# national accelerator laboratory

THY -9
v/

NEW DUAL N POINT FUNCTIONS

L. Clavelli
National Accelerator Liaboratory
Batavia, Illinois 60510

January 4, 1971

ABSTRACT

As an example of the group theoretical approach to the construction
of new dual amplitudes we discuss a model pion N point function in
which the 7 trajectory lies 1/2 unit below the leading (p) trajectory.
The model is ;ompletely factorizable, contains a natural G parity
and obeys the Adler condition approximately. The degeneracy of the
spectrum and the ghost problem is essentially the same as in the
conventional Veneziano N point function. In a separate section we
discuss a dual interaction of an SU(3) nonet of scalar mesons with

mass splitting.
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I. INTRODUCTION

Recently, by abstracting the symmetry of the Veneziano N point
function, a general group theoretical prescription for factorizable
dual amplitudes has been giveni, opening the way for the construction
of a wide variety of new dual amplitudes some of which will hopefully
be closer to nature than the conventional multi-Veneziano expression.
As an example of this technique, we propose in Section II a model pion
N point function incorporating the p trajectory, G parity, and the Adler
condition approximately. We note here that pion N point functions based
on a gener-alization2 of the Lovelace anrlplii:l;tde3 or on a relativistic
gquark model4 are not dual in the group theoretic sense since the cyclic
symmetry is put in by hand. Since it contains all the diseases of the
conventional amplitude, the major interest in the present model is the
example it provides of one dual vertex carrying two trajectories. In
addition to the AJ1 trajectory containing the external particles, there
is a leading trajectory one half unit higher containing the p, and f.

States on the parent m A, trajectory have negative G parity and are

1
decoupled from even numbers of pions. In Section III we discuss a
model for the N point function of a nonet of scalar mesons with SU(3)

mass splittings. The model contains a leading trajectory a variable

distance above the scalar meson trajectory.
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For completeness we summarize here the basic rules for a
factorizable, dual amplitude given in Ref. 1. In terms of suitable
creation and destruction operators one constructs a representation of
the SU(1, 1) generators Lo’ Li and a vertex operator V{(z), z on the unit

circle, transforming under the SU(1, 1) as some spin Js representation,

That is
(L., L, =#L, (1.1)
[L+, L] =- Lo (1.2)
L Viz)] = - -Sl—* Vv 1.3
(L, z— V() (1.3)
z:l:1 d
[L:&, Viz)] = - W— (ZEZ'-T JS) Viz) (1.4)

V(z) represents the vertex for the absorption of a particle and may
depend on all of the quanturn numbers of that particle, and in particular
on its four momenturm kp. The significance of JS as the 5U(1, 1) spin of

the particle is clear since if we define the Casimir operator

2 2
L”=L"-L,L -LL, (1.5)

then using 1.3 and 1. 4
2
LY V(z) [0 > = I I+ 1) V(z) [ 0> (1.6)

If one has N such vertices for the absorption of N (in general different)
particles each of which transforms with the same SU(1, 1) spin JS, a

factorizable, dual N point function is
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—4-
1 N dzi —1—JS
Ag: o <o]i=1 [ 2 lz, -z, ,, 6 (arg z,-arg zi+1)Vi(kizi)}[ 0> (1.7)
where
- , -’ L d o,
C:fdzdzdz Blargz -argz ) 6 (argz - argz )
A !z—z[ Iz -z ] ]z -zl (1. 8)

The contours are all taken around the unit circle and the z's are defined

cyclically, Zaid 2y
The conventional multi Veneziano amplitude employs an infinite set of

. 5 e
boson creation and destruction operators™ satisfying

n mt.,
[ap, L] mn Epv (1.9)
with metric g =(4,1,1, -1).
v
Under the SU(1, 1) algebra generated by
- € mJr m
L, = Z (m +=) a a
O 2
m=o
[+¢]
L :Z (m+e)(m+1) 1/2 am+1Tam
%o NZ (1. 10)
I |
L_ = L+
the operator
o
1/2 T
-1+eh + - -
Q(Z)=z [{m '6)_] (amzm €/2+am zmvs/Z (1. 14)
M m=o m! e K
transforms effectively as an SU{1. 1) scalar in the limit € -~ 0. In that
limit the operator
(1.12)

Vik, z) = : eik' Q(Z):
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-,
o

transforms with > J =

6.7, LK
5 2

Taking Eq. 1.12 to represent the vertex for the absorption of a scalar
meson of momentum kH and substituting into Eq. 1.5 with JS = -, one
obtains the usual N point function in Koba-Nielsen form. It is interesting
to note that the two points of special simplicity in the model a~ 0 and
a = 1 are the null points of the Casimir operator Eq. 1. 6.

