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ABSTRACT

The measurement of the negative pion mass by
crystal diffraction of pionic x-rays is adjusted for
the revised fine structure constant, improved radiative
energy-level calculations, and more precise values of
the calibration lines. We find that the result
quoted earlier should be reduced by 80 ppm (parts
per million} to 139.566 + 0.010 MeV (+ 73 ppm).

I. Introductiocn

In 1965 we reportedl'2

an estimate of the negative
pion mass by measuring the Ca and Ti 4£-3d pionic x-ray
energies with a 7.7m bent crystal'spectrometer.3 Since
that time there has been considerable improvement in
the accuracy of the fine structure constant and the
energies of the calibration vy rays. Also, recent
interest in the radiative corrections to pionic and
muonic atom energy levels, stimulated by discrepancies
between additional precision x-ray ﬁeésurements and
ﬁheory, have allowed more precise enerqgy level calcu-

lations for pionic transitions. We therefore present

a re-evaluation of the pion mass measurement.
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II. Energy Level Calculations
The original energy-level calculations for the
Ca and Ti 4f-3d transitions were carried out by this

authorl’2

in 1965 using perturbation theory corrections
to the unperturbed Klein-Gordon wave equation. In
recent years calculational technigues have improved
considerably, namely by numerically ihtegrating the
Klein-Gordon eguation after adding the finite nuclear
size and vacuum polarization correcticns *to the Coulomb
field for a point nuclgus. In 1969 Fricke4 published

an extensive theoretical evaluation of radiative
corrections in pionic and muonic atoms. Based on this
paper, Backenstoss et al.5 observed thatlthe original
perturbation theory calculations did not include a finite-
size correction to the lowest order vacuum polarization
term, and estimated the effect to cause a 200 ppm shift
in the energy level calculation. .As perturbation theory
indicated the effect to be approximately 5 ppm,6 the
discrepancy was quickly traced to Fricke's paper. Aalso,
the discrepancies between muonic atom measurements and

7,8

theory lead to finding additional errors in the

same reference.g’lo
Using numerical integration techniques and Blomgvist's
results,lO Tauscherll nas recently re~evaluated the

original perturbation theory calculation, and finds

that the scale factors (the ratio of the pion mass to the
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transition energies) for the Ca and Ti 4f-3d transitions
should be reduced By approximately 46 ppm (41 ppm of
this is due to the 1969 re—evaluation12 of the fine
structure constant). Tauscher's results, which reduce
the theoretical uncertainties by agbout a factor of 4,
are used in this.re-evaluation, and are presented in

Table I.

III. Bent Crystal Spectrometer Calibration
The bent crystal spectrometer was calibrated

with the 84 keV y rays and the 52 keV ¥Yb Ka
170

; X~rays

Since the original

emitted in the decay of Tm
calibration, additional measurements have been made
on the energy of the 84 keVv ¥y ray,lB-li resulting in a
more accurate value. As these measurements were
referenced to the energies of.either the W or ¥Yb Xa
x-rays, which depend on the 1969 evaluation of the voltage-
wavelength conversion product,12 the adjusted wvalues
are shown. We include a measurement of the vy ray
energy carried out on the spectrometer used for the
pion mass measurement.17 Therweighted meaﬁ is found
to be 84.258 + 0.003 keV, the error representing
external rather than internal consistency, as the
distribution of measured wvalues is somewhat large; than
the guoted internal errors would seem to indicate.

Using a wavelength of 0.147147 ax (+ 39 ppm) for
the ¥ ray, a wavelength of 0.236655 Ax (+ 13 ppm) for

18

the Y¥b Kal X=ray, and the measured diffraction angles



- 4 - NAL-Pub-73/32-EXP
2050.000
for these lines, we find a quartz (310) lattice spacing
of & = 1.180004 A* (+ 15 ppm) for the spectrometer
calibration. In addition, each measured wavelength
should include an error of * 2x10—6i* to allow for

possible nonlinearities in the sine screw mechanism.

IV. Results
Table I shows the revised evaluation of the pion
masé measurement. The error matrix for the two

measurements is

(122 ppm)2 (25 ppm)2)

2

tot (25 ppm)? (87 ppm)

where Vll and V22 represent the variance of the Ca and
Ti measurements respectively. The covariances are
due entirely to spectormeterlcalibration and energy
level calculations.
The resulting revised estimate for the wf mass is
M c? = 139.566+0.010 MeV (+ 73 ppm),
ip agreement with the recent revised results of Backenstoss

et al.19
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