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ABSTRACT

The finite-energy sum rule for inclusive reaction with fixed s and t
was previously shown to be consistent with experimental data. In the
present paper, we discuss fixed les and t sum rules. The data
obtained from resonance search experiments using Jacobian peak

method is particularly suited for testing the sum rule.
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I INTRODUCTION

By now it is well known that an inclusive reaction cross section
fora+ b — c + X,(X stands for all possible unobserved states.) is related
to the absorptive part of a scattering amplitude fora+b +c¢c —~a+b + ¢
when the latter is analytically continued to the proper kinematical region.
In this paper, we will call this a consequence of generalized unitarity.
In a previous paper, ! we pointed out that the analyticity of the scattering
amplitude for a +b + ¢ ~ a + b + ¢ allowed us to write a finite-energy sum
rule for inclusive reactions. (This result has also been discussed by

Ref. 2)
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where s is fixed and MO<<S.

The momenta are defined in Fig. 1,
— 2
M'= (Pav 3-9)", 8= (pathl® , t= (fa-1)
1\71,': Mx- m:; - ‘k

i, j, k are Regge trajectories shown in Fig. 2 and ai(t), aj(t) and g, (0) are

k

their trajectory functions. Ty Fye and v are signatures of the trajectories

k

i, j, and k respectively. Gijk(t) are triple~-Regge residue functions for the

Reggeons i, j and k.n is a positive integer. Egq. (1) is nothing but a consequence
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of the Cauchy's theorem if the scattering amplitude T{(s, t, MZ) satisfies

2
following conditions. {a) T(s,t, M) has the triple-Regge behavior

T( s, t, Mz ) —>
line %‘t ~y 8O
Mﬁ =y o
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1jk Ain T (o lo)- d; ) ~%516)) (2)

(b) When s is large,t< 0 and both are fixed, T(s,t, MZ) is analytic in I\/I2
everywhere except along the real axis, where the generalized unitarity
reguires T{s,t, Mz) to have singularities. The discontinuity across the
cut is related to the inclusive cross section fora + b ¢ + X,

Phenomenoclegically, we have verified thatthe datap+p—->p + X |
taken at BNL and ﬂ;-i) ~+ p + X taken at Serpukov are consistent with only
two triple-Regge terms3 Gpr and foP' Furthermore, we have verified
that the values obtained for the triple-Regge residue functions are consistent
with Eq. (1) for both sets of data. 4

With this initial success we may ask whether there are other
results which may follow from the analyticity of T(s,t, MZ). In this paper
we concentrate our efforts an writing a finite-energy sum rule with a much

2
larger contour. That is to say we relax the condition M2 < M0<<s and

2 5
consider the case M" /s finite and fixed. © We suppose that
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{a) T(MZ/S, t, MZ) for fixed Mz/s and t has the Regge behavior in the
fragmentation region. The precise Regge behavior required will be
given below. (b) T(les, t, MZ), for fixed Mz/s and t, is analytic in M*
except for the unitarity cut.

These assumptions will enable us to derive a sum rule which
relates the integral of the inclusive cross section over the missing
mass M2 (with les and t fixed) to the residue functions g) (MZ/S, 1),
We stress that the analyticity assumption for T(szs, t, MZ) is by no
means trivial. In Ref. 1 we gave an example of a diagram in the ¢3 theory
which produces complex cutsinthe region of our consideration. We will,
for now, take the view point that these complex cuts contribute very little
to the sum rule,

11 FIXED M%/s,t SUM RULE

In Section II of Ref. 1 we have given a discussion which shows that
the absorptive part of T{(s,t, MZ) when taken properly is indeed the cross
section for a + b— c+ X, It was important to state exactly how we take
the absorptive part. To restate the procedure, let us for the moment,

consider a non-forward scattering amplitude shown in Fig. 3. Define

S =(Pat Po)* g'= (r.: + P;)i) t= (F‘-%)t’ t'= (r:"%,)z
M= (p-Re-3)", M* = tpepe-g).
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(For the rest of the variables we refer the reader to Ref. 1) Then