Because of the projective invariance, one can in general reduce
Eqg. 1.5 to the explicity factorized form by the Fubini Veneziano technique6.

Define the ground state bra and ket.

| k > = 1im z 7S Vik , z) 0> (1. 13)
n n n n
Z - 0
I
R X1 JS
<k, | =lim z°S <o Vik,z,) (1.14)
z —0
1
Then n-3
A=< kil Vik,. 1) iU [Ai (L) V (ki+2,1)] {kn> (1. 15)

where the propagator is given by

1 14T+ -
A (L) =f ax, x, Thots (4_yg)71-Ts (1. 16)
1 O o 1 1

In the multi Veneziano amplitude the external particle lies on the leading
trajectory. We now proceed to discuss a generalization in which the
external particle lies 1/2 unit below the leading trajectory. Such a con-
figuration is close to the physical situation in which the n trajectory is
1/2 unit below the p trajectory. We will allow in Section II the incorpora-

tion of the Chan Paton8 isospin factors to be understood although we will
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not discuss them explicitly.

II Pion N Point Function
We would now like to consider a model for the pion N point function
which includes the —rrA1 and p, and f trajectories. To this end we introduce
two infinite sets of spinless Fermi operators satisfying the anti commuta-

tion relations

m nt, _ m nt, _
{b sb }_{d :d }”6mn

(6™,% = (™, d" = {d™d") = (™, Ty c0 @l

3

and commuting with the als of Eq.1. 9. Weconstruct the following SU(1, 1)

generators
Loe L w5 @™ Y mer/n o™ e 2
0] m=0 m=o
© 1/2 1 ® 1/2
- (m+e) (m+1) m+1 m (m+1/2)(m+1)
L+ Z [ > ] a a -+ Z [ > ]
n=o m=o
i " (2. 3)
x (Tl pm gt gm,
o 1 (2. 4)
L_=1L,
and the operator
i I'(m+1/2) 1/2 m m+i/4 mt -m-1/4
H(z) =n1:0 —]__;(anﬂ (b =z + d z ) {2.5)

Under the SU(1, 1) defined by Egs. 2.2, 2.3, 2.4, H(z) transforms as
JS = -1/4. We could as well have taken the b's and d's to satisfy commutation

relations instead of the anti commutators of Eq. 2.1, but by use of Fermi
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operators we will be able to keep the degeneracy from increasing appreciably
over that of the conventional model. Similarly we could have taken

spinor b's and d's, but we avoid doing so mostly for simplicity but partly

to avoid a negligible increase in the number of ghosts in the theory.

We now define the vertex for pion absorption as

V(kj,zj) =:e 4 I H (zj) H(zj) : (2. 6)

where Q(z) is still given by Eq. 1. 11 in terms of the a operators, TUnder

2
the SU(1, 1), V(k, 2) transforms as a JS = - -kz—- 1/2 = o - 1/2 representation.

As before we obtain a dual factorizable amplitude by substituting Eq. 2.6

into Eq. 1.7 with JS= —a0-1/2. The four point function can be immediately

written down using the facts that (ignoring constant factors)

<o]ﬁ :eikiQ(Zi}:]o> = '[3_1' ﬁ |z, - z.[kikj (2.7)
i=1 1=1 j=it1 b
and
{H+(zi), H_(zj)} = |z - zj] -1/2 (2. 8)
where the + and - refer to positive and negative frequency parts of H,
Then putting
AR
l2,-2,] [z, - 2]
(2.9)
1-x= 2y 2y | 125 -2,
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we find
1

A, =j dx x'i'“(s)(i-x)"i'“(t) {2-28% ~28T-x +
8]

1/2 1/
R

1-x%

I’(‘&’S)I‘(‘a’t) ) T(“a’s+1/2)r(‘at) ) r(‘as)r('0t+1/2)
T(—as-at) I‘(-as—at-!-i/Z) l"(-afs—o.ft+ 1/2)

