrating and choosing 6 (x) to be antisymmetric about x = 0, we find

1
(7\-‘2}

16£°

8 = -4f tan-if:ta.n(-—i—) tanh Kx] , (23)
where « = gf sin(1/8f2) . Note that 6 = -4f¢ as seen from Eq. {17a).

According to Eq. (9),

da Loy My L v
R TAMA N L L
where s is a free field. Since we have let s = 0 , it follows that 6 is

not an independent variable, and is given in terms of the fermion variables.

The fact that the chiral model (5) describes an interacting fermion field
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and a free boson field persists in the quantized case, as discussed in
Appendix A.

g
From Eq. (23) we see that T (xw) =;—:——15 and the full shift in the

4f
chiral phase, A(%) = if » (due to a single fermion) is bounded from above
2f

. 1 2
by 27 since — = 2h £ 27w (the requirement that Ez 0).
2f

The various fermion densities (Eq. (19) ), can also be expressed
—iyse/ 2f —inQ/ 2f
in terms of the initial fermion fields, yi= e Y= e X .
Due to the simple relationship between 6 and ¢, these densities are
almost unchanged in going from one fermion basis to the other and we
shall not repeat the formulae here. One needs to know only that LquFxT X
y¥=xx and JJYSLp: —)-(ys)( with A replaced by1/2f and m by gf.

We illustrate the behavior of the chiral phase 6 /f and the various

fermion densities in Fig. 1 for the values iz- = 3.0, 1.5 and 0.5 and
4f

m =1, Hence the abcissa x is measured in units of 1/m . Note that
the primary effect of varying 1/f2 is to change the "size" of the confinement
region in the spatial variable x . The quaatities ¢+Lp and U are very
similar with s being only slightly more narrow.

In the o-model language the classical energy for this solution is
given by

<H> =E +1 J-dx(a 9)2 = 8gf3sin—L . (24)
b:4 8f2

Also note that the fraction of the total energy residing in the chiral field

(i.e., the second term in Eq. (24)) is
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By <H>-E _tan 1/8£%- 1/8f°

<H> <H> tan 1/8f2

(25)

which varies from 0 to 1 as 1/4f2 varies from 0to 7.

Returning briefly to the limit, H~« ,taken following Eq. (4), we

see that, for ¢T¢ « gf3 » the specific limit discussed in this paper is
H>> g2 . (26)
so that | p-f|<<f.

To summarize, the exact solution to the nonlinear o-model
presented in this section describes the classical, static confinement of
a single fermion within a region where the chiral phase is varying. Said
another way, the chiral phase variation induced by the presence of the
fermion in turn produces an axial vector potential in which the fermion is
bound (<H><m) . Furthermore, the chiral phase change is guaranteed
to be just such as to insure the local conservation of the axial current.

In the next section we discuss the effects of breaking this chiral symmetry,

V. BREAKING CHIRAL SYMMETRY

Since the observed situation in the physical world does not
correspond to exact chiral symmetry, it is instructive to consider the
results of breaking chiral symmetry in the present framework. The
most straightforward program for accomplishing this is simply to include
a chiral breaking ("pion' mass) term in the "nonlinear" g-model given

in (3),
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g= fp’(iﬁ-m- -2% y5yvav9)¢ ¢ +%(av6]2

-ipe . (27
Conservation of the axial current is now replaced by the PCAC condition,

v 2
§A, =10 (28)

with
A, = -;-¢'y5yvqr -£9.0 (29)

as before, In the presence of the mass term, we are not able to separate
out a free scalar field by a simple transformation. This indicates that
the present theory is no longer equivalent to a massive Thirring model
with a factorizable pion field, and is probably not exactly soluble. However,
in the limit of small }.LZ (i.e., p.2< < Kz), which is the physically interesting
limit, the fermion wave funciion is only slightly modified in the confinement
region. We can still solve for this wave function, and compute the energy
of the confinement state approximately.

The fermion field equation obtained from (27) is not affected by the
pion mass term, and remains as

(i p-m=- 57 v5¥"0 )07 = 0 . (29)

Using the representation of the vy-matrices introduced in Sec. III, we

find for

cos ¢
BT =X =n sin ¢ s, N, ¢ real , (30}

that
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do 1 de

a:{-=E-mCOSZ¢--£¥a-}Z s (31)
dn _ .
dx—-mnsm 2¢ (32)
and
¢ 2 1 d 2
-———2+;.L 6=E—fa;{"(ﬂ) . (33)
dx

Equations (31), (32) are essentially the same as Eq. {14ab), and Eq. ({33)
implies that 6 always damps to zero exponentially outside the confinement
region.

