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ABSTRACT 

We present general group theoretical requirements for the construction 

of factorizable, dual N-point functions. Dual amplitudes for the scattering of 

arbitrary numbers of spinning particles are built as an example of this 

approach. 

Although the SU(i, 1) invariance of the Veneziano N-point function has 

long been recognized, 
1 it has not yet been systematically exploited in the 

construction of new dual amplitudes. In the following, we would like to 

generalize the group theoretic structure of the multi-Veneziano function, 

discussed earlier by the authors, 
2 

to include external particles of different 

types. As an example of our techniques, we give a simple, factorizable dual 

amplitude for the absorption of arbitrary numbers of high spin particles. 

For the purpose of this paper, we regard duality as a purely group 

theoretic concept, implying SU(i, 1) invariance but not necessarily any 

particular asymptotic behavior (e. g., Regge). Basic to our description are the 

three generators of SU(I, i), Lo, L+ and L which satisfy the algebra 

[ Lo’ L* ] = *L* [ L+, L- 1 = -Lo. (1) 
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We present the following minimal set of group theoretical conditions for the 

construction of dual amplitudes. 

(i) Associate with the absorption of a particle with momentum 

k 
c1 

, spin j, j 
3’ 

internal quantum numbers {A } , a vertex 

operator V(k P, j, j,, {A}; z), where z = emiTis a complex 

variable on the unit circle. 

(ii) Require that V(k p, j, j3, {Al: 2) t ransforms under SU(1,1) 

as a spin J 
S 

representation, that is to say 

[ Lo’ v ] = -z -+I 

[ L+t, v ] = j+- Z*'(z --& + Js) v, 

where we take Js to be in general a function of the 

Casimir operators of the Lorentz and internal symmetry 

groups 

Js = Js (m 
2 

, J, c’). 

(iii) Under the Lore&z and internal symmetry groups, V is 

required to transform in the same way as the field of 

the absorbed particle. This insures the correct selection 

rules at each vertex. 

(iv) Any number of external particles 1, 2, . . , 1 ,... can 

interact in a dual manner only if they have the same 

SU(i,I) spin, i.e., 

(24 

(2b) 

(3) 

Js mi, j 
I (1)’ 

cAcl) ) = J,(m:, j(, ), cFI )I for all p. (4) 
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This implies relations among the quantum numbers 

of different particles. 

(v) Then the factorizable dual amplitude for the scattering of 

particles 1, 2, . . , P , ., N in that order, is given by 

AN=$‘“~~~i{~\zl -z1+11-i-Js ‘J(argzl+i-argzf) X 

x V(k L p’ j(f), j,(1), {x1 (1); Zl) IO’ 
3 

(5) 

where C is the integrated Haar measure, and the contour 

is taken around the unit circle. This type of expression 

was shown to be SU(i, 1) invariant in Ref. (2). If V is a 

matrix in the internal group space, the vacuum expectation 

value must be defined to include the trace of the product of 

the vertices. 

We now proceed to illustrate these rules by considering several examples 

of dual amplitudes. The best known example of a vertex satisfying criteria 

(i) - (iv) is the one for scalar isoscalar articles 
-k zp 

V(k 
P’ 

0, 0; 2) = e 
Feik. F+(z)eik. F(z) 

(6) 

where F(z) satisfies 2’ 3 

[ Lo’ Fp(z) ] = -z &- F(z) (74 

l 1 

[ L*> Fp(z) ] = - z (z 
d 

- * +) F(z) 
VT dz 

Ub) 

k2 
This vertex obeys Eqs. (2) with Js = - 2 
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Its insertion in Eq. (5) yields the usual multi-Veneziano amplitude, provided 

(criterion (iv) that all the particles have the same mass. We will let the 

factor emk2’2e be understood from here on. 

A simple extension of this vertex for isovector scalar particles 

V(k 
P’ 

0, Ik; z) = okV(k > 0, 0; z) (8) 
P 

leads to the Chan-Paton amplitude. 
4 

We now apply our criteria to the construction of dual vertices for 

particles of higher spin. Our basic building blocks will be the Nambu field5 

+ 
Q (z)= F (2) + F (z) 

P P P 
(94 

co 
= a 

(m-l+c)!l i/2 r Im, 
m! 

