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ABSTRACT

The Veneziano Beta function transform technique is generalized to
the case in which there are several asymptotic variables. The multiple
transform of a dual tree amplitude is found to be again a dual tree amplitude
apart from a well defined redefinition of the trajectories. The asymptotic
behavior of dual amplitudes are discussed, with particular emphasis on the

analytic structure in the complex angular momentum-like plane.
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I. INTRODUCTION
Recently there has appeared a number of fascinating experimental
predictions resulting from the high energy behavior of dual resonance

1,2,3,4,5,6

amplitudes, Some of these results are remarkably similar

8,9

(in some cases identical) to those obtained 7 from general arguments
based on analyticity requirements in the complex angular momentum and
helicity planes.

The asymptotic behavior of the dual amplitudes have for the most
part been investigated by means of either steepest descent methods, !
Mellin transforms,io or a variety of exponentiation procedures.“
A simple and direct approach to asymptopia which provides contact with
analyticity in the J-plane and is somehow natural for the dual amplitudes
should be useful. Such an approach was proposed and applied two years
ago by Veneziano 12 in the study of the J-plane structure of the four-point
function. Here we shall generalize his method to the situation where there
are several asymptotic variables. We shall illustrate the method by
applying it to high-energy limits of dual tree graphs recovering of course
previous results, but in addition noting some new unsuspected features of
the dual amplitudes. In particular we find: (1) That it is no more difficult
to compute a high energy limit in the multi-periphe ral configuration than
any other. (2) We have examined the double Regge Vertex in the case where

the Reggeons have intercepted unity. We find that the unsignatured vertex

vanishes when both momentum transfers tend to zero.
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2,3,4
This result is quite analogous to that already obtained for the
1
triple Regge vertex involving three ”Pomerons".[ )
We hope this new line of work will be helpful in comparing asymptotic

results from dual amplitudes with those obtained from general analyticity

requirements.

II. THE VENEZIANO TRANSFORM
The most convenient variable in which to study the analytic structure

of the dual amplitude in the J-plane is not necessarily J itself. Here

12,13
we use the variable =, which is associated with the Veneziano transform.
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B denotes the Euler beta function, and @ = @ + a”s the linear s-channel
parent trajectory with slope «”, which for convenience we set to one.
X indicates collectively the remaining variables.

If we chose for V(as, X) the usual s-t Veneziano four-point function,
equation (2. 1) would be the analogue of the Sommerfeld-Watson transform,
and {F(T,X) the analytically continued t-channel partial wave amplitude.

It is the analytical structure of “{f(-r,X) which is central to Regge Pole
theory - thus for example the leading singularities of v, as we shall see,
govern the asymptotic behavior when @ the transformed variable,
becomes large.

We define a rmultiple transforimn with respect to n-variables which will

eventually become asymptotic?
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Before proceeding fo the case of interest, i.e., when V' is a dual
13
amplitude, we qguote an important result of Ademollo and Del Giudice.

1f,
!

(40X )T SO{? 1 ) 2. 9

[~]

R

then,

[

YARIES X)) = ()od"?l‘i(*-”") g *) (2. 6)

Here f(y,X) is not an explicit function of .

We write the dual amplitude V™ as:

(m ) _
v (Hepy ) ’(554\, / x)
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where U e u are the Chan variables14 associated with channel
variablesi which r\:fill eventually become asymptotic, u, are the remaining
Chan variables, X the fixed channel variables and 4V Jis the cyclic
symmetric volume element. Finally we recall the duality constraint

equations requires )
—_— (1)
o uy, (2. 8)

-
f
!

where u(j) are all the Chan variables dual to u]..
k oJ

Inserting Eq. (2. 7) into Eq. (2.4) and using repeatedly Eq. (2.6) we

obtain:

'

s — "‘:( "'l
L) , !
NI, T, ) gaﬂ s

[
o
St

P
—_—

where u:i are the usual Chan variables, however, the Regge trajectories

are modified according to:

arj afj if the jth channel is not dual to channels ii' .. 'in

L}

nor identical to any of the transformed channels.