By treating the right-hand side of Eq. (33) as a source, we can

solve for 0 wusing the Greenfts function,

= - —_— i_ d ( * 2)
8 (x) de Gix-x )Zf T’ Kx’} (34)
with
1 -n [ x-x7 !
- = + —
G(x-x") 2He . {35)
d2 2 . »
=3 +p JG{x-x")=6(x~x") . {36)
dx
Differentiating 6 with respect to x , and integrating by parts, we have
2
dg 1 A4 d " P
= 37 de [ 2Gr(x X ﬂn(x )
dx

= - o )+ 2w fax” Glx-x) ) . (37

For small p and x in the confinement region, we can replace G in

1
(37) by a constant, + -Z—H- , and obtain

0, L z.p (.2 42 4
dx 28" +4fJ’dx mMx7) == En tgE (38)

which is correct to order p/k and where we have used the normalization
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condition for n. Substituting {38) into (31), we have

%=(E——E—2-)—mc2052¢;+—1—2-n2. (39)
8f 4f

Now, Egs. (32) and (39} are identical to (14a,b) with the energy eigenvalue

B

8f2

wave function U “, and equivalently n, ¢ , are not affected at all to this

E being replaced by E - {and A\ Db S ). In particular, the fermion
Y21

order of p. The fermion energy E and the total classical energy <H>

are modified slightly to

EEmcos%+~% . (40)
8f°  8f
<H> = 8t°m sin—% + £ = . (41)
8f°  16f

Knowing n, we can compute the chiral phase from (34). For <K,

8 («) Eif de'[gg G(x-x'-;fflx')z

- 74% de" e(x-x%) e M [X_X ‘ T(x')z

we have

el %]

~ -e-HIX‘i%jdx’e(x—x’)dx‘)2=9(x)

pn=0
(42)

x|y owl sl

where we have approximated e e , and @ (X)'p=0 is
the chiral phase obtained in Eq. (23), Sec. IV. Equation (42) reveals
that the chiral phase damps exponentially to zero for pl x]>> 1, and
varies rapidly, with scale %<< i , in the region of the confined fermion.

A typical chiral phase variation is shown in Fig. (2) w'here the values
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m=1,——1-— =3 and p = .14 were used.
4f2

If one uses a chiral symmetry bregking term of the more
conventional form, ag’f = cog=cf cos (8 [f), the results are substantially the same

as those above for small c (pzw -?—) . The major difference appears in the

form of the corrections to the energies which in this case are

E = mcos—i—-z-+ {%sm—iz— (43a)
8f 8f
and
<H> 2 (szm +5J5)smi- : (43b)
B/ g

VI. PARTING COMMENTS

We found that the chiral symmeiric model {5) is equivalent to the
massive Thirring model plus a decoupled massless scalar field. As
shown in Appendix A, this is true even in quantum theory. The spon-
taneously broken chiral model does contain a Goldstone boson, but it is
a free field (as can be checked in perturbation theory); the infrared
problem associated with massless bosons in one space dimension9 is
thereby avoided.

In a broken chiral model, the massive pseudoscalar field is no
longer decoupled from the fermion (this has also been verified in
perturbation theory), but the confinement of the fermion field persisis.

Before we can establish contact with reality, however, the

following questions must be answered:
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1. Does the same kind of confinement occur in three spatial
dimensions with a nontrivial internal symmetry? Does it confine the
right kind and number of quarks? Realistic chiral confinement models
we can envisage are in some respects very similar to the SLAC bag
model, except for pions and except with respect to PCAC.

2. How does our classical solution emerge in a quantized version?
The recent papers of Goldstone and Jackiw,m and Dashen, Hasslacher
and Neveu11 are important in answering this general question, but we
have not pursued this problem in this paper. Similarly, we have not
fully explored the implications for our solution of Coleman's work on
the connection between the (quantized) massive Thirring and Sine-Gordan
models. 8

3. Are there solutions similar to the present one but in different
fermion number sectors (other than the trivial extention discussed in

Appendix B)?
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APPENDIX A

To show the equivalence of the guantized Lagrangian (5) and the
massive Thirring model, we proceed from the path integral formuia for

the generating functional for Green's functions of the former:

z (&E T) = J[dqbudﬁ dy dy T]exp ijdx {.ﬁpd*a
2 |, - [. T i
LR A A I S Y
where £ and gT are anticommuting fermion source functions.

We express d)IJ- in terms of two scalar fields ¢ and o:

v p—
=9 + € 9dag-A g
¢u qu v 41\{5\!”