ZlJL“-'MLMLz

At&Mzo Q_'u)zs;‘" €,70 63"0

&z-’o
- ! . v
{ T(S: Sg"“&el, ! = So"AeI,| -t ) Mzg: M%"’ le,)

~ T (s=50ti¢, s'=Semieg , ¥, M= Mg~ i€s)

,€.> 0, The brder of limits in Eq. (3) is important to

where € , 62 3

1
assure that discontinuities due to other channels are absent. Keeping
s=8 +ie,,s”=8 -1ie_ fixed, € , € small but finite, we can

0 1 o 2 1 2
2
isolate a M plane on which there are right and left hand cuts. The
2 2 2 2
left hand cut corresponds to the M1 channel, (Note that M1 =2t+2m -M})
The absorptive part for these two channels are shown in Fig. 4.
So far we considered the case of fixed s >> Mi andt < 0. We now

consider the problem of writing a finite-energy sum rule where the cut off
in the M2 integral becomes the same order as s with t fixed, This is the

fragmentation region of particle a. We start by defining the variables which

treat both channels shown in Fig. 4 symmetrically. 2
' [ 4 )
‘1=Zh,'(.?u"'f) ) 1°= ZFb(rd:'Z-)

V= 26 (fa-g) = 2 (-
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They are related to previously defined variables.

i
S= ML v mp + F(Y+v) | S= m.‘:m:%(?u v)
M= mi + ¢ eV

M2 mgep -v
-2

M=y {5)

The M2 and Mi channel singularities

on the v plane is shown in Fig, 5. We have also drawn the contours used
to obtain the finite-energy sum rule., It will be seen below that the Regge
expansgion for the fragmentation region involves a residue funetions which
depends on les or equivalently v/g. Thus we are forced to keep the
variable fixéd throughout the contour of integration. For complex v, we
must yet specify how they are fixed. For example there are at least two
choices v/nfixed or vn™ fixed. As the phase of v changes, the phase of n
changes differently in two cases, However, in order to avoid going into the
second sheet on both nnand n” planes we must keep v/nand v/(n”)* fixed.
To see this, we will trace the scattering amplitude T(n,n”,t, MZ] with

fixed v/nand v/(n")* around the contour shown in Fig. 5

Between a and b T (n+ 1 Ei, n-1i 62' t, v +.ie3)
Between b and ¢ T (n eia , nei(z'"_e)’ t,v 619) 0<@ <
Between ¢ and d T(-n+iei,-n-i€2, t, -v+ie3)
Between d and e T (—n—iei, -n+iez, t, -v-i 63)
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i i(2w-0 if
Between e and f T (ne1 , ne( T ),t, ve }rm<8<2n

Between f and a T (n-iei, n+ iez, t, v —ie3)

where n, v are taken to be real and positive,

The Cauchy's theorem

b T(3, gyt v)dv=o

(6)
6
can be used to obtain the sum rule,
To relate the integrand to physical quantities we note that
TU-160, ri€a, t, V- its)
- M - & t‘ v-1¢€
= T(qrien, Y -ies) ¥, 5) . ()
This will be proven in the Appendix.
Using Eqs. (3)and (7), we obtain
[T(’[*“"i N~iée) t’ v+1e3) — T(’l-ié-,, ’!#? €z, V-le'g)J
v >0
1?0
2 t <o
= 2, QL 4o (aab > ceX) (8)
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[ T('{";e.] 1*'1('3’ ‘E’, V"iéi) had T(Tfié., ‘?"’ff’;, £, V*l'l.ej)]

y<o

. 2,2 7<e

2420 T do (T+ LT+ X) t<o
mr i dv

(9)

The right hand side of Eq. (9) can be seen as follows: v<0,n< 0, t<0
implies that P, Py, < 0, P4 > 0 and (pa- p’b)2 > 0. In the rest frame
of a, p% <0, qo > 0. Therefore the discontinuity of the amplitude is
proportional to the cross section for the inclusive reaction a +b>c+X
or equivalently a + b -~ c + X. In order to evaluate the contribution from
the circular part of the contour, let us state precisely the Regge behavior

of the amplitude. In the fragmentation region, we have

& k(0
gt g L Red) o)