2

F(—as-iIZ)T(-at-*-i/Z) . I’(-as+1/2)r(—at—i/2)

T(-a o) T(-a_-ay) *
I'l-a +1{2)T(-a +1/2)
+ = t 2. 10
T(-a ~a + 1) (2. 10)
s t

The first point to be noted is that there is no pole at «(s) = 0 corres-

ponding to the absence of a pion pole in elastic ww scattering. Further-
more at o(s) = n forn=1 the residue contains only spins 0,1,....n-1,
Hence, the parent Ai trajectory decouples from the elastic scattering
ag it should. There are however contributing poles on the daughter
trajectories. (e.g., a O+partic1e at the Ai mass etc.)

The asymptotic behavior of A4 is

lim a(t)+ 1/2

R A, = [ als)] (2. 11)

corresponding to a leading trajectory 1/2 unit above the m trajectory.

Thus if we put arp(t) = a(t) + 1/2 the asymptotic behavior for nm scattering
a (1)
iss P as it should be. It is to be noted that unlike the recent model
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of Bardakci and Halperng, the Pomeranchuk trajectory has no place in
the Born term of the present model. However, as in the conventional
amplitude , diffraction might arise from higher order non planar loop
graphs,

The 4 point function of Eq. 2. 10 also contains poles at the p meson
mass and its recurrences, That is at a(s) = n-1/2 (or ap(s) = n) there

are poles with spins 0,1,...n. The Chan Paton factors identify these

poles as the Positive G parity p and f trajectories. The chiral symmetry

2 2 .
prediction m, = Zmp is also built into the model. A presently
1

unavoidable difficulty is the existence of a spin zero pole at o (8) = 0
P
which becomes a tachyon in the physical case of arp(o) > 0.
To examine the pole structure of the general N point function it is

convenient to use the propagator Eq. 1.16 with JS = -a - 1/2

.F(LO - ao- 1/2) F(ao +1/2)

AL ) = S (2.12)
Q

If we write Eq. 2.2 as b 2

L, = ‘2) + R (2. 13)
with
= = i T m
R = 21 ma™ T ™, ):O (m+1/4) (™ ™ 4 g™ T g™ (2. 14)
m= m=

the propagator can be written

r(-a(-pi) + R-1/2)T(a_+ 1/2)

A = (2.15)

2

o
r{—2
5 R
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The physical eigenvalues of R are integral and half integral. To see

this it is sufficient to prove that on the physical states

[ss)
1 Z (mebm . medm) _1 Z mebm (2. 16)
z b= 2

To prove Eq. 2,16 it is sufficient to note that the operator

m
§ = Z P Tp™ L gl gm, (2. 17)
m=o

commutes with the vertex Eq. 2.6 and with the propagator I£q. 2.12

and hence annihilates the physical states, ie

n
6 l‘I’phys - (2. 18)
where
n af0+ 1/2
> -
“phys Zow Vik . DAL Vi, HAL ). ..
Vik _ O)V(k_,2) 0> (2. 19)

Thus the poles of Eq. 2. 15 occur at a(-pz) =nfor R=1/2, 3/2,...n+1/2
and at a(-pcz) }=n-14/2 for R=0,1,...n. The first set of poles
corresponds to the w A1 trajectory and the second to the p, f trajectory

a half unit above. It is a simple matter to construct the intermediate
states in terms of the occupation number states of the a's, b's and d's.
The b's and d's introduce no new ghosts into the theory since they are
scalar operators; and since their number operators have eignevalues

zero and one only, they do not
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contribute significantly to the degeneracy already in the model due to

the a's and aT's. Since the new Lo- N2 L. annihilates the physical

states, Eq. 2.19, the usual Ward identities are still in force. Further-

more in the unphysical case @ = 1/2 one can generalize the Virasoro
operators to provide an infinite number of Ward identities, thus

allowing the possibility of eliminating all ghosts from the model.

The conservation of G parity is also easily demonstrable in the model.

We define the G parity operator

<«
G=exp im Z [(medm ca™Tym, (2.
m=o0
with the property that
GVGJr =-V (2.
and
=0 .
[G, L] (2
so that operating on Eq. 2,19
n n n
> = (-1 > 2.
G lup O T (

_i.
Inserting the identity operator 1 = G G at any point in the n point
amplitude of Eq. 1.7 (or 1. 15) yields

n

A =(-1Y A (2.

n I

so that amplitudes for the scattering of an odd number of pions vanish

identically.