The gene rating functional {A. 1)can be written as

L , i
Z 68 -j[%dc d6 dy dy ]

exp i J‘dx{apw‘e - %(d“d))z + %(8“0)2

o b ?\2 2 -
+mu ¢ "‘Vpa o——?_-ApﬂP(lﬁ-mM

gty +oTe} (A 2)
where Ap= JJ\;S\;HQJ . VluL = l-J:J'YHLP . The functional integration over 6

is trivially performed, yielding the factor
f———— 2
1 a(a ¢(x))
X
The condition qub (x}) = 0 in general implies

3 (x) = e“"avw(x) , (A. 3)
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where azw {(x) =0
If we define a new variable s(x) by
s(x) = o(x) + w (x)
and eliminate o(x) in Eq. (A.2) in favor of s(x), we obtain

Z (5.6 = ﬂds dq;quT] exp i de {%(aps)2
2

- - -
- wpa*‘s U p-m)+ MHWVW
+§T¢ +¢T§} (A. 4)

_lks(x)x eliminates the term —RVHE’J'S :
2

Z (6 6" - J'[dx dx T_] exp i J'dx {i(i p-m)x + % X vuxiv“x
X J{ds]exp iJ'dX{%(aps)z + nge—iRs(x) + x Tgens(x)} . (A.5)

Thus, the Greenis function (T(Lp(xi) sty NJT(Yi) "‘41T(Yn)) >ch of

The transformation = e

=
n
the chiral model (5) is related to the Green's function (T(x (Xi) o x(xn)
X 1 (yi) ceey 1 (yn)) >Th of the massive Thirring model through
< (aty) = vt iy e vl )
1 n l n'/“ch

=<T(x(x1) x{xn)xT(yi) xT(yn)) >Th
-ihs(x,) -iks(x ) irs(y,) iks(yn))

><<T(e tee e e R > (A.6)

where s(x) is a free massless scalar field.
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APPENDIX B

In this appendix, we formulate the precise meaning of classical
solutions in models containing fermions, We begin with the nonlinear
¢ -model
=3 (i p-m-wy Yo )+ 1(26)° (B. 1)
op 5 p op 2
where Lpop represents the fermion field operator. The classical solutions
to the massive Thirring model will be introduced through the connection

to the nonlinear o-model. The Lagrange function (B. 1) implies the field

eguations
: H
-7 = N =
(ip-m VoY BHB)LLOP 0 (B.2)
9 (86 -1 q K =
H( o 7\410pY5Y LPOP) 0 . (B. 3)

By classical solutions to (B.1) in the one fermion sector, we mean:

1., 6 is a c-number function.

: ¥
2. Express the field operators Lpop and chp as
- 4 sv . .
by = va (B. 4)
T —_— T T - 8 8
lPOp =wa + (B.5)

where a(aT} is the annihilation (creation) operator and U the
c-number wave function associated with the lowest energy,
localized one fermion state. The wave function ¢ obeys the
classical equation,

. ) -
(1b—m->\y5y 8H9)Lpf 0 (B. &)
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jdx ¢T¢= 1 . (B.7)
The dots in (B. 4 and (B, 5) represent higher frequency fermion
12
and antifermion states which we ignore in the classical solution

3. Replace the bilinear product L[JOp U in (B. 3) by

op
-opr qJop < _opr L£"op>one-fer'mion
=4 Ty, (B. 8)
which leads to
ap(a*‘e-xfpysy*ﬂp) =0 (B. 9)

Equations (B. 6), {B.7), and (B.9) specify the classical limits of
our models with 6 , ¢, ¢ f all being c-numbers. It is important to note
that these equations can be obtained directly from an effective classical

Lagrange function
= NE - — H
"Qeff Y (i p-m 7‘-Y5Y BH gy

+1(8 0)% . (B. 10)
K

5

In (B.10), ¢, ¢ , and 6 are all treated as commuting numbers. The precise
meaning of i (Y T) is given in (B. 4) and (B. 5), and it should not be
interpreted as the classical limit of the anticommuting qup . (In fact,
qup » as an anticommuting operator, does not have a classical limit.)

By choosing the associated free boson field s(x) = 0 as in

sec. II, we have, from (B.9),
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a“a-wy5y“¢= 0 (B. 11)

and consequently through (B.6), an analogous classical equation for the

massive Thirring model,
. 2= M
(ip-m+x Uy prp)¢=0 . (B.12)

We define Eq. (B.12) to be the classical equation of motion for the massive
Thirring model. This result can be derived from the effective Liagrange

function
2

Loy * J»(iﬁ-m)¢+%($vp¢)2 (B.13)

by treating | as a commuting c-number wave function. Equation (B.13)
is the starting point of Section III, We emphasize again that ¢ should not
be considered as the classical limit of k}iop , but rather it should he
interpreted as the c-number wave function appearing in {B. 4).

