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ABSTRACT
Two proposed explanations for the apparent p-mesic atom X-ria

b ; Pl Y
discrepancy are the possible existence of nonperturbative vacuum polaviza-
tion modifications and the possible existence of a weakly coupled light scalar
boson. We show that a nonperturbative decrease in the vacuum polarization
spectral function implies a reduction in the vertex for a time-like photon to
couple to an electron-positron pair, This would lower by a few percent the

0 . , i1: s
rate for w Dalitz decay and suggests observable effects in the colliding
) + - -+ + - + F .

beam reactions e e — e e , e e —~ p i . Turning to the scalar boson
hypothesis, we use neutron-electron and electron-deuteron scattering data
to show that a scalar particle with mass lighter than about 0, 6 MeV cannot
be invoked to explain the w-mesic discrepancy. We conclude by discussing
the useful role which isotope eifects and -mesic atom experiments might
ulay in determining the phenomenological stracture of the extra potential
implied by the discrepancy.
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Recent studies of the X-vay spectra in gp-mesic atoms have shown
persistent discrepancies between theory and experiment.l These discrep-
ancies, if confirmed in future measurements of higher resolution, will
require modification of the usual quantum eclectrodynamic theory used for
calculating the p-mesic atom energy levels. Phenomenologically, the
required modification takes the form of'an additional repulsive‘potential
6V(r) seen by the orbiting muon, which if written as a superposition of
Yukawa potentials
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can involve masses o in the range from 0 to ~22-30 MeV. At a funda-
mental level, the potential of Eq. (1} could arise from various sources.
. o2 S
One possible origin would be the presence of nonperturbative vacuum
polarization modifications, which would change the usual vacuum polari-

zation potential given by the lowest two orders of perturbation theory,
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Here 6p(t) (which must be negative to produce a repulsive potential) is a
non-perturbative change in the vacuum pelarization spectral function, of a
magnitude much larger than one's naive estimate of the sixth and higher
srder pervturbation theory terms omitted in Eqo (). Another possible
arigin would be the existence of a weally couplted light scalar, isoscalar’
swson @ coupling Loth to the poand to nucicons,  which would produce a

pure Yukawa votential
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A = nuclear mass number .

One way of distinguishing between the vacuum polarization modification
and scalar meson mechanisms is through the muon gH- 2 experiment,
where very different effects are predicted at the level of accuracy to bhe
attained in forthcoming experiments, In this paper we discuss some ad-
ditional phenomenological aspects of the two mechanisims, with the aim
of providing further means for distinguishing the fundamental origin of
the potential of Eq, (1},

We begin by considering some implications of a nen-perturbative

modification in the vacuum polarization spectral function p(t), In



particular, let us focus on a process in which a time-like photoa (of mass
smaller than the mass of a2 u pair) is emitted from a '"black box'' and
decays into an electron-positron pair (Fig. 1). Neglecting radiative
corrections, the rate I' for this process is given by
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C= K fdt < oy h) e (e (5)
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it Koa kinematic constant, The first two factors 1/t and \‘})(t) are,
2
respectively, the photon propacator and a function d(:scribin.g the behavior
{(0)

o2 the Ublack bow,' The final factor p {t}. which arises from the phase

€
space integral for the electron-positron pair, is just the lowest order

photon spectral function defined in Eg. (2). Let us next consider the effect

5 .
of first order radiative corrections.” If photons emitted from the ""black

i

box'' are neglected, these consist of the interference of the loop diagrams

in Fig. 2(a} with the lowest order diagram of I'ig, I, and the square of the
“bremsstrahlung diagrams of Fig, 2(b). Carrying out the phase space

integrals for these gives
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with p;l)(t) and p {t) the order w corrections defined a.bove:,3 The

. . . 5
ceneralization of this argument to all orders states that the vate for the
"black box' to decay, via one virtual photon exchange, into a general

clectromagnetic final state containing electrons, positrons, and photons

but excluding the onc-photon state, is civen b
5 > Y
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with p{t} the exact photon spectral function, Let us now use the fact that
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the various independent final states (e e , e e soft v's, e e hard vy, 3v,
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e e ee, ...)all make positive contribulions to P( M) Hence we can
write
r = T + T , (8)
EM + - + - tl
(EM) fe e ) +{e e soft y's orther
r > 0,
other —
which combiner with g, (7) gives the inequality
1
r < K [ dt < YRt plt). (9)