1, s—‘-._ fined
M* > co

(10)
where the trajectory k is shown in Fig. 6 and gy (-5\-—2-_, t) is the Regge

residue function. We must find the form of the amplitude whose discontinuity

matches Eq. (10).
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T(% Yoo, -b,v) —>

J(’l') t)%’ff’*ﬁxd
¥ = oD
. Y y_, + =4 W (%) o
BTt ) B
AM“-dK(Oj a

satisfies this condition. To obtain this form, in addition to the analyticity
assumption stated earlier, we require that the amplitude satisfies the

conditions for the Phragmen—-Lindeléff theorem,

Eqs. (6), (8), (9), (11) gives our result

v,
L 2 ji—%;a- (a+b—>cex)du”
el J n"z&i:uz (F+bvEax)du
(13)
“’xto) +hel
={ ) 2 WG dprert) % (1-¢-0" %)
/b Y

IIT APPLICATIONS

The phenomenological implication of the fixed les, t sum rule

should be quite interesting. Let us make a duality assumption. That is,

suppose that the Regge expansion, Eq. (10), with only one or two terms

will describe the v dependence of the inclusive cross section. In the
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resonance region, the Regge form is supposed to be good in the average
sense. Then the sum rule should work with small Yy Say large enough
to include the well established resonances. But since v/nis fixed,
missing mass data required for the sum rule will come from low energy
experiments. For example, take a = ¢ = 1'r+, b = p. Then X will contain
baryon resonances. The missing mass spectrum is smooth when
Mzg 6 GeVZ. Therefore, take Vo ™ 8GeV2 and for example take -
nfv=2. Then for the left hand side of Eq. (13), only inclusive reaction
cross sections taken at 2 Gevzg s 14 GeV'2 is necessary. The Regge
residue function gk (vin, t) thus obtained can then be used to predict
cross sections which will be taken at NAL or ISR,

The sum rule can be used to discuss the relation between triple

and single Regge expansions. Since physics is smooth, we expect the

triple-Regge and single -Regge regions to be connected smoothly. That is

< 0(; (’t’) tdih’)
3; (fiﬂ-m‘l’-) = Z Gl'ijk (+) [H‘)

5

Eq. (14) is not useful if we have to sum over a large number of trajectories.

But we rewrite the sum rule
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v, v
J 2 jtd a C‘H—b—‘)c.-l-)()JM [ y* j (a.-tb-vcwx)‘(u'l
-t
d; (8« ol.(+) +], ol (o) + 1
- 5 (-%) Sux (2.) ) M)
¢ K 6™
L () t1

(15)

and note that on the left hand we integrate over various resonance
contributions in ab and 3b channels. So again we expect very few
trajectories i and j are sufficient on the right hand side. If this expectation

is valid, Wé are lead to

0(.',({-) + o
( *) ~ Z GC,K (+) (M"
Feu ; )
(16)
This is varified experimentally. Only two triple-Regge terms GPPf and
G were sufficient to describe the data at S/Mz. as small as 4. On the

ffpP

basis of Eq. (16) it will be interesting to analyze the data for the inclusive
cross section in the fragmentation region in terms of the triple-Regge

formula.
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IV, SUMMARY

We have derived a fixed Mz/s, t sum rule, Eq. (13). The major
assumption is the analyticity of the scattering amplitude stated in
footnote 6. This assumption, at least in a (353 theory, may not be valid.
Among many things, complex singularity may be present. If the sum
rule works, then nature chooses the discontinuity across such singularities
to be weak. Also, if the sum rule works, this is probably the strongest
test of the generalized unitarity. For now we have accepted the stated
assumptions to be true and we have discussed some applications of the
sum rule. There is a possibility that only low energy missing mass data
is required to obtain the residue function in the fragmentation region,

gk(les, t}. Finally we note that the resonance search experiments

do

2
Tam2 (M /s, t). Such

using the Jacobian peak method measures s
experiments are already underway at NAL and the sum rule can soon be