The generalization of our formulation to the multifermion sector is
straightforward. As an example, we consider the two-fermion sector.

Then we have, instead of (B. 4},

P =4J1a

+ + LR .
oo ha ; (B. 14)

1 2
where LiJi and 4J2 are the wave functions for the individual fermion states

in the presence of the other fermion. They obey the orthonormality

conditions

+
jdxwi' b=by i,j=1,2 . (B.15)
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N VY i .
Now, we replace lbop'op in (B. 8) by

- <y r >
opr L‘bop HJop 4Jop 2-fermion

= 4 -+ T .
411F¢1 \PZ T lbz {B.16)
Then, Eqgs. (B.6) and (B. 9) are changed %0
i - H = i =
(ip mhysy BHB)Lpi o, i=4,2 . (B.17)

Mo oa( D v vPtu 4D v oMy )=
au[a 0N vyt Hh vt = o (B. 18)

In the two fermion sector the "classical' Thirring equation is
[i B -m+)\2(fp v+ vy ]Lp. =0, i=1,2 . (B.19)
1 1 27 2" 'pli
The generalization of these results to the N-fermion state is now obvious.
In a theory with an internal symmetry (e. g. color), the introduction
of N-fermion confined state with N smaller than the degree of the internal
svmmetry can be handled trivially. In this case, there is no exclusion

principle to complicate the problem and all fermions are in the ground

state with the same sgpatial wave function U{x)

&

Yx) = blx)n (B. 20)

with

jdx olo=1 . (B. 21)

The orthonormality conditions on Lpi is guaranteed by the proper choice
of the unit vectors n.l in the internal space. We have, for confinement

states,
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BMB =N Z LbiYSYH\Pi = N ¢Y5YH¢ , | (B.22)

and

(i ﬁ-m-MSYM Fo
= (iﬁ-m+Nk2tTJYH¢YH)¢* o . (B. 23)

The fermion wave function is just as in the single fermion case but with

replacement )\2 - NXZ . Interms of f = 21—?\ , we find the energy of

N-fermion state as

EN = m coS NKZ/Z = m cos N/sz . (B. 24)

Note that we must now require —-D-Ié- = 7 to insure positive fermion energies.
4f

The total energy for the N fermion case is

<H> = m 8f%sin(N/8f%) . (B. 25)

For }—2 - 0, we have < H>N—> Nm as it should and for the limit N -
f >mN 8f

<H> -~ .
N

™

2

I
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APPENDIX C

We give here a brief summary of a variational estimate of the
confinement solution which preceded the exact solution presented in the
text. The following discussion is really an appraisal of variational
technique in a problem such as this.

We begin with the Hamiltonian

H=de{%(g-g)z+¢T(iyoy1§;+myo +x%9;)¢} (€. 1)

with the constraint

deq:Tqﬁi . (C.2)
By the variational principle, we have
d [do t
—_— =
dx[dx AW qJ] 0 (C.3)
and
.. 01d 0 dé _
[1\;\/ d—x-+my +()\TX-E)]¢—O (C. 4)

where the energy of the fermion E appears as the Lagrange muitiplier.
We seek a trial function which minimizes the total energy H> 0,

From Eq. (C.2) we find that

do T
= + = =
0 T M 4= const =0 (C. 5)

since for a confined solution the left-hand side must go to zero as

Xx—=+ *w . We choose as our trial function

5 -90 x>x0
X
} -90 ;{_ -X <X<X0 (C. 6)
0
: e

L 0 X< —XO

8 (x)
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and determine the X, which minimizes H> 0. The parameter 60
is determined from the integrated form of (C. 5):

6(m) - 8(-m) = -\ ,
or

290= Ao (C.7)

The eigenvalue E is determined from the Dirac equation (C.4). It is

a root of / 5 1
1
R C 214 m-p Bt /2x tmig |2
E——-Z—x—+\/m+X—-Arctan " > . (C. 8)
0 0 E-+\ /Zxo-m
The total energy H is
2
. dé
- -+ 2 —
H=E+3 de(dx)
)\2
= E(xo) +Z;o_ . (C.9)

The solution of Eq. (C. 8) and the minimization of Eq. (C.9) may be
effected numerically.