(e+e_) -i—(e+e soft y's)

Now let us introduce the assumption that p(t), rather than being well-

) 6. (0) (1) .. (0)
approximated by P (t) + P {t) -+ pe}ul (t), is given by Po (ty +
_él)(t) + ep(.”“:) + 8p(t), with O8p a (negative) non-perturbative modifica-

tion. We then find
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indicating that postulating a non-perturbative vacuum polarization modifti-~

cation to explain the p-mesic X-ray discrepancy predicts a corresponding

reduction in the (radiative corrected) rate for pair production by a time-

like photon., To roughly estimate the magnitude of the expected eiffect, we
AL pnoton gnly g 1

1<.<_(111 that in Ref, 2, fits were made to the p-mesic X-ray discrepanay



using various forms for 0Op(t)

» subject to the toechnical assumption that

the magnitude of %p is a monotonically increasing function of t {as

might be expected if we are just entering a new regime where the dis -

crepancy Sp is appearing),

found to satis{y

All monotonic forms giving good fits were

' 2 2
bp £ -0.03, t2> (180 1‘ne) ~ 0,01 (GeV/c), (11}
with some representative fits given by
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® = step function , W=
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We conclude from Egs, {11) - {12) that reductions in pair production rates

of the order of a few percent are to be expected,

Let us now apply these remarks to some specific cases.

. ; 0
consider first w

5
directly applicable

We

Dalitz decay, to which the "black box" argument is

and for which Eq. {10) becomes
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The term 1 + 2at arises from the hadronic electromagnetic form factor
for time-like photon emission, In the approximation of p~dominance, a

is given by

a ~ 5 = ; (14)

but could possibly deviate from Eg. (14} by up to a factor of two in either

direction. Neglecting products of small quantities and carrying out the

\ ; L
nlr V3
4 - - 0 -
—J% .,f clk 1— Lt - "‘L‘; p( )(t; = 3. L& s 10 < P)O )
- 4m \ m /
e T
2
m
O L ¢ eV My = 1.05-10%=8.85- 1078
3o 2 t \ 2 Pe o : 0’
4m m
N (i5)
A
m 1]
45[ 1 t (1) -4
—= - - — << 05 -
- S, a <1 2) NG 1.05- 107,
4m m
e it
2
m
Ao T 1 e\ (0) -5 -3 0. 03
3n f » dt ? b - Y Zatpe (t) = 2.32-10 “=1.96-10 Bo,a: 5
4m m m
e T
4 -2 .
rnf; (-2, 69 - = .2, 2710 BO, 0p = Eg.(12a),

fl

4 1 )
L. 5
37 Jo, wy ( mz) plth = 7 -4 .2
}

-4, 4610772 23.76-107°B , 8p = Eq. (12b).

. ; : . , 0 .

“rom the final line, we seec that ©Op leads to a rcduction inthe n  Dalitz
. o .. 7 . . . .

rote in the range of 2-4%, as anticipated; comparing with the third line,

we sce that the effect is an order of magnitude larger than possible



uncertainties in the rate arising from uncertainties in the hadronic structure
constant a2 , The current experimental status of =¥ Dalitz decay, and of
double Dalitz decay (where both photons convert and our reasoning suggests

a 4 - 8% rate reduction) are

+ - , -3
vo “ Ye e conventional theory: B= 1,186 . 10 ¢ +1.05- 10 7 =1,196 -
. - -2
experiment: B = (L 166 + 0,045) - 10
0 o - _ -5 (16)
T = e e e ¢ conventional theory:B = 3,47 « 10
H T o . -~ —5
experiment: B (3,18 + 0,30) - 10 ,

entirely compatible with reductions of the magnitude which we have been
considering., KEvidently, an experiment to measuvre the Dalitz decay rate
to an accuracy of better than 1% would be of considerable interest,

We consider next the electron-positron colliding beam reaction

+ - £ F _ C ,
e e ™ p p , which has been extensively studied for t values above
2{GeV/c) . In this case we cannot establish precise inequalities includ-
ing radiative corrections as we did via the "black box" argument for =
Dalitz decay. However, since the '"black box" argument indicates that
the coupling of a time-like photon to a pair is reduced, we qualitatively
expect
o £ (with 6p)