20)

21)

22}

23}

24)
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would now like to investigate the behavior of A4 at the Adler point

a T Ta @ 0. Putting a  =o e, Eq. 2.10 becomes
- Ni-e) , I'(-a+1/2)
A, = 2Tl [r('- 2a 2 T(-2a + 1/2)
I'(-a-1/2)  L(-a+ 1/2)
- + 2.25
+ I'(-a +1/2) {2 T 3a) T2 o+ 1) { )
Using the logarithmic derivative Yx) = c% 1n I'{x) and expanding to first
order in o« we have
I(1/2 - a) (2.26)
=z 1 +oW(1/2 .
T1/2 -2a) - o ¥(1/2)
2o + 1
I (-a) _ 2 L(1/2) . 5 (1 + 24102 + @ ¥(1/2) (2.27)
T'{-2a) I'(1/2 -a)
so that
lim
040A4(as—&t—a)-—81n2+ﬁ (2.28)

Thus there is a partial cancellation between the p, f and w Ai trajectories

lit

at the Adler point. The value at threshold (as 0.05 a, = 0) is approximately
twenty times greater than Eq. 2.28. We have not been able to demonstrate

a similar suppression in the N point amplitude. In addition the value of

A4 at the Adler point is uncomfortably sensitive to the way the limit is

approached. For example if instead of the symmetric approach above,

one first takes a 0 and then @, > 0 the amplitude diverges,.
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Because of this ambiguity and the ghost problem discussed above and
because of the unsatisfactory feature s of the Chan Paton scheme for
isospin, the amplitude proposed here is not completely acceptable.

Nevertheless it has several obvious features in common with empirical

observations that the conventional multi Veneziano model lacks.

III. Inclusion of SU(3)
In this section we discuss a possible dual interaction of & nonet of
scalar mesons with broken mass degeneracy. Following the method of

the appendix of Ref. 7, for any n>0 we can construct the SU(1, 1) algebra

[se]
L = Z (m +-Ly p@Tp™ (3. 1)
o &0 2
T
1 1/2 m+1 m
L, =. Ni [(m+n)(m+ i)] b b (3. 2)
m=o
T
L =L, (3. 3)
and under this algebra the field
X 1/2
. Ilm+n) m m + 72 (3. 4)
B(Z)"Z Tm+n | P 2
transforms covariantly with JS = -nf2.

Following Bardakeci and Halper'ng we would like to make bm an SU(3)

triplet and write
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. n,.,.mt o 8,,m
LO—HZ;O (m+2)b (ari)\. +a2)\)b (3.5
T
B 1/2 _m+1 o 8 .m
L+-m=0 :[—__;[(m+n)(m+i)] b (517\ +[32)L)b (3. 6)
|
L =L, (3.7)

However, we are not free to have arbitrary symmetry breaking.
Requiring the operators of Eq. 4.3 to satisfy the 5U(4, 1) algebra gives

us the non linear constraints.

E 51 (3. 8a)
T f
@By Tayb, - J;"‘zﬁz - «/E-ﬁz (3. 8b)

+
@, Byt B,

2 2 ,3
ﬁ’l + ‘32 = E 0!1 (3. 8c)
2
5 _ﬁi S (3. 8d)
PP Nra 2 %2 '
Resides the trival solution a, = ‘31 = \/372;@2 = [32 = 0 there are two

solutions with non vanishing symmetry breaking

a'1=\/273=[31 0'2=f\/:l/3=[32 (3. 9a)
a1='\/1/ =B, az=-m= B, (3. 9b)

corresponding to the two matrices
A= VETEAC + NI (3. 10a)
A, = NIT60° - NIT3 2\ (3. 10b)
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AJ1 and A2 can be seen to be the projection operators onto the space of
neon strange and strange quarks respectively. We would now like to

build a dual amplitude based on the algebra

+ i (m+t-]22—-)(meA2bm+meA2dm) (3. 11a)
m=90
© 1/2 ¥
1 m+1 m
L = = (m+€)(m+1)] a a
N
S | i‘ [(m + 1) (m + 1)] 1/2 (bmHTA p™ +dm+1TA g
'\jz m=o 1 1 )
+ 1 i + sy 172 bmHTA bm+dm+1TA d™y (3. 11b
= ) [mnyme | MR , Ld) (3. 11b)
m=0
L =Lt (3. 11¢)
- Ty

The parameter € is to be taken to zero at the end of all operations but uh
and n, are constants to be determined later by the meson masses.