For ?\2 = 3, we find that the minimum of H> 0 occurs at mx_=1. 5,

0
where E=0.26m , and
(H)variational = 0.76m {C. 10}
to be compared with (H)e ot 0.67m. Some of the characteristics of
xa

the variational sclution are plotted in Fig, 3, and are compared with the
exact results from Fig., 1. The variational approach certainly works as

well as might be expected with such a simple trial function.



-28- FERMILAB-Pub«75/22-THY

REFERENCES

1A. Chodos, R.L. Jaffe, K. Johnson and C.B., Thorn, Phys. Rev. D10,
2599 (1974); W.A. Bardeen, M.S. Chanowitz, S.D. Drell, M. Weinstein,
and T. -M. Yan, SLAC-Pub-1490 (1974), to be published. See also

P. Vinciarelli, Nuovo Cimento Letters 4, 905 (1972); CERN Preprints
TH1934 (1974), TH 1952 {1974); M. Creutz, BNL preprint 18789 (1974)
and M, Creutz and K.S. Soh, BNL Preprint 19363 (1974).

2For‘ summary of the c-model and PCAC see B, W. Lee, Chiral Dynamics,

(Gordon and Breach, New York, 1972) and references cited therein.
3 _
W. Thirring, Aon. Phys. (N.Y,) 3, 91 (1958).
4R. BE. Norton .and W, K. R, Watson, Phys. Rev. 110, 996 (1958).
5R. P. Feynman, unpublished.
6M. Gell-Mann and M. Lévy, Nuovo Cimento 16, 705 {1960).
"W.A. Bardeen and B.W. Lee, Phys. Rev. 177, 2389 (1969).
8For completeness we note that there exists a simple change of variables
which takes the exact solution of the massive Thirring model discussed
here into the ''soliton' solution of the Sine-Gordon equation. In particular
the substitutions tan ¢ = v/ tanw /4 and « = 2« casts the equation of
motion for ¢ into
2 2 .
dw +tesinw =0
X
However this sirnple connection between the two models appears to valid

only for the single fermion confinement solution discussed here. The



-29~- FERMILAB-Pub-75/22-THY

connection between the Thirring model and the Sine-Gordon equation is
also discussed by S, Coleman, '"The Quantum Sine-Gordon Equation as

the Massive Thirring Model, " Harvard preprint (1974)

98. Coleman, Comm. Math, Phys. 31, 259 (1973).

10
J. Goldstone and R. Jackiw, "Quantization of Non-Linear Waves,"

MIT preprint (1974).

11
R. ¥. Dashen, B. Hasslacher and A. Neveu, Phys. Rev. D10, 4114;

4130; 4138 (1974); and to be published,

1?“This iine of argument may be understood in the framework of R. Dashen,

B. Hasslacher and A, Neveu, Phys, Rev. D10, 4130 (1974), Section IV,

as follows. Their equation (4.18) may be translated into

d’s
2 2rni

dx A dx dx

1d 0, .14d
jdETI‘YSY “‘"<X|l:\( E-iy *-m—kys

y“&@]qil)&:o
B

vihere the contour c¢ is chosen appropriately to the Q = 1 sector, and
Tr refers to the trace over spinor indices. As they explain, it can be

written as

a%o d =
—— = — +“ : L1 -
dxz i UO(X)Y5Y1 UO(X) fermion loop 0
where
. A j 1 d r 0.1 d M
fermion loop 57 ) AE Tryy dx<x[[y E-iy" 5 -mehy, Y a“e]l X

o
and Uo(x) is the commuting c-number eigenvector of the operator

(\/OE-iy1 EC;—{ - m-?\yp'BHG) with the least positive eigenvalue EO:

0 .1 d n
— — 6 =
(v EU iy In mysy 8“ )UO(X) 0
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with the normalization

T
=1
de U O(X)UO(X)
The classical system of equations of motion for Uo(x) and 8 (x) is

obtained by ignoring the term '"fermion loop".



Fig, 1

Fig., 2

Fig, 3
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FIGURE CAPTIONS

Typical behavior of o-model confinement solution. Shown

all curves for—i—é= 3.0, 1.5 and 0,5 with m = 1.
4f
a) Chiral phase 6 /f,
+
D) ¢ .
e) Y.

T ypical behavior of chiral phase when a small mass is
included for the ''pion' field., Shown is the case m =1 ,
2L .30, u=0.14 .

4f2

Comparison of simple trial solution for c-model with
exact results of Fig. 1. The solid is trial function and
the dashed line is the exact result.
a) Chiral phase, 6/f .

+
b) ¥ 4.
c) $i .
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