7
tested.
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APPENDIX

In this appendix we prove Eq. (7). Let us start from S matrix

S('l"'l'eu 1"'“"-)*1 V=€ )

= [EREE j e 4% xS 1Y Kk <P Froct lT(‘l:w 4 )| RPo v

mi m}

=1 @M $Upr g -K-tir )Jf@:ﬁ;f- 1) (o) (§2%)

v 2. [S (r..+|>,+? Fa) <tabortl ¢, (e)l«)(‘u14 (o) | PuPy i >
" P - g~ BP=ql + i€y .

+ 8% Pat Pum 1= Pa) <phfi ont | é;cs)lm)cnl 4w | PBori> I

P - F:" ﬂ:*' i.-t-ié;

In Ref. 1, we have shown that if we define a function F(n,t, v) such that

4
F("t'l"fez, {', ye ié;): _Eg._E_! <r‘r. P I +(°) ['n)
h‘

(19)

than

. ¥
F(‘l-:%,t, v..-:e,), ’E:f: <H.|$(°),P‘Fb w

(20)
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Using Eqs (19) and (20}, we obtain the T matrix;

T(7*f‘-‘-,z-ifz, E, M*-ie,)

T EEEE onf ) (1)

mx m{

XZ [SB(F«*Pn.'!’?'-Pn) <r¢:,’;|;\l45C(D),n°¢t?(ﬂh'tl4{a}“’.rb,]~>
" R

¢ P patu-1-R) <E R o) |nt Yot 140 L iR
Po= PR+ 9, *iey o

T(?“‘l'ej, ’111'6;, ‘é) V"-"-s)

—_ EQE E:E'j
Fotug 0 (1) ()

2| S (heBsq-B) <ppi ot ] 400 Jni)<uinl oo |ty
" P,.‘-F:"'P:-‘l:‘"ié_;
o 8prPo-1-f) Shfontl $. @) [ mEdnm l&o’lr-f’mb}

&b'f:"ﬂa"'?o* i€-3

(22)
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But the time reversal invariance implies that

<l1 a’ld" +CL°7‘ r‘Fb;“> = <f’a rn“‘t I 4+;:“) ‘M' "">

(23)

therefore

T(q-ier, *ike, £, V-ies)

*_—J Ea Eo Ea Ep (21!)3 ( 1.2._,":.) (1"-—!&1)

ma Mg
CPaly ) {Co)lﬂm'l' y{nod | ‘L‘" ] PJPJ ™)

- R-Po =9, +its

2 [ P(pa+ Potq - )

(Z24)

. + '
v §(puep-q-p) SPREIPO fnotocnat (¢ b fo

Pn°" P:" F: * 1- + i €y

Composing Eq. (24) and (21) in the forward direction wher e

P, =P, pb=pb’ q=ag”, Eqgq. (11) holds.
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5 2 " * %
=1 - b = 4 - = i o <
Note that M /s qONE x where x qL/,\/g . 4, and q are
the center of mass energy and longitudinal momentum for particle c
respectively.
6 . : - . .
At this point we state the analyticity assumption more precisely.
T{v/n, vi(n ’)*, t, v), with v/n ., v/(n’)*, and t fixed, is assumed

to be analytic in v everywhere except where the generalized unitarity

requires it to have singularity.

-
G. Cuijanovich, B. Maglich, and F. Sannes, NAL Experiment No. 67.
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FIGURE CAPTIONS

a+b-+c+X

a=b=—c¢+ X in the triple-Regge region.

The amplitude fora +b+c—~a +b - ¢.

The absorptive part of M2 and Mi channels. The
discontinuities across the right and left hand cuts on

the v plane are the absorptive part of these two channels
respectively.

The singularities of the amplitude for a+b +¢ »a +b + ¢
in the variable v while v/n , v/(n*)*, t are fixed. Also
shown is the contour used to derive the fixed les, t

sum rule.

Regge diagram in the fragmentation region of a.
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