+
e e —tpou

oo, Lo {conventional theory)

= (Lo Y1 +3 ), {17)
e b
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with 1+ 8 , 1+ 6;¢ reduction factors describing changes in the coupling
e
of the time-like photon to the electron, muon pair respectively, If we
assume that we can extrapclate the order of magnitude of & from the
. . 2
pk-mesic atom fits at t <0, 01 (GeV/c) to the vastly larger t values
seen in colliding beam experiments, then we might expect to see a 6 - 10%

reduction from the conventional theoretical prediction in the cross section

for p pair production, Present experimental results for this process are

re -
'

Frascati , o - {experiment)
- ) 2 + - = F . :
E~2.5-4{GeV/c)" ! e e —pp .
Vo (450 < g <1350
. + - -k .
e e —e e cxperinient) _
}“cr N (conventional theory))| = 0.98 £ 0,08,
,_ e e —p u .
. Ccpg < 0
iﬂ' . ¥ (45~ <@ ) 135
i e e ~e e conventional theory)
(18)
. 10 . ' _
SPEAR o, LT (experiment)
t~27(GeV /c) e e ~u u
o, ., (0~37 |
L e e e e experiment)
= 0,92t 0,11,
[ o L. % (conventional theory)]
e e ~u g
N , o (0~3.7° o
L e e —e e conventional theory)!

both of which are evidently compatible, within errors, with a time-like
vertex reduction in the 3 - 5% vange., More precise experiments here

would again be of considerable interest,
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We consider finally the reaction e e — e e , Here the cross section
contains three terms, involving respectively space-like photon exchange,
time-like photon exchange and space-like-time-like interference., In the
only precision experiment reported to date {(done at Frascati) the sign of
. + - s . . .

the final e and e could not be distinguished, and hence it was not possible
to select 2 kinematic region where the time-like vertices dominate, The
- . 1L .
Frascatl result  gives

v L (459 <8 <135°

e —~e e experiment)

= L 00 : 0.02; (19
450 < g < 1350
o i ¥ (-t> Q 135
e e —e e conventional theory)

to determine the sensitivity of this experiment to the time-like vertex we
replace the time-like vertex in the usual Bhabba formula by {1+ 6e) and

integrate over the angular range 45° < @ < 135°, giving

C L 43 [ 45°<p <135° )
e e —~e e \timelike vertex X {1+ 66}
= (1-0.,086 ).
T, 4 s 45°< § < 135° €
e e ~e e \conventional theory (20)

Hencea 6 of -0,03 to -0, 05 is perfectly compatible with Eq, (19),
e
Accurate experiments emphasizing the time-like vertex contribution {that
: + - -+ . .
is, measurements of e e — e e )} would evidently be desirable,
Liet us now turn our attention to the possible existence of a weakly
coupled scalar, isoscalar boson ¢ as an explanation for the p-mesic X-ray

dizcrepancy, Titting Tq. {4) to the p-mesic atom data gives a2 coupling
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-{a _ g _W4v ranging from ~1.3 .« 10 for L‘Ié <1MeVito ~2.5-10
o @ NN . g
‘or M@ = 22 MeV.’ 7 Using these empirical strengths, and making the
additional assumption
e
g _ = T— 8 _ (21)
bee TRty

s suggested by the structure of ¢ couplings in unified gauge theories of
the weak and electromagnetic interactions, it is possible to give arguments
wuling out the existence of a ¢ in mosi of the allowed mass range bebwean

: : . . . 12
O and 30 MeV., First of al!, Resnick, Sundaresan and Watson have sug-

‘ . + - . . ‘ . .
szzted looking, via the ¢~ e e  decay cede, Jor @ mesons emidted in

+ fos .
¢ == 0 nuclear transitions. Such an experiment has been reported
. 13 _ -
recently by Kohler, Becker and Watson ™ using the transitions beltween the
. 16 4 +

excited Q6. 05 MeV) and He(20.2 MeV) 0 levels and the correspond-
: + : . : .
ing 0 pground states, with a negative result which rules out the existence
cf 2 ¢ with mass between 1. 030 and ~18 MeV, This method obviously