, 

m=O . c 
(9b) 

and its conjugate momentum 

Pp(z) = i[ Lo, Qp(z) I (lOa) 

= -i-f0 I,+ $) [ (m-;;)‘]f’2 I(;) zm+’ ua;“‘+ z-m-;] (lob) 

where E has to be taken to zero at the end of all calculations. It follows 

from Eqs. (10) and (7) that 

1 Lo’ Pp(z) ] = -z -& P (z) 

*1 

I L*3 Pp I = - yz;* (1+ 5,) PJZ) + 
dT 

+ K z*’ Qp(z) 
2fi 

(Ifa) 

(fib) 
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As a first attempt at constructing a vertex for the absorption of a vector 
f 

meson, we might consider e ik. F (2) .ik. F(z) pp(z). This indeed transforms 

irreducibly under the group but its lack of normal ordering leads to a diver- 

gent dual amplitude. From this stems the general necessity to consider only 

normal ordered vertices, as is common in field theory. On the other hand, 

the normal ordered vertex e 
ik.F+(z) pp(z) .ik. F(z) does not transform 

irreducibly, and in fact the commutator with L+ diverges if Pp(z) and F(z) 

i.e. are evaluated at the same point, 

IL+, e 
ik. F+(z) 

Pw(z+b ) e 

ik.F(z) 
2 

] =--$(z-&+l++)e 
lk. F+(z) 

Pp(z+6)e 
ik.F( z) 

+k 
ik. Ftz) .ik. F(z) 

The undesirable extra term can be eliminated only if one takes the transverse 

?Qz) = (g 
kk 

- - 
ELP 

12P ) Pp(Z) (13) 

Then, a well-behaved, normal ordered vertex for vector mesons is 

VP(k;z) = e 
ik.F+(z) A 

Pp(z) e 
ik. F(z) 

(14) 

and satisfies 

I Lo’ 
d 

V,$k, z) ] = -z x V)$k, z) (Isa) 

*I 
[ L*:, Vcl(k, z) ] = - z 

4-z 
z &* (If; 

2 
) 

I 
VP k 2). (15W 

k2 Thus V transforms as a Js = -1 - 2 
P 

representation of SU(1,i). 
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According to our rules, for any fixed value of k2, we can construct a dual 

vector meson N-point amplitude. However, if we wish to have a dual 

amplitude containing both scalar and vector mesons, criterion (iv) forces 

the mass relation 
(k ? 

I++- = 
(kJ2 

2 ’ (16) 

which fixes the vector meson as the first Regge recurrence of the ground 

state scalar. 

As an example we will calculate the amplitude S + V- S + S. Putting 

(k j2 
2 = LYE, we have from Eq. (5). 

2 

X c 0 j WI. zl) V ~ (k 2a z2) W3, z3) V(k4, z4) 10 > (ITa) 

x 

X 63 (arg z@+~ -arg zl) -j fl 1 zi - zj ,ki’k’(~2ik~p:::ii(17b) 
i<j 

f dx x-~-~(~)(~-x)-~-~(~) [kfp(l-x)-k3px] (17c) 

=/ 
1 dx x-1-4s) 

0 
(1-x) -i-a(t) [klJi-x)-k3Fx + k,,(; - x) ] (f7d) 
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This amplitude coincides with the one proposed by Bouchiat, Gervais and 

Sourlas to represent a vector current interacting with three scalars. From 

the group theoretical point of view, however, it is clear that the amplitude 

more appropriately describes a vector meson since the mass must remain 

fixed for duality. Indeed in the present SU(i, 1) coupling scheme, a dual 

theory with currents must await the construction of a current vertex whose 

SU(i, 1) transformation properties are independent of its squared four- 

momentum. 

Needless to say, it is trivial to calculate a dual amplitude involving any 

number of scalars and vectors using Eq. (5) and maintaining the mass 

ml ation (16). 

We would now like to investigate dual vertices for higher spin particles. 

If we write symbolically n 

fjpcn)(a) E ,iil Gp,(z) 
1 

then .(n) ~ (z) = eik.F+(z): $ptz, : eik.F(z) 

transforms reducibly under the Lorentz group, containing spins up to 

j =n. 
max 

Furthermore, under SU(i, 1) 

[ L ;qZ) 

(18) 

(19) 

(20) 

i. e., V b-4 k2 
transforms as a J, = - n- y representation. In order for the 

IJ 

particles represented by the various V b) to interact in a dual manner we 
IL 
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must have 
k2 

n+ n zLy 
2 0 

n = o,l,.... (21) 

This mass relation identifies V b-4 
EL 

as representing particles at the (n + l)th 

mass level. By operating on V b) 
P 

with the various spin projection operators, 

we can separate distinct vertices for particles of spin n, n-2, n-4,. . . etc. 

The odd daughters, however, cannot be constructed in this scheme since V b) 
k 

is transverse in all its indices. Furthermore, we have no way to distinguish 

degenerate states at the same spin. 

Although we have investigated here only a very limited class of dual 

vertices, it seems clear that the group theoretical approach should prove 

useful in the consideration of internal symmetries, off shell currents, and 

the positive intercept problem. For example, the identities found by 

Virasoro7 require only that Js = -1, thereby perhaps avoiding the necessity 

of introducing an unphysical pole. 
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