aj + Z -ra , wWhere the summation over t's are
k- 1k
associated with channels that are dual to j, and jis  {2.180)

not a transformed channel,

= (Z T \H where againthe summation over T extends
k i
over all channels dual to j associated with T apart from j
i
itself which is now agsociated with ope of the k'ra el T

If the sum is empty - we replace it by zero.
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We see from Eq. (2. 9) the pleasant feature that the transformed
dual amplitude is again a dual amplitude with modified Regge trajectories
given by a simple rule, Eq. (2. 10).

Finally to extract the asymptotic limit we insert Eq. (2. 9) into
Eq. (2.10) and as usual let *as, (i =1, ...n) approach infinity along
a ray in the complex @ plane? If we desire the leading asymptotic
behavior we rewrite Eq.1 (2. 3) as:

— E AL o :
Ec,k“‘t --—f.{‘l‘f*(""'g
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(2. 11)
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and study the singularity structure of the integrand, Eq. (2.11) is the
analogue of the multiple Somme rfeld-Watson transform.

At present we have not been specific with regard to the collective
variable X, nor the particular channel in which we expect Regge-like
singularities.

It appears to us that a simple rule leads quickly to the desired

leading asymptotic results for a large class of high energy limits.
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The rule. We require among the independent Chan variables those
which correspond to channels whose corresponding Regge singularities
we desire, We call these the chosen variables. This is of course

[2]

dictated by the particular asymptotic limit. We then send the choosen
variables to zero thus exposing the anticipated singularities. (All
variables dual to the chosen variables tend to one}),

We find that this rule does lead to previous results, however we
caution the reader that we have not yet taken proper care of signature
factors. These arise from treating definite inequivalent permutation of
the dual amplitudes!? ]and assigning suitable phases to these amplitudes.
Thus at times one might find spuriocus poles in our amplitudes - which
necessitate a more thorough analysis with regard to the proper inclusion
of signature, before ascribing any special physical significance to them.
thus it is perhaps more reasonable to define in the first place

a signatured multiple-transform. We hope to return to this question

in a future note. We shall touch on this point briefly when we discuss

the double Regge vertex..

We illustrate the multiple Veneziano transform technique by
considering: (1) the double Regge limit for the five-peint function,
(2) the triple and double Regge limit oftthe six-point function in the

multiperipheral-and semi-multiperipheral configuration respectively.
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For the latter the kinematics are appropriate for the pionization limit

of the single particle distribution.

II1. APPLICATIONS

Before proceeding we list here three basic relations which will

15
be used repeatedly:
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T(a, ¢, x) is the confluent hypergeometric function B is the Euler beta
function, and i(z) is the logarithmic derivative of I'(z).

The Five-Point Function

We compute the double Regge limit of the five-point amplitude.
All external particles considered in this paper are taken to be identical
= 0 scalar particles. (See Fig., 1a).

The three asymptotic variables are:

N 2
Sou = (£2tPu) ) ST (?t*t"‘%\

(3. 4)
T
Saa & (Pz-*‘ P'g)
we take the limit such that (-a04), (—a«iz), and (—a'z3) become infinite
whereas the ratio
, 5
K . (=) (- X2 ) (3.5)
oK .

PR S

(= ot o )

and @40 and a,, are kept fixed. Here %0 and @,, are the linear trajectories

associated with the channel energies:

= > Ce am A
Sut— (PG-‘*’Fl\ ] %.&L{,":‘ (\3%4?&13
(3. 6)
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For later use we record the linear relation between the cosine of Toller

angle,w, and 504/(812)(823):

Se -
e — (-- oo - SC:-:”S?;L{ ~\—‘5 Ses Say (.n-.ﬂ-l.))