The model of Ref. 9 is obtained in the limit n,~ 1, A1—> 1, AZ - 0.
However terms in AZ are important for a consistent dual theory with

symmetry breaking, We now consider the spin zeroc SU(3) triplet

3 @
7
+
Br(z) :Z Z e 1 I’ilz(m+n1} Ai b]:;l Zm 1/2
s=1 m=o M 4m 4 4 rs

n
+
+ I‘”Z(m+n2) A, p mt 2/2 (3.12)

3
TS
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with z on the unit circle.

Similarly
3 0 n
1
DJZ“E Z 7 [1_, / (m + )Ai dl’;’l m+1/2
=1 m=o0 T (m + 1) rs
1/2 m m+ 22
+ I (m+n.)A d =z (3.13)
2772 5
rs
we now define the quark operator
H (z) = B (z) + DT(z) (3. 14)
r r r )

Commuting H with the SU(1, 1) generators of Eq. 3.11 and comparing
with Eqs. 1.3 and 1.4 we see that Hr transforms with Js = - "1/2 if
r=1or2andwith J_ = - M2/2if v = 3.

The vertices for meson absorption are now written

: eik' Qz) H-]L

& (k, z) = (z) \'H(z) : (3.15)

Commuting with the generators we find

(L. a%k,z) ] = - 2 o %k, 2) (3.16)
+1 2
o Z d o k a
= - 2y — - 3
Ly @] = - = o a%s
. nA, +n. A
i:elk'QHT{ 1 12 2z 2 ,KQ}H:)(E».J.T)

SU(1, 1) covariance requires

1) ai (299 4
—— = 3. 18
2{7]1A1 + T]ZAZ,)\. h™ X\ (HO s5uUum on a) ( )
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Using Egs. 3.10 a, b and the familiar anti commutation relations of

the ¥s we find the following eigenstates of Eq. 3.18

LI P S G
& : Y (3.19a
= )
+ 0 =0
K,K ,K R i
& ) e = (3. 19b)
N2 N2
N YR ARV VR (3. 19¢)
. 0. ——.8
aN° . -NT[3I N +N2/3 (3.19d)
with eigenvalues
1
= + + — -
h =1(2{3n 1/3n,) NG (n, -n,)dg (3.20

Substituting Eq. 3.18 into 3. 17 we see that the vertex 3" transforms

under SU(1, 1) with

- h (3.21)
o

kZ
@
2
According to criterion IV of Ref. 1., in order for particles with different

quantum numbers to interact dually they must have the same Js. Thus

if the mass splittings of the 8% are octet dominated i.e.:

2 2
kK° = -m> -3 6m” d (3.22)
o 0 Soo
we must have
2 2 2
n, M, = -(3/2)6 m" = m - m] (3.23)

Then JS becomes independent of ¢ depending only on the central mass

andg the paramet and .
mo parameters ni nz
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J_ = (2 o+ 5 o0y —2 3. 24
s P 3 T3 T - N (3.24)

The dual amplitude for the scattering of n scalar mesons with SU(3)

guantum numbers @y is according to 1.7
L -ﬁ- cilzi -i—JS
- i 9 - - X
Byw o T w—0terez -argz 2 -2, ]
12 n i=1 i
[#4 o (4
1 2
x <o|a a°...a" | 0> (3.25)

In the case of the four point function 3. 25 is easy to evaluate using the

anti commutation relation

1
t _ 2 oM
{Br(zi), Bs (Zj)} = e T(ni) Airs Zi zj
i'n'n2
2 )
+ e T(nz) AZ lzi -z, {3.26)
rs J

although some may prefer to use the factorized form of Egs. 1.15 and

1.16. With either method one finds for example in the case of o

elastic scattering, the st term in the amplitude takes the form

}

I'(-a (sHI'(-a (t)) I'(~a 3NI(-a (t}) +n
A _ T m T T 1

3333 (-2 (8) - a (1) T T(-a (8) -a {t) + n,)
m kLl ™ i

1

] I’(—aﬂ(t))r('ﬂ’ﬂ(s) + ni) +F(—a'_n_(s) + ﬂi)r‘('ﬂ’_ﬁ_(t) + 711) (3.27)