+ - . .
cannot be used for M¢ < 1.022 MeV, where the e e decay mode is kine~
matically forbidden. We will now present a second argument, using
neutron-~-electron and electron-deuteron scattering data, which rules out
the existence of a ¢ meson in the mass range between 0 and 0, 6 MeV,

The argument is based on the fact that the scattering of thermal
nzutrons from atomic electrons can be disentanglicd from the neutron-
nucleus interaction, for example by using Lthe fact that the former is
14

modulated by the rapidly varying atomic electron form factor FA(t) .
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Now if a scalar meson ¢ is present which couples to both neutrons and

clectrons, the usual electron-neutron Coulomb interaction is modified to

read
2 N i
g
_ e Gp () 8 e “ONN | .
1 - £ - 2 * (32)
| t—Md) |

with GE (t) the neutron charge form factor, Substituting

(;E (t} = -aNt , {23)
with aN the neutron form factor slope, aud using
Z
€ wodw e,
rne 7
-g B = 4 1.3 10 , M s 1 MeV , {24)
¢pee oNN mp P

the t—~ 0 limit of Eq. (22} which is appropriate to the scattering of

thermal neutrons becomes

m 1.3-10‘7
i 4n _aaN - 5 = 14w [a aEFF] . {25}
m M
B ¢

That is, in the presence of a scalar meson,the thermal neutron method

measures not the true neutron form factor slope a but rather the

N,
effective slope
-7
m 1.3-10
*EFF N T o 2 . (26)
m M
koo
According to the most recent thermal neutron experimeoents,
a = (0,514 0. DZ)/(C}QV/C)Z , (27)
BFr - '
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while if I\rI¢ < 0.6 MeV, the second term on the right-hand side of Eq. (26)

is
1 Mo 1.3.1077 1 e 1.3.1077 i 0.24
« m R — 32 2 2 (28
9 Mgb k{0,610 7)) (GeV/c) {({GeV/c)
implying that aN excee.ds aEFF 4by 50% or more. On the other hand,

electron-deuteron scattering experiments have been performed at momentum
. 2
transfers in the range t = 0.0l - 0,1 (GeV/¢)  , where the scalar meson term

in IBq. {22) is negligible relative to the Coulomb term and so the true slope

: . 16 _ . : .
a2, w3 measured, These cxporioients are incompatible with an a which
N ! N
exceeds the thermal neutron value by 50% -~ if anything, they indicate a

' 17
slightly smaller value of a__ than the thermal neutron value, most likely

N
as a result of uncertainties in the deuteron corrections. So we conclude
that the p-mesic X-ray discrepancy cannot be caused by a scalar meson of
mass lighter than 0.6 MeV. Closing the gap between 0.6 MeV and 1. 022 MeV
would require a determination of an in electron-deuteron scattering to
better than 15% accuracy, a difficult but perhaps achievable goal,

We conclude by discussing two additional experiments which could
be useful in determining the phenomenological structure of the extra potential
of Fiq. {1). One obvious distinction between Eqs. (3) and (4), quite inde-
pendent of their detailed r-dependence, is that Eq. (3) couples to the r1L1cléar
charge Z, whereas Eq. (1) couples to the nucleon mass number A, Clearly,
a potential coupling to Z will produce the same X-ray discrepancy in all

isotopes of a given element, whereas a potential coupling to A will show a
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change in the discrepancy from isotope to isotope, Perhaps the most

. . 18 . . . .

likely candidates  for observation of this effect are the p-mesic Helium

: 3 + 4 + :

ions ["He, p) and | "IHe, p} . In Rel. 2 we showed that any potential of

the form of Eq. {1}, which fits the observed p-mesic X-ray discrepancies

and which does not involve masses o lighter than 1 MeV, will reduce the

e 4 + -

2p—2s Lamb shift in [ "He, p.] by about -0. 027 ¢V. The corresponding
3 R | . . .

effect in [ "He, u) will thus be -0. 027 eV for a potential coupling to Z

and 3/4 X (-0, 027 V) = -0, 020eV for 2 potential coupling to A, To ve

an idea of the encrgy scale involved, we note that the diffcerence between
the two cases of -0, 007 eV is rougly a factor of two smaller than the
. . . 19 .

fourth order vacuum polarization shift " of -0.012eV. For the effect to

. . .. 19
be ohservable in practice, current uncertainties ° in the nuclear charge
radius and nuclear polarizability will have to be reduced, particularly in