S Saz - e

)\ (.Soi J Sa..'.)‘_ﬁ\j:;B

(3.7)

where

/\(;(1 1_)% 3 = ><‘L+1”lr+ :2_"--__-2()(*1 2 ﬂ—zx)

Using Fq. (2.9) and (2, 10) we obtain for the iriply transformed
amplitude:

e

P (3
‘-) { ("Jo‘-&)"(k?—}dlg J &‘./go!“!?'q ) =

3 ST UV R m sty *Tou #Tan—| 38
0! et Uy

Tj,"a T’“J'?. @

1 LL;_Z (’“L(.L-f ’

We remark that it is quite simple to read off this result from the dual
diagram. (See Fig. 1b). We have indicated by the solid line - the

asymptotic channels. We have also indicated by a dotted line a particular

channel, (34). We note that the dotted line crosses channels (04) and (23).

Thus the exponent of u,, must be shifted by a positive amount, + Tog

34 04

Similarly for u The asymptotic channel (04) has no asymptotic

01’

line crossing it, hence the exponent zero. Channels (23) and (12) are asymptotic
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thus we deleted the exponents ~«, -1, and -«_.-1, and replace them

12 23

by the exponents T, and Tyo respectively, since (23) crosses (12) and

(12) crosses (23).

Clearly we are interested in the singularities in the channels {01)
and (34) hence we choose uOi and u 34 28 independent Chan variables,
and obtain using Fq. (2.11):

3
. = (3)
Lown 13 = (f?: > AT, dT,, AT~ A’J

-

5
—p = o
" . -"'Dz Ttn ""Ia-ﬁﬁ' (

mdey A Tog + Ty s T T

Uy, Uy
T 7_"(3-9)

T 2 t!?w Cont e 5 L3R

LJL\L * u?—% (_""’O(QLI) (-.- 0(.‘1—3 (“a{lqj\) .

T ) T Te ) T Ta ),

We perform first the v, integration. The leading singularity to the

12

left of our contour is the pole located at:

rll.. = 4?<,,| - ‘ng», {3.10)

which cccurs when UM tends to zero. It's residue ig
— Ayt Toyq T
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Similarly one does the T _, integration and obtains;

23

040, o
fammn P S LT M CR IR R I
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[l vt ) Ty 1 Y T )
(—-a(,,q)

We recognize the integral expression in Eq. (3.12) as related to the
integral representation of the confluent hypergeometric ¥, function.

Using Egq. (3.1) and (3. 5) we obtain:

‘ (2\ X Ay — .
,(\_\..“.x —%; = (" 9\/.'). 3 (" J(-;_‘J) \ l’\ (“"(c-ﬂ\) t (_‘*/3 H ) ’

N QIO (3.13)

~ oy AL (- .
K g qi{f_ (=% ) Ay "/w“f‘”fw5

We stress that Eq. (3.1%) is valid only in the limit where sy f @44

As we see, from the integrand of Eq. (3. 12), when Ay =gy WE have a

sequence of double poles arising from the factor 1“2(—@01 + 704).[ 4] We
shall return to this important limit after we demonstrate by means of

our transform technique, the 'factorizability" of the double Regge vertex.

The Six-Point Function, Multiperipheral Configuration

We first compute the triple Regge limit of the six-point amplitude

in the multi-peripheral configuration (see Fig. 2a).

The six asymptotic variables are:

Seq ™ (134‘-»‘),)‘) S 7 (P ‘",-a“) LR R -sv--{lk,)}

-

= =
33._’ - (ir’i_,-% PH\) ) '{';J.’;: (P\+P7'T‘?1) ) ‘3‘3!“; = { ]A)Z. t F"J . P“!}
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We take the limit where g "Hyas T¥p3 ~Oay Ty gs TOn, become

infinite whereas the ratios,

P Lo € = ) )
| (—<ia ) (=2 )

(3. 15)

%

<, = (= olia Y- e(;.: H"* “’33
(“' D(‘ [y )

1
are kept fixed. Furthermore we make use of a factorization condition 6

Ko = ¥y AR (3. 16)

Again one easily obtains the transformed amplitude using Eq. (2. 9)

and (2. 10):
/\-(5\ ,‘(” -— “‘pf*t‘agf; '{'I—.-‘J"fTI.L"’ \
B L A0 wg, )
‘ T T 3.147
"“)/”'\- *'Cc._; TT;B*TL“‘:;M‘ — :,(n.!h"'f'f,g.s' '\‘Tl‘i -EL'!:H-f-l( )
fuu_&-

ATV

We have choosen uOi’ uoz, u03, as the appropriate independent Chan

invariables. uadenotes the remaining Chan variables, and f(ua) is a
function which of course tends to unity as the three chosen

variables approach zero.