Ii-a_(8) - a_(t) +n,) I'(-a (8) ~a (1) +2n,)
" T 1 T ™ 1

TCeyls) - nTla, () ) Tla (&b n)la® -0y
L(-a (s) - a (1) T(-a_(s) - a_(1)
™ v m m
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If we choosge My = 1/2 we recover the nr amplitude of Eq. 2. 10 (apart
from some factors of 2 due to the trace of Ai') There is a leading
trajectory one half unit above the w trajectory. The isospin content
of the present model is however entirely different from the model of
the preceeding section which relied on the Chan Paton formalism. As
can be seen by examining Eq. 3.25 for =m scattering in other charge

states the p, A, trajectories decouple from the model leaving only

2
isospin zero irajectories (w,f). By taking Ny = 1 we can move the leading
trajectory to one unit above the w trajectory thus obtaining an isospin

zero Pomeranchuk trajectory as in Ref. 9.

In the case of scalar K7 scattering Eq. 3.25 yields

l-a_(s)I'(-a_(t}) Di-a (s) + 1 )D(-a (1)
A - K m - K m
KJrTrO.K-Tro F(—aK(s)—aﬁ(t)) I‘(-aK(s) - aw(t} + ni)

D(-a [$) + n)T{-a (1) - 1)

T2 T e ld e ) (528

K ™
where

mZ n, - n

_ K s 1 2

arK(s) =- = + 5 - afﬂ(s} + — (3.29)

a (t)

If n, = 1/2, the asymptotic behavior is s P as desired and poles appear

1

I

in the s channel at the mass of the K and its recurrences with

m, -m = m —m2 {3.30)
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However the parent trajectory in the K family decouples. Thus one
might prefer io take ny = 1 and adopt the Pomeranchuk interpretation
of the leading pole.
. + .+ . . .
By examining scalar K K scattering one finds the existence of
exotics on low lying daughter trajectories as expected.

The general four point function can be written as follows.

2
mTI'
4 A — e
A .4 dzi Iz-z 1711 2 f(arg z.-arg z. )
o aoca. C ]I z. i % €273 21
192%3% g i

CAN. Kk,
X(UW [zi—sz o °T, (3. 31)
1‘_‘

j =i+1

where
4 o
T4:<OJ| | :HT(zi)le(zi): lo> . (3. 32)
i=1
We adopt the notation
CE]._ . Otk an
<ijk...n> = Tri{xC. Ao 2" .o, (3.33)
ij jk ni
with C.. = T .
( lJ)I‘S {Br(zi)’Bs (aj) } (3. 34)
Then
T4 = < 1234> + < 4321>
- < {243> - < 2314> - <34241> - < 4132>

+  <42><34>+ <23><41> + <13><24> {3. 35)



-21- THY - 9

The cyclic symmetry of the four point function is evident from Eq. 3. 31
and 3. 35. We assume that the cyclicity of the higher N point functions
can be similarly demonstrated although we have not developed a general
proof of this.

Finally we note that we have taken the field H(z) to be spin zero
for simplicity. It is natural of course to make H a Lorentz spinor

in which case one could form the pseudoscalar octet

¢“=:eik'Qﬁy5;\“H: (3. 36)
The SU(1, 1) transformation properties “ are not altered by this
generalization but the gcattering amplitudes above are modified by the
appropriate traces of y matrices (e. g., in the expression 3. 33 each X
matrix is muiltiplied by y5.) The odd N point functions are then identically
zero. Additional ghosts appear in the model due to the 3rd and 4th Dirac
components of the b's and d's. In view of the fact that the SU(3) breaking
mechanism discussed in this section forces TI'OTj degeneracy and the canonical
quark model mixing angle (Egs. 3.19 and 3. 22) it does not seem worthwhile
to pursue this possibility without more drastic modifications of the model.
It is interesting however that phenomenological attempts to construct a
dual won scattering amplitude have also been forced to assume a TrOn degeneracy.
This fact makes it additionally interesting to try to construct from the group
theoretical point of view a dual model with a different symmetry breaking

mechanism in which 110 and n do not have equal masses.
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