3 . | . . . .
the case of He, Obviously, the same reasoning applies to isotopic
partners of higher atomic number, but the attainable fractional change
in the p-mesic discrepancy is not as high in these cases as in the helium
system.
Clearly, a second general phenomenological question which can be

b 3 P g q
asked about the potential of Eq. (1) is that of determining the nature of the
ceupling to the orbiting particle, Obviocusly, the vacuum polarization
potential of Eq. (3) is the same for all negatively charged orbiting ele-
mentary particles, whereas the scalar meson potential analogous to
g, (4) could be rather differvent if the orbiting particle were a hadron

rather than a muon, A natural way to search foer such differcnces in
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couplings would be to study the transition X-rays in v-mesic atoms, In
order for the small energy shift produced by Eq. (1) not to be masked by
the rather uncertain energy shilts resulting {rom the strong r-nuclear
interactions, it is necessary to consider pions in large circular orbits
(£=n-1, nlarge) in which the pioﬁ spends a very small amount of time
inside the nucleus. At the same. time, the orbits cannot be chosen too
large, lest uncertainties in the electron screening correction (typically
zbout 5% of the screening correction itself) mask the cnergy shift being
seavched for, We have systeutatically surveved all r-mesic alom circular
orbits in the range 72 =15-90, n=2-9 and have located a number of cases,
tabulated in Table I, where the expected energy shift from Eq. (1) is sub-
stantially larger than both the nuclear energy shift and the estimated few
percent uncertainty in the screening correction, (The formulas used for
making these estimates are listed in the Appendix.) The transitions of
interest all lie in the energy range 75 - 200 keV, which may permit high
resolution crystal spectrometer studieszo using the high pion fluxes
evpected to be available at meson factories. We emphasize that on the
theoretical side, the pursuit of this idea will require a careful determina-
tion of all normal energy shifts which affect the w-mesic levels, much as

has already been done in the corresponding p-mesic cases.
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APPENDIX:

Formulas for m-Mesic Atom Estimates

We outline here the formulas used in making the e¢stimates of
Table I, We consider throughout circular pionic orbits (£ =n-1) and
evaluate matrix elements of the various perturﬁing potentials using non-
relativistic hydrogenic wave functions for the pion. The unperturbed pion

energy is

72 2 [ ) ]
.E: [t __..:_?_.—— m I 1 ‘C}i—‘"“ ( - 'é‘) i ) (A. 1)
n n-1 , 2 T -n-—g 4 ;
giving for the X-ray transition energy
E = E - E = 3,.72keV ZZ 1 L
Y n n-l n-1n-2 (n 1)2 nZ

+ .

2 1 1 3 1 1 Y75 :
(Za) - 3 <~—-— ~—> . (A
(-17n-2)  2m-bH P \wmepf R f

To estimate the nuclear energy shift we use the approximate formula

7.
<zza me)z 1
AR , 741
' E ‘ (24 + 13! C . (A, 3)

with C a complex expression which is numerically of order unity (and for
which we take the value 1 in the numerical work), with f the orbital

angular momentum and R the nuclear radius., Taking

} | ~ AR

| AME - E

n n-1 n—llnuclear !

L2 : (A, 4)

nuclearx

E = 3720eV

n-1
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1/3
mR = A / ,
i
we get the final formula
/ \2n- 3
) (2 7 A1/3)
AR -1
A (E - E R ]n leay F 3720V 5 f - (A.5)
n n- ucle -
< r {n_ 1) d (u.t‘l 3).
In evaluating A as a function of 7Z we use the approximate relation
A = 27 Zz < 22,
(&, 6)
A = Z+2241,75(Z4-22), Z > 22
Do estimate scoreening correclions we use the parameterization {or the
: . . 2
screening potential given by Vogel,
K -
\Y {r) = -Cr eﬁr , (A.7)

) ) -1
with C {in 10 eV for r in fm), K and B (in fm ") as follows for the

transitions of greatest interest,

Z 30 35 50 55 60 65
C 0. 0605 0.112 0. 533 0, 867 1. 389 2. 202
K 1.9319 1, 9166 i.860.6 i, 8380 i, 8142 i. 7897
100 B 0. 04468 0, 05245 0. 07632 0, 08433 0. 09300 0. 10194
(A, 8)