Applying the multiple transform, Eq. (2.11), we find upon sending LAYEL e
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and Us3 to zero and picking up the residues of the leading singularities

inthe = _, and T _, complex planes we are left with:

12 ' 23’ 34
oS | ooy =~ Tug =T
M -)M\ .._'.._.,‘ )3 ) o vy 13
— N =0 L) & ) ( 2 AT, cdT ' d'?,"“,, (""/‘1--3 ’
) o3 Tog ™ ”C‘}'},"TJ*J o/ms-fasn"f-zq
- X“-‘> (~ ““) ©(3,18)

' r( Ty *'Tr“#,w oy \) r( rg;; -+ Ti"ﬁ 'Y’T-Lq - ‘)(1?1) ‘
Teg Tin
‘ r(Tot»,’ t T g 9(53) { - X o 5 : (“‘ K s, }

i T’(—-'I?uq \ rw ("‘TJ% \ r (‘ T \ .

Changing variables such that:

(" a(L.l.& )T’“f

X = Toy 7T 4 \1: Tos t Ta g

{(3.19)
Z = ’Z’tb.)—’ + Tf% “+ T’.?., 1,( ,
We have using, Eq. (3. 16):
}
' ”'\ do a./oz_, R
Lo B ) e )T
Ny e 6t .
2
(=) (axdyde Tlx-ay Tiy-s)
AT (3. 20

e e MW iwer sy Cly=2 )l 4y )
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We may now easily perform the z integration using Eq. {3.2) and obtain:

(&) e dy o 2.,
fon B = e T )T )
""'—D(-—-')’Q
N R \T’c OV sl N (e, ) B2)

l'ﬂl

kT &F’( g ) T y=%2) T Y-y “f»w#‘j-

Using Fq. (3.1) we have:
of
N {L\ /‘ /(02. °1)
,(.f\»w‘\ R ot (-—0(\—2,‘\ ‘ (" 9(1_1’ ("‘"Dz'z_,'-i ) 4

&
— 0{___\)?&

'r (-a(ci) \/(D(‘“) "(n‘&-) |(C'\ ) r‘(rd

. (3, 22)
aE

EVE TN N L IR 8
where T ol ’{} [~y o ol 41, K )
V(Ao ooy K I R R TP A P+
This result 1is manifestly factorizable in the sense defined by Bardacki
and Ruegg“ and of course identical with their result. We note again that
Eq. (3.22) is valid only in the limit in which the momentum transfer

& . o . are unequal,
oi’ "oi+ 1 q

The Double Regge Vertex When a; T ey

We see from the previous analysis that the occurrence of double poles

when @ Ta in the intergrands of Eq. (3.21) requires special attention.

oi +1
From Eq. {3.23) we realize that this is equivalent to the classical problem

of defining the ¥(a, b,x) function interms of the & function when the argument

b is a positive integer,
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~

1
We quote the results of ? of that analysis:

/Q/sz \/("‘/ai,i’goil-“)KC\ = K\:“"{of ("'I‘L

Py, —7 0 (b [ (- dsi

I (et | 1, K ) log ki = -—1— Z_JY’( i )

"%‘ (3. 24)
- sy J’ ,V‘ ‘)
Vot Y - 2 (v ) | .;:t? §

where U (z) is the logarithmic derivative of I'(z) and & (a, b, X) is defined

by the confluent hypergeometric series:

o fa 2
E‘E_w(m,lﬂ%\: |+ fimx -+ "‘..__f_,_..-\) X

b {b+i) 2% (3.25)

e a(a-m){a-ﬁ?ﬂ X—z"

vt s ot e | - -r' PRV
Ly ey 3

It is amusing to observe the behavior of Eq. (3. 24) for the case in

which all Regge intercepts are taken to unity i.e.,

COREE N I P Kyiw, = 1t Salsy

ot / (3. 26)

and the momentum transfer s . and Soi + 1 approach zero. We have:

. -ty )
P \/<a’oi doiar, V<o 3 = - Ky {_L_ - KUK o2

, J LR —
GJDL—';‘Q\/@:*{ rll\ r“fi>

. ——
ey 7
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Here we have used repeatedly Eq. (3. 3). Finally we note the

kinematical constraint Eq. (3. 7):

Jon Ky = |

Aoy = Api 43 (3. 28)
Al ™
Hence,
/QJJV\/\. \/(a(o'..)o/a;‘,.uif(“)’*c
(3.29)

'XD:L > JD v oy

P e I |
If we identify the trajectories & o and @4 with the Pomeranchuk,
(hereit is in factan I = 0 even signature trajectory) we appear to resolve[

17
the Finkelstein Kajantie paradox concerning multiple Pom eranchuk

exchange. Such a resolution was proposed some time ago by Verdiev,

18
Kancheli, Matinyan, Popova and Ter-Martirosyan.

Before concluding that this result would remain for the physical

- amplitude one must first properly include the signature factor.

One might naively expect the usual multiplicative factor,

{1+ e_iwaoi)- {1+ e-iﬁaoi + 1), which produce the proper non-sense
correct signature decoupling, and do not modify our result. However,
Drummond, Landshoff, and z’Eakrzewski:lg argue in a somewhat model
independent way that the physical double~Regge Vertex involves both the

expected modification but in addition a remainder which is related to a

definite discontinuity of the vertex in the complex x =~ plane.

5]
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The effect of this addition is to alter radically the physical vertex at
wrong signature points, In their analysis they have neglected a class
of diagrams which appear to contribute to a quite different asymptotic
limit {e.g., that in which lines 1 and 2 are interchanged in the
five-point function). It appears to us that this class of diagrams may
in fact play an important role both with regard to signature and the
appearance of double poles.

Six-Point Function, Semi-Multiperipheral Configuration

We next examine the six-point function in the kinematical configuration
appropriate for the pionization limit of the single particle distribution.
(See Fig. 3a).

We define the kinermatic variables:

= . L -l _ - 2-.
Sa,cl’ (Px— Fa‘ ) y YN {!f’b-—,?b# ) , ‘SM
3 . .
Sw, * [.Pa.. P, ) Sgli! = (l)“w—--,.;fr _) )
- . z
S pprs (P pr) s et
We consider the high energy limit in which —aap T4

(Po'fPL"P!)L

{ £.- P, )‘*— (3. 30)

{1

i

S“”’

al’ PR R

and @y g Ty approach infinity, yet keeping the ratios

S EPRIE YA S Y
I - ) T = (3. 31)

L= ) SR

fixed.
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As before it is straight forward to obtain the multiple transform:

g ‘ . - Huat v T, ‘f"T'” i T_'_"a N |
Boo= } d'\) Ua o U — ey, T AT T
b bk .
— daatyrr Tay + Tyt Tylef- e YO TR S [ 2PV N T

'u*a.g.'!‘ L&b)a"’
(3. 32)

=
D
[ D
S
“"f\_,
—
=
.
P

We choose uaa’ s Wy e s and uaa, g~ 28 independent variables.
Applying the multiple transform, we find upon sending u . and U~ to
zero and picking up the residues of the leading singularities in the

scomplex planes we obtain:

-ra/i/and 1'61
Jﬁ;m -..;) {g(\ i 'S . A ws - J "\u} r
-~ <. ey 7 ' l‘ S
azﬁa‘ - Ta( - Z—M Of!; é’f‘ B ‘T&'[ - r-f"f
o) o o
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Recognizing that the remain Chan variables integrate to the Beta
function and using Eq. (3.31) and Eq. (3.2) twice we obtain: {

v I3 3 {(‘
o IS olas Uyt 0 ~ | da
S P) = (- 51" G Xa'i') J (??rs. )}dtﬁ

R ¢

-7
. - - o br“-—f (= oyt i » M
Ty T e e YT
r’m\(i S/
Using Egs. (3.1) and (3. 31) we have:
‘ [‘;i‘ ‘7(4»&&' O(b’n'
"
T ZTID R CIVRTES S
| !
P~ "“/Lra,"f-’-
F( a(M‘S ]t o\ 1 ) Aw W
o
N T S L A
;(J""‘U\) \/ (.q/“ﬁ ;/ i >
)L‘Lft-*’“‘)
(5.%5')

which agrees with that of Refs. 3 and 4.

Finally we note that in the physical limit in which the trajectories

functions ¥po e Y are identical we must use Eq. (3. 24)for V.
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IV, CONCLUSION

As we have seen the multiple transform technique permits a rather
careful examination of the J-plane singularity structure of the dual -tree
amplitudes. We have discussed briefly the standard Regge limits.

However, it appears to us that these limits are quite interlocked with
certain fixed angle 1imits.20 We believe the transformed technique can
also be of use in evaluating these limits.

Although we have only considered the leading singularities, we believe
it is not an impossible problem to probe the lower lying trajectories and
reinvestigate the interesting factorization21que stions which arise. Furthermore
it might prove of interest to study the high energy effects of trajectories
with non zero Toller quantum numbers, which are of course present 2 at the
daughter level.

Finally we should mention that the dual loop amplitudes%z’ 23 5car1 also be
subjected to multiple transform techniques. We have verified this for the
planar single loop an:tpli‘n:udesz.'2 Their transforms are again the planar
loop with shifts in the Regge trajectories analogous to Eq. {2.10) .

We suspect that this pleasant feature will be maintained for all dual loop

amplitudes,
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FOOTNOTES

[1] We note that the vanishing of the triple Regge vertex occurs when the
intercepts of the three parent trajectories are at unity, and all momentum

transfer variables tend to zero, see for example Eq. (3.22) of Ref. 2.

[ 2] The collective variable X denotes those channel variables which are held
fixed. Of course depending on the asymptotic limit there may emerge

definite ratio's of asymptotic variables which are kept fixed.

[3] For an interesting general discussion of the non-trivial relations which
hold between different inequivalent permutations of a dual amplitudes,
see E, Plahte, Nuovo Cimento@_, 713 (1970). A beautiful application
of the Plahte relations in the context of inclusive reactions may be found

in Ref, 4.

[4] The presence of double poles whena,, = «

34 01’ 1D the double Regge limit

of the five-point production amplitude had been noted in a model calculation
involving sums of ladder graphs by W.J. Zakrzewski, Nuovo Cimento,

60A , 263 (1969).

[ 3] We note that for unit intercept the dual amplitudes are quite likely free of
ghosts (M. A. Virasoro, Phys. Rev. D1, 2933 (1970)).
1t is intriguing that a possible threat to unitarity appears suppressed in
exactly the Virasoro case. We note, however, that we still have a

problem due to the presence of the undesirable Tachyon pole.
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FIGURE CAPTIONS

Fig. 1 a) Five-point function,
b) Dual diagram for five-point function. The solid internal lines

indicates the asymptotic channels. The dashed interior line indicates a

particular fixed energy channel. (34).

Fig. 2 a) The six-point function in the multiperipheral configuration.
b) The dual diagram for the six-point function. The solid interior

lines indicate the asymptotic channels.

Fig. 3. a) The six-point function in the semi-multiperipheral configuration.
b) The dual diagram for the six-point function. The solid interior

lines indicate the asymptotic channels.
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