Vogel actually tabulated the paramecters C, K and 8 for Z between 35 and

905 in extrapolating his table to smaller 7 we assume a linear variation

4
0

£ K and p (as fixed by his Z = 35 and 7 + 40 values) and a {Z./35)

variation of C from Z = 35 downwards. Lvaluating matrix elements of
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£q. (A.7) {and using 1\'17;1 ~ 2 fm to absorb the dimensional factors)
zives the final formula
S(E -E ) . ‘ / WK
n n-l'screening ; [_n }
-2 K T (2n+ 14+ K) L2 7
R Vs 2 ¢ —=
C 10 eV (~2) 1 (Zn+1) . .IZH'J&‘].'*‘K
i -
. bt SN2 t
fl n-1 \K
I'{2n - 1+ K) V2 Zw " (A.9)
I'{2n-1) [ - Mn-lrK T .
R SN DA L : :
|1+ > 7 N2 (B J

e have not tabulated nuclear polarcizability corrcctions because detailed
. - _ 21 .
cves for these hove been siven by Tricson and [Hilner, Fortne teansl-
tions of interest the shifts resulting from this effect are considerably
smaller than the shift resulting from the pion-nuclear strong interaction,
Similarly, pion polarization effccts and energy uncertainties arising from
uncertainties in the nuclear and pion charge radii should be unimportant,
To evaluate the energy shifts produced by the perturbing potentials

of Kgs. (3) and (4) we employ the calculations of Ref. 2. From the

' 3
vacuum polarization modification of Eq. (3) we find|[5.75¢eV ={a” /37) mT_]

SE -FE ) .
n n-1"vacuaum polarization
modification
' w0
2
- 5.75 ev 2.0 [——-1——— L Sawe [4m“ eV} op(w), (A, 10)
2 2 y e
C{n-1) n 0 .
!
1-1 ; i VS 1-2(n-1) r \3 A
] { 1 L] [H(__t yon-l L'“/_L__‘;‘ !
N > ) o2 [ Za
' {n-1} n J i(n-1) - dm / & n_ - \4m @
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while from the scalar meson potential of I2q. (1) we get

& -
(En n—l) scalar meson {A.11)
1 g
Zr : T
- (%)5.75&:\7'2 - - -—%i2.82'104g _g fy[M(;] _ore
A : NN 24
L (n-1) noo ¢up ONT ST

The product g ~ 1is taken from Table VIII of Ref, 2, while for

Topup oNN

we use the value m /{2m ) = 0, 66 taken by this ratio in the
™ L

sirnplest gauge models, in which there is only one physical scalar meson
o in which the ohiral SU{3) & ST symmetry breaking term in the
strong interaction Lagrangian transforms as pure (3,5) & (5, 3). The
reasoning leading to the coupling ratio which we ysc is as follows, If

only one scalar ¢ develops a vacuum expectation value )\, then the ¢

couplings to muons and to hadrons are respectively

g - 9 7
. - = 1983 N
G L Lpukpu
(A.12)
he = 2 g
¢ hadron pA chiral breaking
¥For muons at rest we find
< I I > =
wlm U |p m (A,13)
e b e "
- -— 2
wnile for plons at rest we find, in the (3, 3} £ {3, 3} model for
“chiral breaking ’
- '!F’ 1 Z 1 .
< 5 e D = - . AL
rl chiral brceal»w:in‘s;,lTT Zm o < My (A T4
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giving a coupling ratio of m_/(2m ). Heurvistically, the factor of * arises
i o t 1= T o Y P

from the fact that in a free Dirac Hamiltonian - ;D = tT'JT (~ieVigmly,
all of the particle mass in the rest frame arises from the chiral symmetry

breaking termm muy, whereas in a frece Klein-Gordon FHamiltonian

2 2

! 2 pan 2 . .
= (Vo) + 3m°" e, only half of the particle mass in the

e

. 2 2
rest frame arises from the chiral breaking term 3 m" ¢, the other half

- .2 . . :
arising from the term + (&)} which belongs to the chiral symmetric

. ‘ J 2h
relle energy cerim,
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FIGURE CAPTIONS

"Black box" emitting a time-like virtual photon, which converts

to an electron-positron pair,

¥First order radiative corrections to the process of Fig. 1
(neglecting diagrams in which additional photons are emitted from

the "'black box'").
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